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Abstract

In this thesis, we investigate a class of nonconvex functions with special
structure, which we call abstract convex functions. They are defined on the
basis of generalized Fenchel conjugation and bi-conjugation with arbitrary
coupling functions (or elementary functions). When the coupling functions
are affine, we recover the original convex functions.

Abstract convex functions are accompanied by abstract conjugate and
abstract subdifferentials which are global. Consequently, duality theory for
minimization of abstract convex functions is not the classical one, in gen-
eral, it is not related directly to the dual space. This fact is at the core of
our studies of conjugate and Lagrange dualities for minimization problems
involving abstract convex functions, which is the first task of the thesis.

While the theory of abstract convexity has been developing since the
ninetieth, there is a lack of algorithms and real-life applications of abstract
convex functions. One reason is the non-linearity of elementary functions
which makes it difficult to design practically workable algorithms and inves-
tigate their convergence. The second task of this thesis is to generalize and
adapt some of the algorithmic ideas functioning efficiently in the context of
convex optimization to a specific class of abstract convex functions which we
call ΦR

lsc-convex.
Finally, we connect the first and the second part of our results to pro-

pose ΦR
lsc-primal-dual algorithm which exploits the idea of Chambolle-Pock

algorithm.

1



Acknowledgements

First of all, I would like to express my gratitude to my supervisor Prof. Ewa
Bednarczuk and co-supervisor Prof. Dirk Lorenz who guided me through my
PhD journey. I have learned a lot from our discussions together and am im-
pressed by your persistence when solving problems and rich experience from
the field. Your meticulous attention to the details and visualizing perspective
when examining the problems have inspired me to think of new solutions as
well as new problems to walk on. I hope I can utilise these traits for my
future career.

I also express my appreciation to the committee members for their time
and efforts evaluating my work and giving remarks and questions.

Throughout my PhD, I had the opportunities to collaborate and be a part
of several research groups. I had a great time working and solving problems
together and extending my view on the field of Optimization.

A heartfelt thanks to the group from Braunschweig, Max, Felix, Niklas,
Felix, Nanda, Lionel, Emanuele for the wonderful time I had during my
secondment. Thank you Dirk for organizing a lot of social events for the
team, they made my days during the cloudy weather in Braunschweig.

I would like to extend my appreciation to the Polish team, Krzysztof,
Krzysztof, Monika, Rafał, Agnieszka for the cosy atmostphere at the insti-
tute. My hearfel thanks to Agnieszka, Rafał, Bartek and Olesya for support-
ing me through various administration matters and emergency situations.

Thanks to the TraDE-OPT program, I get to connect with my fellow

2



3

colleagues from the network through workshops and conferences. We had a
lot of great time together over a tower glass of beer. Especially to Gabriele
and Giovanni, I remembered our heated discussion during work as well as
wonderful nighttime in Warsaw.

Last but not least, I am grateful for the support of my family and my best
friends Khoa Vo, Mai Nhat Truong, Tai Tran, Khuong Vu for accompanied
me through this journey in both good and challenging times.

Funding: I would like to acknowledge the financial support from ITN-
ETN, project TraDE-OPT, funded by the European Union’s Horizon 2020
Research and Innovation Programme under the Marie Skołodowska-Curie
grant agreement No. 861137.



Contents

1 Introduction 1

2 Structure of Thesis 6

I Duality for Composite Abstract Convex Optimiza-
tion Problems 8

3 Abstract Convexity 9
3.1 Abstract Convex Functions . . . . . . . . . . . . . . . . . . . . 9
3.2 ΦR

lsc-Convex Functions . . . . . . . . . . . . . . . . . . . . . . 12
3.3 Weakly Convex Functions . . . . . . . . . . . . . . . . . . . . 25

4 Duality within Abstract Convexity Framework 29
4.1 Conjugate Dual . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Examples of Conjugate dual for specific classes Φ,Ψ . . 34
4.2 Zero Duality Gap . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2.1 Zero duality gap for specific classes Φ, Ψ . . . . . . . . 46
4.2.2 Moreau Envelope . . . . . . . . . . . . . . . . . . . . . 53

4.3 Strong Duality . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.4 Lagrange Duality . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.4.1 Construction of Lagrangian Primal-Dual Problems . . 67
4.4.2 Lagrange Zero Duality Gap . . . . . . . . . . . . . . . 69

4



II Algorithms for Composite Optimization Problems
involving ΦR

lsc-Convex Functions 85

5 ΦR
lsc-Proximal Algorithms 86

5.1 ΦR
lsc-Proximal Operator . . . . . . . . . . . . . . . . . . . . . . 87

5.2 ΦR
lsc-Proximal Point . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2.1 Auxiliary Convergence Results . . . . . . . . . . . . . . 95
5.2.2 ΦR

lsc-Proximal Point Algorithm . . . . . . . . . . . . . . 98
5.3 ΦR

lsc-Forward-Backward . . . . . . . . . . . . . . . . . . . . . . 105
5.4 ΦR

lsc-Projected Subgradient . . . . . . . . . . . . . . . . . . . . 113
5.5 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . 124

6 Primal-Dual algorithms for ΦR
lsc-Convex Functions 134

6.1 Primal-Dual Weakly Convex Functions . . . . . . . . . . . . . 136
6.1.1 Sharpness . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.2 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . 148
6.2.1 Primal-Dual algorithm with Dual Update . . . . . . . . 149
6.2.2 Primal-Dual algorithm with primal update first . . . . 158

6.3 Primal-Dual algorithm using ΦR
lsc-prox . . . . . . . . . . . . . 162

6.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . 170

7 Conclusion and Future Work 179



List of Figures

3.1 ΦR
lsc-Subgradients of f at different points (dotted lines). Ob-

serve that the purple curve is the ΦR
lsc-subgradient of f at every

point between ´1 and 1. . . . . . . . . . . . . . . . . . . . . . 15

5.1 From left to right: distance between the current iteration and
the minimizer; distance to the optimal value; distance between
two successive iterates. . . . . . . . . . . . . . . . . . . . . . . 125

5.2 Example 16, case 1, constant stepsize. From left to right: dis-
tance between the current iteration and the solution; distance
to the optimal value; distance between two successive iterates. 127

5.3 Example 16, case 1, adaptive stepsize. From left to right: dis-
tance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.128

5.4 Example 16, case 2, constant stepsize, initialization x01. From
left to right: distance between the current iteration and the
solution; function value at each iteration; distance between
two successive iterates. . . . . . . . . . . . . . . . . . . . . . . 130

5.5 Example 16, case 2, constant stepsize, initialization x02. From
left to right: distance between the current iteration and the
solution; function value at each iteration; distance between
two successive iterates. . . . . . . . . . . . . . . . . . . . . . . 130

6



LIST OF FIGURES 7

5.6 Example 16, case 2, adaptive stepsize, initialization x02.From
left to right: distance between the current iteration and the
solution; function value at each iteration; distance between
two successive iterates. . . . . . . . . . . . . . . . . . . . . . . 131

5.7 ΦR
lsc-(PSG) for Example 17. From left to right: distance be-

tween the current iterate and the solution; function value at
each iteration. . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.1 Lagrange function from Example 19 . . . . . . . . . . . . . . . 144
6.2 From left to right: contour plots of Hpx, yq ´ µ

a

x2 ` y2 at
µ “ 1, 0.5, 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.3 From left to right: contour plots ofHpx, yq´µdistppx, yq, p0, 0qq
at µ “ 0.5, 0.9, 1. . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.4 Lagrange function from Example 21. . . . . . . . . . . . . . . 147
6.5 From left to right: contour plots ofHpx, yq´µdistppx, yq, p0, 0qq

at µ “ 0.5, 0.9, 1. . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.6 Example 22. From left to right: distance to the solution;

primal-dual iterates. . . . . . . . . . . . . . . . . . . . . . . . 171
6.7 Example 23 first case. From left to right: distance to the

solution; primal-dual iterates. . . . . . . . . . . . . . . . . . . 172
6.8 Example 23 second case. From left to right: distance to the

solution; primal-dual iterates. . . . . . . . . . . . . . . . . . . 172
6.9 Objective function in Example 24. . . . . . . . . . . . . . . . . 173
6.10 From left to right: distance from the iterate to the minimizer;

distance to the optimal value; primal and dual iterates. . . . . 175
6.11 Comparisons between different solutions. From left to right:

original image, least squares solution, thresholded least squares
solution, solution obtained with the dual method proposed in
[61], solution obtained with our model. . . . . . . . . . . . . . 178



Chapter 1

Introduction

Over the last sixty years, convexity has become an essential part of the devel-
opment of optimization and variational analysis. With the surge of computa-
tional power, interests in machine learning and data science have risen, which
makes convexity the backbone of many theories and applications. There ex-
isted many attempts to go beyond convexity by investigating functions like
strongly convex [90], quasi-convex, pseudo-convex, strongly para-convex and
para-convex [78], delta-convex [55], approximately convex [71] etc.

Abstract convexity encompasses many of the above-mentioned classes of
functions. Abstract convexity, presented in the monographs of Rubinov [82],
Pallaschke and Rolewicz [72] is based on the idea of bringing convexity outside
the range of linearity, by introducing the nonlinear environment where a
function becomes an upper envelope of a subset of functions with specific
rules. The term “abstract convexity” was used by Rubinov [82] to describe
functions which are upper envelopes of a given class of function Φ, i.e.

fpxq “ sup
φPΦ

tφpxq : X Ñ R, φ ď fu ,

where X is a nonempty set. On the other hand, Rolewicz suggested the
terminology "convexity without linearity" in [72].
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Consequently, the concept of abstract convexity works well with classical
convex functions. As the supremum operation is retained, many global prop-
erties of convex analysis are still in effect for abstract convexity. Till now,
the books of Pallaschke and Rolewicz [72], and the monograph of Singer
[85] gathered many results about abstract convexity, especially about con-
jugation, subdifferential, and duality. They also have historical results of
the main ideas of abstract convexity and its applications. In [82], Rubi-
nov presented basic notions of abstract convexity and applications to global
optimization problems.

It has been fifty years since the theory of abstract convexity started. It
has made great progress in many disciplines with applications in both theory
and computation. In [83], the authors investigated the class of increasing
star-shaped functions and constructed an algorithm to solve the global opti-
mization problem using abstract convexity. They also generalized the cutting
plane algorithm for nonconvex global minimization problems [83, 2]. While
in [22, 43, 44], a general version of monotone operator is developed based on
abstract convexity.

In this work, we aim at using abstract convexity in order to solve the
following composite minimization problem,

inf
xPX

fpxq ` gpLxq, (CP)

where X and Y are the domain sets (spaces) of the functions f and g, re-
spectively, the operator L : X Ñ Y . The composite optimization problem
is taken as our main interest as it appears as optimization model in many
data analysis problems and image processing e.g. [18]. This problem has
been studied: convex setting in Hilbert space [6], from the point of view of
variational analysis in finite dimensional setting [77]. Composite problems
can also be considered as regularized problems by treating fpxq as a data
fidelity term and gpLxq as a penalty term. Such problems are known as total
variation model in image deblurring and denoising [8].
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Duality By exploiting properties of the underlying concepts of abstract
convexity, namely, abstract conjugate and abstract subdifferentials, we inves-
tigate optimality conditions of (CP) via suitably formulated dual problem.
By constructing a conjugated dual problem of (CP), we investigate optimal
conditions for both the primal and dual problems which leads us to obtain
zero duality gap and even strong duality.

Several efforts have been made for the last twenty years to investigate du-
alities for optimization problems within the framework of abstract convexity.
In [56], strong duality is proved for infimal convolution of Fenchel’s duality.
In [21], zero duality gap and exact multiplier of augmented Lagrangian are
investigated by using the framework of abstract convexity. While in [86,
87] necessary and sufficient conditions are given to achieve minimax equal-
ity from a general Lagrangian using the definition of abstract convexity. In
the works of Dolgopolik [40], Gorokhovik and Tykoun [50, 49], the authors
applied abstract convexity to approximate the class of nonsmooth functions
and formulate necessary optimal conditions for global nonsmooth nonconvex
problem. The authors in [19] investigated the problem of minimizing the
finite sum of arbitrary functions and provided conditions for zero duality gap
through infimal convolution dual. On the other hand, in [12], the problem
of zero duality gap is studied with the help of perturbation function.

In the first part of the thesis, entitledDuality for Composite Abstract
Convex Optimization Problems, we define conjugate and Lagrange dual
for problem (CP) and provide necessary and sufficient conditions for zero
duality gap. We also investigate conditions for strong duality for (CP). In
our approach, we generalize the results from [12] by combining our optimality
conditions and intersection property to derive Lagrange zero duality gap. Our
motivation for studying this problem comes from the fact that nonconvex
regularizers, such as `0, `p p0 ă p ă 1q, smoothly clipped absolute deviation
(SCAD) and minimax concave penalty (MCP), have been gaining a lot of
attention and significant improvement over convex regularizers recently [57,
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92, 96, 58].

Algorithms While there are plenty of works on abstract convexity, not
many works are devoted to algorithms for optimization problems involving
abstract convex functions. One reason may come from the fact that ele-
mentary functions are essentially nonlinear and do not belong to the dual
space like gradient or subgradient in convex analysis. Therefore, it is diffi-
cult to design a gradient descent algorithm using abstract subdifferentials.
On the other hand, convexity plays an important role in the convergence
of many algorithms. For example, a lower semicontinuous convex function
is also weakly lower semicontinuous, which implies the equivalence between
weak convergence and strong convergence of the sequence through the func-
tion. Even though gradient descent algorithm is popular, there are many
restrictions to ensure convergence (smoothness, stepsize, etc.). Therefore, in
convex analysis, proximal-based algorithms work well for nonsmooth func-
tions and even nonconvex functions with special structures. In particular,
many primal-dual algorithms are proximal-based.

In the second part of the thesis, entitled Algorithms for Compos-
ite Optimization Problems involving ΦR

lsc-Convex Functions, we aim
at introducing an abstract convex proximal operator with abstract subdif-
ferentials, formulating and investigating the convergence of: Proximal point
algorithm, Forward-Backward algorithm, Projected Subgradient and Primal-
Dual algorithm by using this abstract proximal operator.

We focus on the class of ΦR
lsc-convex functions. The elements φ of the

class ΦR
lsc are quadratic functions defined on Hilbert space X i.e.

φpxq :“ ´a}x}2 ` xu, xy ` c,

where u P X, a, c P R. The main advantage of choosing this class is that the
iterative schemes we propose are practically realizable, i.e. we can calculate
efficiently ΦR

lsc-subdifferentials and ΦR
lsc-conjugate. The framework of ΦR

lsc-
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convexity includes the class of so-called weakly convex functions (semiconvex,
see e.g. [23, Chapter 2]) which appear naturally in optimization models
related to applications such as source localization, [7], phase retrieval, [65],
and discrete tomography [84, 61] or distributed network optimization [31].

Once we have the ΦR
lsc-proximal mapping defined and investigated, we

are able to propose ΦR
lsc-proximal point algorithm and extend it to splitting

algorithms like forward-backward or projected subgradient algorithm and
primal-dual algorithm for (CP) problem with ΦR

lsc-convex functions.



Chapter 2

Structure of Thesis

The thesis is divided into two parts: Duality for Composite Abstract
Convex Optimization Problems (Chapter 3 and Chapter 4) and Algo-
rithms for Composite Optimization Problems involving ΦR

lsc-Convex
Functions (Chapter 5 and Chapter 6).

In Part I, we start by recalling the concept of abstract convex function
and its properties. We will focus more on the specific class ΦR

lsc-convex and
weakly convex functions. These are presented in Chapter 3.

Chapter 4 contains the main results of Part I: in Section 4.1, we introduce
the conjugate dual for the composite minimization problem (CP) within the
framework of abstract convexity. We provide some examples. In Section 4.2,
we prove Theorem 3 and 4 containing sufficient and necessary conditions for
zero duality gap for problem (CP) and its conjugate dual. In Section 4.3,
we investigate strong duality for (CP) and its conjugate dual in Theorem
6. Lastly, we discuss the relationship between conjugate dual and Lagrange
dual and discuss about Lagrange zero duality gap in Theorem 9.

In Part II, in Chapter 5, for the class of ΦR
lsc-convex functions, we con-

struct ΦR
lsc-proximal operator (Section 5.1), formulate and investigate the

convergence of ΦR
lsc-proximal point algorithm in Section 5.2 (Theorem 13). In

Section 5.3, we propose ΦR
lsc-Forward-Backward algorithm and analyse their

6
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convergence. In Section 5.4, we discuss about ΦR
lsc-Projected Subgradient .

In the last chapter of Part II, Chapter 6, we introduce primal-dual al-
gorithm for weakly convex functions. We also propose and investigate the
convergence of ΦR

lsc-primal-dual algorithm based on Chambolle-Pock algo-
rithm.

Finally, we summarize our work and give some possible directions for
future research in Chapter 7.

(i) The basis of Chapter 3 and 4 comes from the following paper:

• Ewa Bednarczuk and The Hung Tran. “Duality for composite
optimization problem within the framework of abstract convexity”.
In: Optimization 72.1 (2023), pp. 37–80

(ii) Chapter 5 is the main work of the preprint:

• Dirk Lorenz, Ewa Bednarczuk, and The Hung Tran. “Proximal
Algorithms for a class of abstract convex functions”. In: arXiv
preprint arXiv:2402.17072 (2024)

(iii) Chapter 6: the basic ideas come from the following works:

• Ewa Bednarczuk et al. “Calculus rules for proximal ε-subdifferentials
and inexact proximity operators for weakly convex functions”. In:
2023 European Control Conference (ECC). IEEE. 2023, pp. 1–8

• Ewa Bednarczuk et al. “Convergence analysis of an inexact Forward-
Backward algorithm for problems involving weakly convex func-
tions”. In: arXiv preprint arXiv:2303.14021 (2023)
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Duality for Composite Abstract
Convex Optimization Problems
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Chapter 3

Abstract Convexity

In this chapter, we present the concept of abstract convex function and its
properties, together with abstract conjugate and abstract subdifferentials.
This will serve as a foundation for subsequent chapters below. In Section 3.2,
we pay more attention to the class of ΦR

lsc-convex functions with some exam-
ples of ΦR

lsc-subdifferentials. Finally, in Section 3.3, we state some properties
of weakly convex function and connection between abstract subdifferentials
and proximal subdifferentials of this type of functions.

3.1 Abstract Convex Functions

Let X be a nonempty set. A function f : X Ñ p´8,`8s is proper if its
domain, denoted by dom f “ tx P X : f pxq ă `8u is nonempty.

Let Φ :“ tφ : X Ñ Ru be a collection of real-valued functions, closed
under addition of a constant. The support set of f with respect to Φ is
defined as

suppΦf :“ tφ P Φ : f pxq ě φ pxq p@x P Xqu .

For f, g : X Ñ p´8,`8s, we write f ď g ô f pxq ď g pxq for all x P X.
Elements of Φ are called elementary functions.

9



3.1. ABSTRACT CONVEX FUNCTIONS 10

Definition 1. [82, 72] A function f : X Ñ p´8,`8s is Φ-convex if

f pxq “ sup
φPsuppΦf

φ pxq , @x P X. (3.1)

A function f is Φ-convex at x0 P X if fpx0q “ supφPsuppΦf
φ px0q.

Note that when a function f : X Ñ p´8,`8s is Φ-convex, then supp f
is nonempty, since by convention, f ” ´8.

Definition 2. [82, 72] A Φ-conjugate f˚ : Φ Ñ p´8,`8s of f is defined as

f˚Φ pφq :“ sup
xPX

tφ pxq ´ f pxqu . (3.2)

Analogously, we define Φ-biconjugate f˚˚ : X Ñ p´8,`8s of function f as

f˚˚Φ pxq :“ sup
φPΦ

tφpxq ´ f˚Φpφqu . (3.3)

As in convex analysis, the following result holds.

Theorem 1. [82, 72] A function f : X Ñ p´8,`8s is Φ-convex if and only
if

fpxq “ f˚˚Φ pxq, @x P X. (3.4)

In view of this theorem, f is Φ-convex at a point x0 P X if f˚˚Φ px0q “

fpx0q.

Example 1. Let X be a Banach space with the topological dual X˚ and

Φconv :“ tφ : X Ñ R | φ pxq “ xu, xy ` c, u P X˚, c P Ru . (3.5)

If a function f : X Ñ p´8,`8s is Φconv-convex, then it is proper, convex
and lower semi-continuous. When X is a locally convex space, [45], then f
is Φconv-convex if and only if f is proper, convex and lower semi-continuous.
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Definition 3. [82, 72] Let X be a nonempty set and f : X Ñ p´8,`8s.
A Φ-subgradient of f at a point x P dom f is an elementary function φ P Φ

satisfying
f pyq ´ f pxq ě φ pyq ´ φ pxq , @y P X. (3.6)

The collection of all Φ-subgradients of f at x is called the Φ-subdifferentials
of f at x and is denoted by BΦfpxq,

BΦf pxq :“ tφ P Φ | p@y P Xq f pyq ´ f pxq ě φ pyq ´ φ pxqu . (3.7)

Furthermore, for ε ě 0, the ε ´ Φ-subdifferentials of f at x P dom f ,
Bε,Φfpxq, is defined as

Bε,Φfpxq :“ tφ P Φ | f pyq ´ f pxq ě φ pyq ´ φ pxq ´ ε, @y P Xu, (3.8)

an elements of Bε,Φfpxq are called pε,Φq-subgradients of f at x P dom f .

Clearly, BΦfpx0q is a set-valued mapping BΦf : X ⇒ Φ and dom BΦf “

tx P X : BΦfpxq ‰ Hu. For φ P Φ, we define pBΦfq
´1pφq “ tx P X : φ P

BΦfpxqu. Trivially, if x R dom f then BΦfpxq “ H. For an Φ-convex function
f and x0 P dom f , BΦfpx0q ‰ H if there exists φ P Φ, φ ď f and φpx0q “

fpx0q. Moreover, f is Φ-convex if and only if dom f “
Ş

εą0 dom Bε,Φf while
dom BΦf Ă dom f [19, Proposition 2.7].

Additional facts and results of ε-Φ subdifferentials can be found in [56,
22]. The following properties follow directly from the definitions.

Proposition 1. Let X be a nonempty set and f : X Ñ p´8,`8s.

(i) For all x P dom f and ε ě 0, an element φ P Φ is a pε,Φq-subgradient
of f at x if and only if

fpxq ` f˚Φpφq ď φpxq ` ε. (3.9)

(ii) dom f˚ “
Ş

εą0 Bε,Φf pXq.
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The proof for (i) can be found in [82, Proposition 7.10] and (ii) in [19,
Proposition 2.4].

3.2 ΦR
lsc-Convex Functions in Hilbert Space

Let X be a Hilbert space with norm }.} and inner product x., .y. One impor-
tant instance of the class of elementary functions is the following

ΦR
lsc :“

 

φ : φ pxq “ ´a }x}2 ` xu, xy ` c where a, c P R, u P X
(

.

Notice that ΦR
lsc includes the class of affine functions, so a proper lsc convex

function is ΦR
lsc-convex. In fact, ΦR

lsc also contains the class of strongly convex,
weakly convex functions (see [72, 82, 95]).

We also consider a subclass of ΦR
lsc, defined as

Φa
lsc :“

 

φ : φ pxq “ ´a }x}2 ` xu, xy ` c where c P R, u P X
(

, (3.10)

by fixing the coefficient a P R. When a ą 0, Φa
lsc-convexity is equivalent to

weak convexity (2a-weakly convex, also called 2a-semiconvex [23, Proposition
1.1.3] ), if a ă 0, Φa

lsc-convexity is equivalent to strong convexity (2a-strongly
convex) (see [95, 90]). By [6, Corollary 11.17], any Φa

lsc-convex function,
a ă 0, is supercoercive and has a unique minimiser. Another subclass of ΦR

lsc

is, where one considers the coefficients a ě 0 i.e.

Φělsc :“
 

φ : φ pxq “ ´a }x}2 ` xu, xy ` c where a ě 0, c P R, u P X
(

,

which has been studied extensively in [82] and further investigated in [12].
Since the classes ΦR

lsc,Φ
a
lsc,Φ

ě
lsc consist of continuous function. Any ΦR

lsc-
convex is also lower semicontinuous. In fact, the class of Φělsc-convex functions
has been proved to coincide with the set of all lower semi-continuous functions
minorized by a function from Φělsc on X [82, Proposition 6.3]. This fact
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motives the subscript lsc in ΦR
lsc notation. Moreover, we show the following.

Proposition 2. Let X be a Hilbert space, f : X Ñ p´8,`8s be proper ΦR
lsc-

convex. If there exists φ P suppΦR
lsc
f with aφ ă 0 then lim}x}Ñ`8 fpxq “ `8

and there exists ψ P Φělsc such that fpyq ě ψpyq for all y P X, i.e. f is
Φělsc-convex. Moreover, the converse inclusion Φělsc-convex Ă ΦR

lsc-convex is
obvious.

Proof. By assumption, we know that

fpyq ě φpyq “ ´aφ}y}
2
` xuφ, yy ` cφ, (3.11)

for all y P X with aφ ă 0. By taking the limit both sides of (3.11) with
}y} Ñ `8, we have

lim
}y}Ñ`8

fpyq ě lim
}y}Ñ`8

φpyq “ `8. (3.12)

The second assertion can be seen as

fpyq ě φpyq “ ´aφ}y}
2
` xuφ, yy ` cφ ě xuφ, yy ` cφ P Φělsc,

for all y P X, Φělsc-convexity of f follows from [82, Proposition 6.3].

Example 2. An even degree polynomials with a positive leading coefficient
is coercive which has a global minimum. Moreover, it is differentiable so it
is continuous. Hence, by [82, Proposition 6.3], it is Φělsc-convex so it is ΦR

lsc

by Proposition 2.

Recall that according to the general definition (Definition 1), a function
f : X Ñ p´8,`8s is Φa

lsc-convex, if for every x P X, we have

fpxq “ sup
φPΦalsc

tφpxq | φ ď fu.
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When a “ 0 then we get the affine elementary functions as in Example 1, so
f is lsc proper convex iff f is Φ0

lsc-convex. While for other cases of a, it has
been discussed in (3.10).

In [82, Example 6.2], the set Φělsc-convex functions coincides with the set of
all lower semi-continuous functions defined on X and minorized by a function
from Φělsc, see [82, Proposition 6.3]. Quadratically minorized functions have
also been investigated in [5] by approximating them with Moreau envelope
and Lasry-Lions double envelope. The starting point of numerous variants
of convex functions stems from the work of Hyers and Ulam [55], where they
defined δ-convex function for δ ě 0, next approximately convex functions
were investigated in e.g. [37, 71, 79] and the references therein. Rolewicz
has coined the term "paraconvexity", [78], by turning δ into a non-negative
function. The definitions of strong and weak convexity were also given in
[90] by Vial.

For the sake of completeness, we give a definition of abstract subdiffer-
entials with respect to the class ΦR

lsc which fully agrees to the definition of
Φ-subdifferentials in Definition 3.

Definition 4. [72, 82] The ΦR
lsc-subgradient of f at x0 P domf is an element

φ P ΦR
lsc such that

p@y P Xq f pyq ´ f px0q ě φ pyq ´ φ px0q . (3.13)

The collection of all such φ satisfying (3.13) is called ΦR
lsc-subdifferential and is

denoted by BRlscfpx0q. We give an illustration of ΦR
lsc-subdifferentials in Figure

3.1. Analogously, we define Φělsc-subdifferentials and Φa
lsc-subdifferentials of

f and denote as Bělscf and Balscf , respectively. In particular, B0
lscf denotes the

subdifferentials in the sense of convex analysis.

By Proposition 2, we see that the class of ΦR
lsc-convex functions coincides

with the class of Φělsc-convex functions. On the other hand, the set ΦR
lsc is

larger than Φělsc which implies ΦR
lsc-subdifferentials can be larger than Φělsc-
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subdifferentials. This is the reason why we decide to include the class ΦR
lsc-

convex functions into our consideration in the sequel.

Figure 3.1: ΦR
lsc-Subgradients of f at different points (dotted lines). Observe

that the purple curve is the ΦR
lsc-subgradient of f at every point between ´1

and 1.

Remark 1.

(i) From the definition of ΦR
lsc-subdifferentials, the constant c cancels in

(4). Therefore, for x0 P dom f, φ P BRlscfpx0q and any real c P R, the
function

φp¨q ´ c “ ´a} ¨ }2 ` xu, ¨y P BRlscfpx0q.

It is shown in [12] that the constant c is not important in the study of
conjugate duality and can be neglected .
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(ii) The above remark does not imply that the constant term is insignif-
icant. In fact, its purpose is to serve as a connection between ΦR

lsc-
convexity and ΦR

lsc-subdifferentiability. Let us consider x0 P dom f and
φ P BRlscfpx0q

p@y P Xq fpyq ´ fpx0q ě φpyq ´ φpx0q.

The function hpxq :“ φpxq ´ φpx0q ` fpx0q ď fpxq for all x P X and
fpx0q “ hpx0q. Hence, h is a ΦR

lsc-minorant of f , i.e. h P ΦR
lsc with the

constant term ´a}x0}
2 ` xu, x0y ` fpx0q.

(iii) We point out that the ΦR
lsc-subdifferentiability of f on X implies ΦR

lsc-
convexity of f on X but not conversely: Consider the function fpxq “
´}x}, it is ΦR

lsc-convex but its ΦR
lsc-subdifferentials is empty at x “ 0.

(iv) In general, for any class Φ, we have f P BΦfpxq for all x P X if f P Φ.
Even if f P Φ is differentiable and Φ-convex then BΦ is not unique
(in convex analysis, subdifferentials is unique and coincide with the
gradient when the function is differential and convex, see Lemma 6
below).

Since we mostly deal with ΦR
lsc-subdifferentials, in the sequel, we identify

elements φ P ΦR
lsc with pairs pa, uq where a P R, u P X.

We demonstrate some examples of ΦR
lsc-subdifferentials which will be im-

portant in the following sections.

Example 3. Let X be Hilbert and γ ą 0 and consider the function gγ pxq “
1

2γ
}x}2. We calculate the ΦR

lsc-subgradient of gγ at x0 P X. By definition,
φ “ pa, uq P BRlscgγpx0q has to satisfy

gγpyq ´ gγpx0q ě φpyq ´ φpx0q,
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for all y P X. Simplifying both sides gives
ˆ

1

2γ
` a

˙

}y}2 ´ xu, yy ě

ˆ

1

2γ
` a

˙

}x0}
2
´ xu, x0y. (3.14)

• If a “ ´1{p2γq, then xu, y ´ xy ď 0 for all y P X, by (3.14) u must be
zero. Hence, p´ 1

2γ
, 0q P BRΦlscgγpxq for all x P X.

• If a ą ´1{p2γq, from (3.14) we have, for any y P X (since we are in
Hilbert space X)

ˆ

1

2γ
` a

˙

›

›

›

›

›

y ´
u

1
γ
` 2a

›

›

›

›

›

2

ě

ˆ

1

2γ
` a

˙

›

›

›

›

›

x0 ´
u

1
γ
` 2a

›

›

›

›

›

2

. (3.15)

This means u “
´

1
γ
` 2a

¯

x0. In particular, Balscgγpx0q “ tφ “ pa, uq P

Φa
lsc : u “

´

1
γ
` 2a

¯

x0u.

• If a ă ´1{p2γq, from (3.15) it should be

p@y P Xq

›

›

›

›

›

y ´
u

1
γ
` 2a

›

›

›

›

›

2

ď

›

›

›

›

›

x0 ´
u

1
γ
` 2a

›

›

›

›

›

2

,

which is impossible. Therefore, a cannot take any values less than ´ 1
2γ
.

Hence, the ΦR
lsc-subddifferentials of gγ at x0 takes the form

B
R
lscgγ px0q “

"

φ P ΦR
lsc : φ “

ˆ

a,

ˆ

1

γ
` 2a

˙

x0

˙

, 2γa ě ´1

*

, (3.16)

and similarly, we calculate

B
ě
lscgγ px0q “

"

φ P ΦR
lsc : φ “

ˆ

a,

ˆ

1

γ
` 2a

˙

x0

˙

, a ě 0

*

.

Notice that gγ P BRlscgγpx0q for any x0 P X as gγ “
´

´ 1
2γ
, 0
¯

P ΦR
lsc.



3.2. ΦR
LSC-CONVEX FUNCTIONS 18

Example 4. Let X be a Hilbert space. We calculate the inverse of ΦR
lsc-

subdifferentials of gγ, pBRlscgγq´1 : ΦR
lsc ⇒ X which will be useful in Chapter

5. Equivalently, pBRlscgγq´1 : R ˆ X ⇒ X, with dompBRlscgγq´1 “ tφ P ΦR
lsc :

pBRlscgγq
´1pφq ‰ Hu,

`

B
R
lscgγ

˘´1
pφq :“

 

x0 P X : φ P BRlscgγpx0q
(

.

Consider the following cases.

• If 2γa ă ´1, then
`

BRlscgγ
˘´1

pφq “ H as we need 2γa ě ´1 as in
Example 3.

• If 2γa ą ´1, for φ P BRlscgγpx0q must take the form φ “ pa, uq “
´

a,
´

1
γ
` 2a

¯

x0

¯

. We can find x0 by letting u “
´

1
γ
` 2a

¯

x0 i.e.

x0 “
1

1
γ
` 2a

u “
γ

1` 2γa
u.

• If a “ ´ 1
2γ
, then u must be zero and

´

´ 1
2γ
, 0
¯

P BRlscgγpxq for all x P X.

In conclusion, for any φ P ΦR
lsc, we have

`

B
R
lscgγ

˘´1
pφq “

$

’

’

’

&

’

’

’

%

!

γ
1`2γa

u
)

if 2γa ą ´1,

X if a “ ´ 1
2γ
, u “ 0,

H otherwise .

(3.17)

Observe that
φ P BRlscgγ

`

pB
R
lscgγq

´1
pφq

˘

, (3.18)

for all φ P dom pBRlscgγq´1. When a “ ´1{p2γq, u “ 0, (3.18) holds because



3.2. ΦR
LSC-CONVEX FUNCTIONS 19

of Example 3 and Example 4. When φ “ pa, uq P ΦR
lsc with 2γa ą ´1, then

B
R
lscgγ

`

pB
R
lscgγq

´1
pφq

˘

“ B
R
lscgγ

ˆ

γu

1` 2γa

˙

“

"

φ1 P ΦR
lsc : φ1 “

ˆ

a1,
1` 2γa1

1` 2γa
u

˙

, a1 ě ´
1

2γ

*

.

Since a1 ě ´1{2γ, it is clear that φ lies inside the above set. Hence, (3.18)
holds.

Example 5. Let X “ Rn, consider the function f pxq “ xx,Qxy where
Q P Rnˆn is a real symmetric matrix and Id is the identity matrix. We
compute the ΦR

lsc-subdifferential of f at x P Rn. We need to find φ P ΦR
lsc

such that φ “ pa, uq P BRlscf pxq. By definition of ΦR
lsc-subdifferential of f at

x, we have

p@y P Rn
q xy, pQ` aIdq yy ´ xx, pQ` aIdqxy ě xu, y ´ xy . (3.19)

For any matrix A P Rnˆn, the following identity holds

xy, Ayy ´ xx,Axy “ xy ´ x,A py ´ xqy ` xy ´ x,Axy `
@

y, AJx
D

´ xx,Axy

“ xy ´ x,A py ´ xqy `
@

y ´ x,
`

A` AJ
˘

x
D

,

where AJ is the transpose of A. Since Q is real symmetric, we apply the
above identity for A “ pQ` aIdq which is also real symmetric i.e. AJ “ A.
Then inequality (3.19) becomes

xy ´ x, pQ` aIdq py ´ xqy ě xu´ 2 pQ` aIdqx, y ´ xy . (3.20)

We can diagonalize pQ ` aIdq into P pD ` aIdqPJ with a diagonal matrix
D with the eigenvalues of Q on the diagonal and P an orthogonal matrix
which contains the corresponding eigenvectors , which is known as Schur
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decomposition [48, Section 2.1.7]. Hence, we have

xy ´ x, pQ` aIdq py ´ xqy “
@

y ´ x, P pD ` aIdqPJ py ´ xq
D

“
@

PJpy ´ xq, pD ` aIdqPJ py ´ xq
D

. (3.21)

Plugging (3.21) back into (3.20), we obtain

@

PJpy ´ xq, pD ` aIdqPJ py ´ xq
D

ě xu´ 2 pQ` aIdqx, y ´ xy . (3.22)

As PPJ “ Id is the identity matrix, by changing the variables y “ PJy, x “

PJx, (3.22) turns into

xy ´ x, pD ` aIdq py ´ xqy ě
@

PJu´ 2 pD ` aIdqx, y ´ x
D

. (3.23)

Because (3.22) holds for all y P Rn and P is orthogonal, so (3.23) has to hold
for all y P Rn.

As we are in Rn, by using standard inner product, we can write (3.23)
explicitly

n
ÿ

i“1

pdi ` aqpyi ´ xiq
2
ě

n
ÿ

i“1

pPJi u´ 2pdi ` aqxiqpyi ´ xiq, (3.24)

where di is the i-th eigenvalue of Q and PJi is the i-th row of matrix PJ.

• If there is 0 ă j ď n such that dj ` a “ 0 then we have, from (3.24)

n
ÿ

i‰j“1

pdi ` aq

„

pyi ´ xiq ´
PJi u´ 2pdi ` aqxi

2pdi ` aq

2

ě

n
ÿ

i‰j“1

pPJi u´ 2pdi ` aqxiq
2

4pdi ` aq
` pPJj uqpyj ´ xjq.

Note that all components of y are separable. This holds for all y P Rn
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so we can choose yi “ xi

p@yj P Rq 0 ě pPJj uqpyj ´ xjq,

which implies PJj u “ 0. We can extended this to the case where there
are repeated eigenvalues i.e. dj ` a “ dj`1 ` a “ ¨ ¨ ¨ “ dk ` a “ 0 for
1 ď j ă k ď n.

• Now we assume that di ` a ‰ 0 for all i “ 1, . . . , n, we have

n
ÿ

i“1

pdi`aq

„

pyi ´ xiq ´
PJi u´ 2pdi ` aqxi

2pdi ` aq

2

ě

n
ÿ

i“1

pPJi u´ 2pdi ` aqxiq
2

4pdi ` aq
.

(3.25)
If there is 1 ď j ď n such that dj ` a ă 0 while i ‰ j ď n, di ` a ą 0

n
ÿ

i‰j“1

pdi ` aq

„

pyi ´ xiq ´
PJi u´ 2pdi ` aqxi

2pdi ` aq

2

´
pPJj u´ 2pdj ` aqxjq

2

4pdj ` aq

ě

n
ÿ

i‰j“1

pPJi u´ 2pdi ` aqxiq
2

4pdi ` aq
´ pdj ` aq

«

pyj ´ xjq ´
PJj u´ 2pdj ` aqxj

2pdj ` aq

ff2

.

(3.26)

Both sides are non-negative and as y is separable, we follow the same
argument as in the previous case to obtain, for all yj P R,

´
pPJj u´ 2pdj ` aqxjq

2

4pdj ` aq
ě ´pdj`aq

«

pyj ´ xjq ´
PJj u´ 2pdj ` aqxj

2pdj ` aq

ff2

.

This implies dj`a “ 0 or the above inequality cannot hold. Therefore,
we only need to consider di ` a ą 0 for all 1 ď i ď n. From (3.25), we
derive that RHS is zero which is PJi u´2pdi`aqxi “ 0 for all 1 ď i ď n.

Combining all the cases above, we obtain that pD ` aIdq is non-negative
semi-definite and PJu ´ 2 pD ` aIdqx “ 0. Hence, a has to take a value
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a ě ´minλQ where λQ are the eigenvalues of Q. In conclusion,

B
R
lscf pxq “

 

φ “ pa, uq P ΦR
lsc : a ě ´minλQ, u “ 2 pQ` aIdqx

(

.

Example 6. Let us consider the indicator function of a nonempty set C of
Hilbert space X,

f pxq “ ιC pxq “

$

&

%

0 x P C,

`8 otherwise,

and calculate ΦR
lsc-subgradients of f at x P X. If x R C then BRlscf pxq “ H,

so we consider x P C. Let us take pa, uq P BRlscfpxq

p@y P Xq f pyq ě ´a
`

}y}2 ´ }x}2
˘

` xu, y ´ xy .

When y R C, the LHS becomes `8 and the inequality if fulfilled for all a
and u. Hence, the above inequality reduces to

p@y P Cq a }y}2 ´ xu, yy ě a }x}2 ´ xu, xy . (3.27)

• If a “ 0 then we have xu, y´xy ď 0 for all y P C, this means u belongs
to the normal cone of C at x in the sense of convex analysis.

• If a ą 0, we complete the square in (3.27) to obtain

a
›

›

›
y ´

u

2a

›

›

›

2

ě a
›

›

›
x´

u

2a

›

›

›

2

. (3.28)

Since a ą 0 and this holds for all y P C, we can remove a and taking
the infimum with respect to y P C

inf
yPC

›

›

›
y ´

u

2a

›

›

›

2

ě

›

›

›
x´

u

2a

›

›

›

2

.



3.2. ΦR
LSC-CONVEX FUNCTIONS 23

This means that x is a projection of u{p2aq onto the set C.

• If a ă 0, then (3.28) changes sign when dividing by a

›

›

›
y ´

u

2a

›

›

›

2

ď

›

›

›
x´

u

2a

›

›

›

2

. (3.29)

This leads to x P argmaxyPC
›

›y ´ u
2a

›

›.

In conclusion, for x P C

B
R
lscιC pxq “

$

’

’

’

&

’

’

’

%

φ “ pa, uq P ΦR
lsc :

$

’

’

’

&

’

’

’

%

p@y P Cq xu, y ´ xy ď 0 a “ 0

x P argminyPC}y ´ u
2a
} a ą 0

x P argmaxyPC}y ´ u
2a
} a ă 0

,

/

/

/

.

/

/

/

-

.

Below, we show that there is a connection between BRlscιCpxq and the
proximal normal cone [32, Chapter 1.1] which is defined as follows: For a
point x P C, the proximal normal cone to the set C at x is the set

Nppx,Cq “ tv P X : Dt ą 0, distpx` tv, Cq “ t}v}u . (3.30)

Proposition 3. Let X be a Hilbert space. For every nonempty set C Ă X

and x P C, if φ “ pa, uq P BRlscιCpxq then

∇φpxq “ u´ 2ax P Nppx,Cq.

On the other hand, for any v P Nppx,Cq there exists φ P BRlscιCpxq such that
∇φpxq “ v.

Proof. Let x P C and φ “ pa, uq P BRlscιCpxq. If a ď 0, from (3.27) we have
for all y P C,

a }y}2 ´ xu, yy ě a }x}2 ´ xu, xy ñ 0 ě a}y ´ x}2 ě xu´ 2ax, y ´ xy. (3.31)
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The RHS can be further expressed

0 ě xu´ 2ax, y ´ xy “
1

2

“

}u´ 2ax}2 ` }y ´ x}2 ´ }y ´ x´ pu´ 2axq}2
‰

,

(3.32)
and finally for all y P C,

}y ´ x´ pu´ 2axq}2 ě }u´ 2ax}2. (3.33)

This means x is a projection of px` u´ 2axq onto C which means u´ 2ax P

Nppx,Cq with t “ 1.
If a ą 0, then

0 ě x
u´ 2ax

a
, y ´ xy ´ }y ´ x}2 “

1

2

˜

›

›

›

›

u´ 2ax

2a

›

›

›

›

2

´

›

›

›

›

y ´ x´
u´ 2ax

2a

›

›

›

›

2
¸

,

or
›

›

›

›

y ´ x´
u´ 2ax

2a

›

›

›

›

2

ě

›

›

›

›

u´ 2ax

2a

›

›

›

›

2

p@y P Cq.

Thus, x is the projection of x` u´2ax
2a

onto C which means u´2ax P Nppx,Cq

with t “ 1
2a
. In both cases, ∇φpxq “ u´ 2ax P Nppx,Cq.

Conversely, let v P Nppx,Cq. There exists t ą 0 such that x P ProjCpx` tvq

or
p@y P Cq }tv}2 ď }y ´ x´ tv}2,

which can be expressed as

´
1

2t
}y}2 ` xv `

x

t
, yy ď ´

1

2t
}x}2 ` xv `

x

t
, xy,

which implies that φp¨q “ ´ 1
2t
} ¨ }2`xv` x

t
, ¨y P BRlscιCpxq and ∇φpxq “ v.

From the definition of ΦR
lsc-subdifferentials, it is obvious that φ “ p0, 0q P

BRlscf px0q, if and only if x0 is a global minimizer of f (c.f. [82, Proposition
7.13]). In Example 3, the only case where p0, 0q P BRlscgγ px0q is x0 “ 0. In
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the sequel, we use the concept of a0-critical points as defined below.

Definition 5. Let f : X Ñ p´8,`8s, a point x0 P X is a0-critical point if
pa0, 2a0x0q P B

R
lscfpx0q, in other words

p@x P Xq fpxq ´ fpx0q ě ´a0}x´ x0}
2. (3.34)

If a0 ą 0, then a0-criticality has been applied in [38, 11], to analyze
algorithms involving the class of weakly convex functions.

If a0 ď 0, then (3.34) implies x0 is the global minimizer of f .

3.3 Weakly Convex Functions

For the sake of completeness, we give the definition of weakly convex function
and its subdifferentials and connections to the ΦR

lsc-convex functions.

Definition 6 (ρ-weak convexity). Let X be a Hilbert space. A function
h : X Ñ p´8,`8s is said to be ρ-weakly convex with ρ ě 0 such that for
λ P r0, 1s the following inequality holds:

p@px, yq P X2
q hpλx` p1´ λqyq ď λhpxq ` p1´ λqhpyq ` λp1´ λq

ρ

2
}x´ y}2.

(3.35)

We refer to ρ as the modulus of weak convexity of the function h.

This class of functions has been investigated e.g. [5, 59, 90]. Rockafellar
introduced and investigated a larger class of lower-Ck functions (see [76,
Formula 1.6]). Weakly convex functions can be equivalently characterised in
the following manner.

Proposition 4 ([23, Proposition 1.1.3]). Let X be a Hilbert space. Function
h : X Ñ p´8,`8s is ρ-weakly convex if and only if h ` ρ

2
} ¨ }2 is a convex

function.
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The following proposition provides a characterisation of weak convexity
for Fréchet differentiable functions.

Proposition 5. Let X be a Hilbert space and let h : X Ñ p´8,`8s be
Fréchet differentiable on a convex set U Ă X. Then, the following are equiv-
alent:

(i) h is ρ-weakly convex on U ;

(ii) for every x P U

p@ y P Xq hpyq ě hpxq ` x∇hpxq | y ´ xy ´ ρ

2
}x´ y}2. (3.36)

Proof. By Proposition 4 and [6, Proposition 17.7], for all x P U

piq holds ô p@ y P Xq hpyq ` ρ
2
}y}2 ě hpxq ` ρ

2
}x}2 ` x∇hpxq ` ρx | y ´ xy

ô p@ y P Xq hpyq ě hpxq ` x∇hpxq | y ´ xy ´ ρ
2
}x}2 ` xρx | yy ´ ρ

2
}y}2

ô p@ y P Xq hpyq ě hpxq ` x∇hpxq | y ´ xy ´ ρ
2
}y ´ x}2

ô piiq holds.
(3.37)

We report the following result, commonly known as Descent Lemma, that
allows to provide sufficient conditions for weak convexity.

Lemma 1 ([6, Lemma 2.64]). Let X be a Hilbert space, let U be a non-empty
open convex subset of X. Let h : U Ñ R be a Fréchet differentiable function
such that ∇h is Lh-Lipschitz continuous on U . Let x and y be in U . Then
the following holds:

(i) |hpxq ´ hpyq ´ xx´ y|∇hpyqy| ď Lh
2
}x´ y}2.

(ii) |xx´ y|∇hpxq ´∇hpyqy| ď Lh}x´ y}
2.
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As an immediate consequence of the Descent Lemma, we obtain the fol-
lowing proposition:

Proposition 6. Let X be a Hilbert space. Let h : X Ñ R be a Fréchet
differentiable function such that ∇h is Lh-Lipschitz continuous on X. Then
h is Lh-weakly convex on X.

Proof. By Descent Lemma, for all x, y P X

´
Lh
2
}x´ y}2 ď hpyq ´ hpxq ´ xy ´ x | ∇hpxqy,

which, by Proposition 5, is equivalent to Lh-weak convexity of h on X.

We define the global proximal subdifferential for weakly convex functions.

Definition 7 (Global proximal subdifferentials). Let X be a Hilbert space.
The global proximal subdifferentials of a function h : X Ñ p´8,`8s at
x0 P dom h for constant C ě 0 is defined as follows:

BChpx0q “ tv P X |hpxq ě hpx0q`xv | x´x0y´C}x´x0}
2, @x P Xu. (3.38)

In view of (3.38), B0hpxq denotes the subdifferential in the sense of convex
analysis.

By [59, Proposition 3.1], for a proper lsc ρ-weakly convex function h, the
global proximal subdifferential Bρ{2hpx0q defined by (3.38) coincides with the
set of local proximal subgradients which satisfy the proximal subgradient in-
equality (3.38) locally in a neighbourhood of x0. This important property is
called the globalisation property, see e.g. [56]. Moreover, when h is ρ-weakly
convex, by [59, Theorem 3.1], the proximal subdifferential Bρ{2hpx0q coincides
with the Clarke subdifferential Bchpx0q (see also [4]). An extensive study of
local proximal subdifferentials in Hilbert spaces can be found in [32, Chapter
2] and in [77, 13].
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Proposition 7 ( [10, Proposition 2]). Let X be a Hilbert space and h :

X Ñ p´8,`8s be a proper lsc ρ-weakly convex function with ρ ě 0. Then
dom Bρ{2h Ă domh.

We show the relation between ΦR
lsc-subdifferentials and proximal subdif-

ferentials in the following lemma.

Lemma 2. Let X be a Hilbert space, for a ΦR
lsc-convex function f , let x P

dom f such that BRlscfpxq ‰ H. Then we have

B
R
lscfpxq ‰ H ô

ď

aě0

tau ˆ Bafpxq ‰ H. (3.39)

Proof. Let φ “ pa, uq P BRlscfpxq, by the definition of ΦR
lsc-subdifferentials

p@y P Xq fpyq ´ fpxq ě ´ap}y}2 ´ }x}2q ` xu, y ´ xy

“ xu´ 2ax, y ´ xy ´ a}y ´ x}2. (3.40)

If a ă 0 then a}y ´ x}2 ď 0 so we can further estimate (3.40)

p@y P Xq fpyq ´ fpxq ě xu´ 2ax, y ´ xy,

which implies that u ´ 2ax P B0fpxq and p0, u ´ 2axq P
Ť

aPRtau ˆ Bafpxq.
Otherwise, for a ě 0, we can deduce pa, u´ 2axq P

Ť

aPRtauˆBafpxq directly
from (3.40).

Conversely, if pa, wq P
Ť

aPRtau ˆ Bafpxq then

p@y P Xq fpyq ´ fpxq ě xw, y ´ xy ´ a}y ´ x}2

“ ´ap}y}2 ´ }x}2q ` xw ` 2ax, y ´ xy. (3.41)

This means pa, w ` 2axq P BRlscfpxq.



Chapter 4

Duality within Abstract
Convexity Framework

This chapter presents the main results of Part I which are conjugate and La-
grange duality for composite minimization problem (CP) within the frame-
work of abstract convexity. It includes:

• Section 4.1: we construct conjugate dual problem (4.4) by using pertur-
bation function. We also give several examples of the dual problems in
Subsection 4.1.1, when the class of elementary functions are specified.

• Section 4.2: we give necessary and sufficient conditions for zero dual-
ity gap in Theorem 3 and its variant Theorem 4. In Corollary 1, we
provide sufficient and necessary conditions for zero duality gap when
considering special class of elementary functions Φa

lsc and Ψb
lsc.

• Section 4.3: we investigate strong duality for conjugate dual (Theorem
6 and Corollary 2).

• Section 4.4: we relate the conjugate dual to Lagrange dual problem.
We combine the results in Section 4.2 and intersection property (see

29
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Theorem 8) to obtain zero duality gap characterization for Lagrange
dual problem (Theorem 9 and Corollary 3).

4.1 Construction of the conjugate dual

We consider the composite minimization problem

inf
xPX

f pxq ` g pLxq , (CP)

where X is a nonempty set and Y is a vector space, f : X Ñ p´8,`8s,
g : Y Ñ p´8,`8s and L : X Ñ Y is a mapping from X to Y . Note that
here we do not assume that L is linear and continuous. Let Φ be a set of
elementary functions φ : X Ñ R and let Ψ be a set of elementary functions
ψ : Y Ñ R. Assume that both classes are closed under addition of constants
and 0 P Φ, 0 P Ψ.

We introduce the conjugate dual of (CP) by considering perturbed min-
imization problems of the form

inf
xPX

f pxq ` g pLx` yq , y P Y. (4.1)

Following the classical ideas coming from convex analysis, see e.g. [16, 15],
we calculate the conjugate of the function β : X ˆ Y Ñ p´8,`8s, where

βpx, yq :“ f pxq ` g pLx` yq , x P X, y P Y.

Note that, in the convex case, conjugation is taken with respect to linear
function, while here we are considering elementary functions φ, ψ from given
classes Φ and Ψ, respectively, see e.g. [69].
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We define the conjugate of β with respect to the coupling function

c : ΦˆΨˆX ˆ Y Ñ R

pφ, ψ, x, yq ÞÑ φpxq ` ψpLx` yq ´ ψpLxq. (4.2)

For other types of coupling functions defined on Cartesian products of ele-
mentary function sets, see e.g., [70].

The c-conjugate of β, βc : ΦˆΨ Ñ p´8,`8s, is defined as

βcpφ, ψq “ sup
xPX

sup
yPY

tcpφ, ψ, x, yq ´ βpx, yqu . (4.3)

The conjugate dual to problem (CP) is defined as

sup
ψPΨ

´βcp0, ψq. (4.4)

Investigation of the relationship between (CP) and problem (4.4) is the main
focus of this chapter. To write (4.4) in a more explicit form, observe that the
objective function of (4.4) (the dual objective) is equal to

´βcp0, ψq “ ´ sup
xPX

sup
yPY

tcp0, ψ, x, yq ´ βpx, yqu

“ ´ sup
xPX

sup
yPY

tψpLx` yq ´ ψpLxq ´ fpxq ´ gpLx` yqu

“ ´ sup
xPX

sup
z“Lx`y

tψpzq ´ ψpLxq ´ fpxq ´ gpzqu

“ ´ sup
xPX

"

´ψpLxq ´ fpxq ` sup
zPY
tψpzq ´ gpzqu

*

“ ´ sup
xPX

t´ψpLxq ´ fpxqu ´ g˚Ψpψq.

(4.5)
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Hence, the conjugate dual problem takes the form

sup
ψPΨ

´βcp0, ψq “ sup
ψPΨ

´ sup
xPX

t´ψpLxq ´ fpxqu ´ g˚Ψpψq. (DCP)

Notice that we have kept the formulation of supxPX t´ψpLxq ´ fpxqu in the
dual problem (DCP), since we do not know if ψ ˝ L belongs to the class Φ

in general. Below, we give some examples where we further investigate the
dual problem.

Example 7. In some cases, we can rewrite the conjugate dual (DCP) in an
equivalent and more convenient way.

• If, for any ψ P Ψ, ´ψ ˝ L P Φ (alternatively, we can assume that
ψ ˝ L P Φ and Φ is symmetric i.e. ´φ P Φ for all φ P Φ) we obtain

sup
xPX
t´fpxq ´ ψpLxqu “ f˚Φ p´ψ ˝ Lq , (4.6)

and the conjugate dual problem (DCP) takes the form

sup
ψPΨ

´βcp0, ψq “ sup
ψPΨ

´f˚Φ p´ψ ˝ Lq ´ g
˚
Ψpψq. (4.7)

With the help of the operator L : X Ñ Y we define another class of
elementary functions as follows

ΦL :“ t´ψ ˝ L : X Ñ R, ψ P Ψu ,

and the dual (4.7) can be written as

sup
φPΦL,ψPΨ
φ`ψ˝L“0

´f˚ΦL pφq ´ g
˚
Ψpψq. (4.8)

• If Φ is symmetric (´φ P Φ for all φ P Φ), and for any ψ P Ψ, ψ ˝ L is
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Φ-convex, we have

ψpLxq “ sup tφpxq : φ P supp ψ ˝ Lu .

The optimal value of the dual problem (DCP) (obtained with the help
of the coupling function c from (4.2)) satisfies

sup
ψPΨ

´βcp0, ψq “ sup
ψPΨ

inf
xPX

f pxq ` ψ pLxq ´ g˚Ψ pψq

“ sup
ψPΨ

"

inf
xPX

ˆ

fpxq ` sup
φPsupp ψ˝L

φpxq

˙

´ g˚Ψpψq

*

ě sup
ψPΨ

sup
φPsupp ψ˝L

!

inf
xPX

pfpxq ` φpxqq ´ g˚Ψpψq
)

ě sup
ψPΨ,φPsupp ψ˝L

´f˚Φp´φq ´ g
˚
Ψpψq. (4.9)

Clearly, the Φ-convexity of ψ ˝ L is more general than the condition
ψ ˝ L P Φ. However, assuming the latter, we obtain, from (DCP) i.e.

sup
ψPΨ

´βcp0, ψq “ sup
ψPΨ

´f˚Φp´ψ ˝ Lq ´ g
˚
Ψpψq.

If X “ Y,Φ “ Ψ are symmetric (´φ P Φ for all φ P Φ), and L : X Ñ X

is such that ψ ˝ L P Φ, for any ψ P Ψ then

sup
xPX
t´fpxq ´ ψpLxqu “ f˚Ψp´ψ ˝ Lq,

and the conjugate dual (DCP) takes the form

sup
ψPΨ

´βcp0, ψq “ sup
ψPΨ

´f˚Ψp´ψ ˝ Lq ´ g
˚
Ψpψq. (4.10)

If L is the identity operator, then (CP) becomes the minimization prob-
lem

inf
xPX

fpxq ` gpxq,
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for which the conjugate dual coincides with (4.10) has been discussed
in [12, 19].

4.1.1 Examples of Conjugate dual for specific classes

Φ,Ψ

Now, we discuss the conjugate dual problem (DCP) when Φ,Ψ are the sets
of linear and quadratic functions i.e. Φconv,Ψconv and Φa

lsc,Ψ
b
lsc given by (3.5)

and (3.10), respectively.

Example 8. Let X and Y be Banach spaces with the topological duals
X˚, Y ˚ and their bilinear forms x¨, ¨yX , x¨, ¨yY , respectively. Let L : X Ñ Y

be a linear continuous operator with the conjugate L˚ : Y ˚ Ñ X˚. We define
the sets Φ and Ψ of elementary functions as follows.

(i) For the case of affine elementary functions, (cf. (3.5) above),

Φconv :“ tφ : X Ñ R | φ pxq “ xu, xyX ` c, u P X
˚, c P Ru ,

Ψconv :“ tψ : Y Ñ R | ψ pyq “ xv, yyY ` d, v P Y
˚, d P Ru .

We have ψpLx`yq´ψpLxq “ ψpyq which leads to the coupling function
as defined in the convex case [15]. We have

sup
xPX
t´fpxq ´ ψpLxqu “ sup

xPX
t´fpxq ´ xv, LxyY u ´ d

“ sup
xPX
t´fpxq ´ xL˚v, xyXu ´ d.

Since L˚v P X˚, we have ´ψ ˝ L P Φconv so

sup
xPX
t´fpxq ´ xL˚v, xyX ´ du “ f˚Φconvp´ψ ˝ Lq,
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and the dual problem

sup
ψPΨconv

´βcp0, ψq “ sup
ψPΨconv

´f˚Φconv p´ψ ˝ Lq ´ g
˚
Ψconvpψq. (4.11)

Note that the condition ψ ˝ L P Φconv is satisfied thanks to the form
of Φconv, Ψconv, and (4.11) coincides with the classical Fenchel dual
investigated e.g. in [16, Chapter 1, Section 2].

(ii) In the case of quadratic elementary functions (a, b P R, cf. formula
(3.10) above),

Φa
lsc “:

 

φ : X Ñ R | φ pxq “ ´a }x}2X ` xu, xyX ` c, u P X
˚, c P R

(

,

(4.12)

Ψb
lsc “:

 

ψ : Y Ñ R | ψ pyq “ ´b }y}2Y ` xv, yyY ` d, v P Y
˚, d P R

(

,

(4.13)

one cannot express ψ ˝ L as a function in Φa
lsc. However, we have

ψ pLxq “ ´b }Lx}2Y ` xv, LxyY ` d

“ ´b }x}2L ` xL
˚v, xyX ` d,

with }x}L “ xL˚Lx, xyX , [6]. Thus, the dual problem (DCP) takes the
form

sup
ψPΨblsc

´βcp0, ψq “ sup
ψPΨblsc

inf
xPX

f pxq ` ψ pLxq ´ g˚Ψblsc
pψq

“ sup
ψPΨblsc

inf
xPX

f pxq ´ b}x}2L ` xL
˚v, xyX ` d´ g

˚

Ψblsc
pψq

“ sup
ψPΨblsc

´
`

f ´ b} ¨ }2L
˘˚

Φalsc
p´ xL˚v, ¨yX ´ dq ´ g

˚

Ψblsc
pψq .

(4.14)

(iii) In the construction of dual problem (4.4), the roles of Φ and Ψ are
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not symmetric. We can see this by considering the following pair of
elementary functions,

Φa
lsc :“

 

φ : X Ñ R | φ pxq “ ´a }x}2X ` xu, xyX ` c, u P X
˚, c P R

(

,

Ψconv :“ tψ : Y Ñ R | ψ pyq “ xv, yyY ` d, v P Y
˚, d P Ru .

In this case, since ψ P Ψconv is an affine function we have

´ψ ˝ Lp¨q “ ´xv, L¨yY ´ d “ ´xL
˚v, ¨yX ´ d :“ φp¨q P Φa

lsc,

and the dual problem has the same form as (4.11)

sup
ψPΨconv

´βcp0, ψq “ sup
ψPΨconv

´f˚Φalsc p´ψ ˝ Lq ´ g
˚
Ψconvpψq. (4.15)

However, when reversing the roles of Φ and Ψ i.e. by taking

Φconv :“ tφ : X Ñ R| φ pxq “ xu, xyX ` c, u P X
˚, c P Ru ,

Ψb
lsc :“

 

ψ : Y Ñ R| ψ pyq “ ´b }y}2Y ` xv, yyY ` d, v P Y
˚, b, d P R

(

.

We cannot write the dual problem in the form of (4.11), but it is
possible to write, for any ψ P Ψb

lsc,

ψpLxq “ ´b‖Lx‖2
Y ` xv, LxyY ` d “ ψ1pxq ` ψ2pxq,

where ψ1pxq “ ´b‖Lx‖2
Y , ψ2pxq “ xL

˚v, xyX ` d and the dual problem
takes the form

sup
ψPΨblsc

ψ˝L“ψ1`ψ2

´βcp0, ψq “ sup
ψPΨblsc

ψ˝L“ψ1`ψ2

´pf ` ψ1q
˚

Φconv
p´ψ2q ´ g

˚

Ψblsc
pψq .

(4.16)

Unlike the dual problems, considered in [12, 19] where L “ Id, the ap-



4.2. ZERO DUALITY GAP 37

pearance of general operators L in the minimization problem (CP) makes
it more difficult to present the dual problem without imposing additional
assumptions.

Remark 2. It is clear from the formula (4.5) and the above examples that the
presence of constants in the definition of elementary functions is inessential
in the c-conjugate of β. Thus, in the sequel, we consider classes Φ and Ψ

of functions in which constants are omitted. For the general consideration
related to this fact, see [82, formula 1.4.4].

4.2 Zero Duality Gap for Conjugate Dual

Having defined the dual problem (DCP), now, we discuss conditions for weak
duality and zero duality gap. As in (CP), we assume that the sets Φ and
Ψ of elementary functions are defined on X and Y , respectively, and both
contain zeros, i.e., 0 P Φ, 0 P Ψ.

Let X be a nonempty set and let Y be a vector space. Let L : X Ñ Y

be a mapping from X to Y . The dual problem (DCP) can be equivalently
rewritten in the form

valpDCP q :“ sup
ψPΨ

´βcp0, ψq “ ´ inf
ψPΨ

 

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq

(

. (4.17)

For the problem (CP), we have

valpCP q :“ inf
xPX

f pxq ` g pLxq “ ´ pf ` g ˝ Lq˚Φ p0q . (4.18)

Weak duality, i.e. the inequality valpCP q ě valpDCP q means that

pf ` g ˝ Lq˚Φ p0q ď inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq . (4.19)

In fact, a more general inequality holds true.
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Theorem 2. For any φ P Φ, it holds

pf ` g ˝ Lq˚Φ pφq ď inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq .

Proof. For any ψ P Ψ and φ P Φ, we have

pf ` g ˝ Lq˚Φ pφq “ sup
xPX

φ pxq ´ f pxq ´ g pLxq

“ sup
xPX

φ pxq ´ f pxq ´ g pLxq ` ψ pLxq ´ ψ pLxq

ď sup
xPX

tφ pxq ´ f pxq ´ ψ pLxqu ` sup
xPX

tψ pLxq ´ g pLxqu

ď pf ` ψ ˝ Lq˚Φ pφq ` sup
yPLpXq

tψ pyq ´ g pyqu

ď pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq .

Since pf ` g ˝ Lq˚Φ pφq is a lower bound of pf ` ψ ˝ Lq˚Φ pφq ` g˚Ψ pψq for
arbitrary ψ P Ψ, we get

pf ` g ˝ Lq˚Φ pφq ď inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ,

which completes the proof.

By taking φ “ 0 in the above theorem, we obtain the weak duality (4.19)
between (CP) and (DCP). Note that no additional assumptions are imposed
on the functions ψ ˝L and φ. However, when zero duality gap is considered,
we need to assume a relationship between Φ and Ψ.

The following theorem provides sufficient and necessary conditions for
zero duality gap for conjugate duality of problem (CP) and (DCP).

Theorem 3. Let X be a nonempty set and Y be a vector space. Let f : X Ñ

p´8,`8s, g : Y Ñ p´8,`8s, and L : X Ñ Y be a mapping. Assume that
dom g X L pdom fq ‰ H. Suppose 0 P Φ and 0 P Ψ. The following are
equivalent.
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(i) For every ε ą 0, there exist xε P X,ψε P Bε,ΨgpLxεq such that
pf ` ψε ˝ Lq

˚

Φ p0q ď ´fpxεq ´ ψε pLxεq ` ε.

(ii) ´valpCP q “ pf ` g ˝ Lq˚Φ p0q “ infψPΨ pf ` ψ ˝ Lq
˚

Φ p0q ` g˚Ψ pψq “

´valpDCP q ă `8.

Proof. (i) ñ (ii): Thanks to Theorem 2, we only need to prove that

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq ď pf ` g ˝ Lq

˚

Φ p0q ă `8.

Let ε ą 0. From (i), there exist xε P X and ψε P Bε,Ψg pLxεq such that

pf ` ψε ˝ Lq
˚

Φ p0q ď ´fpxεq ´ ψε pLxεq ` ε.

From the definition of infimum, we have

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq ď pf ` ψε ˝ Lq

˚

Φ p0q ` g
˚
Ψ pψεq

ď ´f pxεq ´ ψε pLxεq ` g
˚
Ψ pψεq ` ε. (4.20)

By using inequality (3.9) applied to g and taking into account ψε P Bε,ΨgpLxεq,
we obtain

´f pxεq ´ ψε pLxεq ` g
˚
Ψ pψεq ` ε ď ´f pxεq ´ g pLxεq ` 2ε (4.21)

ď pf ` g ˝ Lq˚Φ p0q ` 2ε.

Finally, by using (4.20) and (4.21),

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq ď pf ` g ˝ Lq

˚

Φ p0q ` 2ε.

As both sides of the above inequality do not depend on xε or ψε, we can let
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εÑ 0 and obtain zero duality gap

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq ď pf ` g ˝ Lq

˚

Φ p0q .

From (4.20) and (4.21), we have

pf ` g ˝ Lq˚Φ p0q ď ´f pxεq ´ g pLxεq ` 2ε ă `8,

from the assumption of f and g. Thus pf ` g ˝ Lq˚Φ p0q ă `8.
(ii) ñ (i): From the definition of supremum, for every ε ą 0 there exists

an xε P X such that

pf ` g ˝ Lq˚Φ p0q ď ´f pxεq ´ g pLxεq ` ε{2.

Also, there exists ψε P Ψ such that

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ´ ε{2 ă inf

ψPΨ
pf ` ψ ˝ Lq˚Φ p0q ` g

˚
Ψ pψq .

Zero duality gap gives us

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ´ ε{2 ď ´f pxεq ´ g pLxεq ` ε{2.

After rearranging both sides, we get

“

pf ` ψε ˝ Lq
˚

Φ p0q ` f pxεq ` ψε pLxεq
‰

` rg˚Ψ pψεq ` g pLxεq ´ ψε pLxεqs ă ε.

By the definition of conjugate function, each of the two terms is non-negative,
and so each of them has to be smaller than ε. Thus

pf ` ψε ˝ Lq
˚

Φ p0q ă ´f pxεq ´ ψε pLxεq ` ε

g˚Ψ pψεq ` g pLxεq ´ ψε pLxεq ă ε,
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which implies that ψε P Bε,Ψg pLxεq. Hence, (i) holds.

Notice that when f is improper, then condition (i) in Theorem 3 fails to
hold as we have

pf ` ψε ˝ Lq
˚

Φ p0q “ sup
xPX

´fpxq ´ ψεpLxq “ sup
xPX

´8 ą ´fpxεq ´ ψε pLxεq ` ε “ ´8

Remark 3. Observe that, in some cases, we cannot find φ P Φ, ψ P Ψ such
that φ ` ψ “ 0 (this latter condition is used in [19, Theorem 3.5]). In the
case X “ Y,Φ “ Ψ, L is identity operator and Φ is symmetric (for any
ψ P Φ,´ψ P Φ), the problem (CP) takes the form

inf
xPX

fpxq ` gpxq.

For this problem, Theorem (3)-(i) means that, for every ε ą 0, there exist
xε P X,ψε P Bε,Ψgpxεq such that

pf ` ψεq
˚

Φ p0q ď ´fpxεq ´ ψε pxεq ` ε,

which implies ´ψε P Bε,Φfpxεq. This means that 0 P
Ş

εą0 Bε,Φpf ` gqpXq,
which reduces to the condition (i) used in [19, Theorem 3.5] for proving zero
duality gap. However, it is worth mentioning that [19, Theorem 3.5] refers
to the minimization of the sum of finite number of functions. In the present
work, we only focus on problem (CP), while it is possible to generalize our
result to the sum of finite number of composite functions.

Condition (i) of Theorem 3, could be replaced by stronger conditions
which are easier to be checked, when we introduce the following assumption:
for given φ P Φ, ψ P Ψ,

φ´ ψ ˝ L P Φ. (4.22)

Note that condition (4.23) below will be used in the sequel to check zero
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duality gap.

Remark 4. When Φ is a convex cone, then (4.22) is satisfied when ´ψ ˝L P
rec Φ where rec Φ “ tϕ P F pXq : ϕ` Φ Ă Φu is the recession cone of Φ and
F pXq is a linear space of all functions defined on X.

Theorem 4. Let f : X Ñ p´8,`8s , g : Y Ñ p´8,`8s be such that
dom g X L pdom fq ‰ H. Let L : X Ñ Y be a mapping from X into Y .
Suppose that 0 P Φ and 0 P Ψ. Consider the following conditions.

(i) For every ε ą 0, there exist xε P X,φε P Bε,Φfpxεq, ψε P Bε,Ψg pLxεq
such that

$

&

%

φεpzq ` ψεpLzq ě ´ε @z P X,

φεpxεq ` ψεpLxεq ď ε.
(4.23)

(ii) ´valpCP q “ pf ` g ˝ Lq˚Φ p0q “ infψPΨ pf ` ψ ˝ Lq
˚

Φ p0q ` g˚Ψ pψq “

´valpDCP q ă `8.

We have (i) ñ (ii). If, for every ε ą 0, there exists ψε P Ψ such that

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ´ ε{2 ă inf

ψPΨ
pf ` ψ ˝ Lq˚Φ p0q ` g

˚
Ψ pψq ,

and ´ψε ˝ L P Φ, then (i)ô(ii).

Proof. (i) ñ (ii). For any ψ P Ψ

inf
ψPΨ

`

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq

˘

ď pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq .
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By using inequality (3.9), for ψε P Bε,ΨgpLxεq, φε P Bε,Φfpxεq, we have

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ď pf ` ψε ˝ Lq

˚

Φ p0q ` ψε pLxεq ´ g pLxεq ` ε

“ sup
xPX

t´ψε pLxq ´ f pxqu ` ψε pLxεq ´ g pLxεq ` ε

ď f˚Φ pφεq ` ψε pLxεq ´ g pLxεq ` 2ε

ď φε pxεq ´ f pxεq ` ε` ψε pLxεq ´ g pLxεq ` 2ε

ď 3ε´ f pxεq ´ g pLxεq

ď 3ε` pf ` g ˝ Lq˚Φ p0q ,

where in the third estimation, we use (4.23) to obtain f˚Φpφεq.
By letting ε Ñ 0 we obtain zero duality gap. We can use the same

argument as in Theorem 3 to prove that

pf ` g ˝ Lq˚Φ p0q ă `8.

For (ii) ñ (i): We have

inf
ψPΨ

`

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq

˘

“ pf ` g ˝ Lq˚Φ p0q ă `8,

so for every ε ą 0, there exists ψε P Ψ such that

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ´ ε{2 ă pf ` g ˝ Lq

˚

Φ p0q ,

and ´ψε ˝ L P Φ. Moreover, there exists an xε P X such that

pf ` g ˝ Lq˚Φ p0q ă ε{2´ f pxεq ´ g pLxεq .

Combining the two inequalities gives us

pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq ` f pxεq ` g pLxεq ă ε.
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By adding and subtracting ψε pLxεq, we get

“

pf ` ψε ˝ Lq
˚

Φ p0q ` f pxεq ` ψε pLxεq
‰

` rg˚Ψ pψεq ` g pLxεq ´ ψε pLxεqs ă ε.

Since each term is nonnegative, we obtain

pf ` ψε ˝ Lq
˚

Φ p0q ` f pxεq ` ψε pLxεq ď ε,

g˚Ψ pψεq ` g pLxεq ´ ψε pLxεq ď ε.

Since ´ψε ˝ L P Φ, and thus pf ` ψε ˝ Lq
˚

Φ p0q “ f˚Φ p´ψε ˝ Lq. By the
above inequalities, ψε P Bε,Ψg pLxεq and

pf ` ψε ˝ Lq
˚

Φ p0q ` f pxεq ` ψε pLxεq “ f˚Φ p´ψε ˝ Lq ` f pxεq ` ψεpLxεq ď ε,

which is equivalent to ´ψε ˝ L P Bε,Φf pxεq. Hence, (i) is proved.

The condition ´ψε ˝ L P Φ is equivalent to (4.22) since φ P Φ and Φ is
closed under addition. Moreover, to obtain the equivalence in Theorem 4,
we just need to assume that ´ψε ˝ L P Φ because the other condition is the
property of infimum.

We close this section with existence of solution to problem (CP) and
(DCP) in the spirit of [19, Theorem 3.6].

Theorem 5. Let f : X Ñ p´8,`8s , g : Y Ñ p´8,`8s be such that
dom g X L pdom fq ‰ H and let L : X Ñ Y be a mapping from X into Y .
Suppose that 0 P Φ, 0 P Ψ and x P dom gXL pdom fq. Consider the following
conditions.

(i) For all ε ą 0, there exist φε P Bε,Φfpxq, ψε P Bε,Ψg pLxq such that

$

&

%

φεpzq ` ψεpLzq ě ´ε for all z P X,

φεpxq ` ψεpLxq ď ε.
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(ii) ´valpCP q “ pf ` g ˝ Lq˚Φ p0q “ infψPΨ pf ` ψ ˝ Lq
˚

Φ p0q ` g˚Ψ pψq “

valpDCP q ă `8 and x is an optimal solution to (CP).

We have (i) ñ (ii). For every ε ą 0, if there exists ψε P Ψ such that

pf ` ψε ˝ Lq
˚

Φ p0q`g
˚
Ψ pψεq´ε{2 ă inf

ψPΨ
pf ` ψ ˝ Lq˚Φ p0q`g

˚
Ψ pψq and ´ψε˝L P Φ,

(4.24)
then the two statements are equivalent.

Proof. The lines of the proof coincide with the ones of Theorem 4. We only
need to prove that x is an optimal solution to (CP). Now as (i) holds for all
ε ą 0, we have

inf
ψPΨ

`

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq

˘

ď pf ` ψε ˝ Lq
˚

Φ p0q ` g
˚
Ψ pψεq

ď 3ε´ f pxq ´ g pLxq

ď 3ε` pf ` g ˝ Lq˚Φ p0q.

Letting ε Ñ 0 in the above inequality as it holds for all ε ą 0. We obtain
zero duality gap

inf
ψPΨ

`

pf ` ψ ˝ Lq˚Φ p0q ` g
˚
Ψ pψq

˘

“ pf ` g ˝ Lq˚Φp0q.

Notice that

inf
zPX

fpzq ` gpLzq “ ´pf ` g ˝ Lq˚Φp0q ě f pxq ` g pLxq .

As pf ` g ˝ Lq˚Φp0q ă `8, the primal problem (CP) is finite with x as an
optimal solution.

Remark 5. Let us observe that the condition (i) of Theorem 4.3 and The-
orem 4.4 can be replaced by the condition

φεpxq ` ψεpLxq “ 0, @x P X. (4.25)
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Indeed, if (4.25) holds, which means ´ψε˝L “ φε P Φ, then (4.23) and (4.22)
are satisfied.

4.2.1 Zero duality gap for specific classes Φ, Ψ

Consider the classes of elementary functions Φa
lsc and Ψb

lsc defined in (4.12)
and (4.13) for a, b ě 0. We let c “ d “ 0 because they do not affect the dual
problem and the condition for zero duality gap. The dual problem (4.14)
takes the form

sup
ψPΨblsc

ψp¨q“´b}¨}2Y `xv,¨yY

´
`

f ´ b }L¨}2Y
˘˚

Φalsc
p´xL˚v, ¨yq ´ g˚Ψblsc

pψq . (4.26)

We start with the following technical fact.

Proposition 8. Let X and Y be Hilbert spaces with inner products, x¨, ¨yX
and x¨, ¨yY , respectively. Let L : X Ñ Y be a continuous linear operator from
X to Y , and f : X Ñ p´8,`8s be a weakly convex function with modulus
a. Then fpxq ´ b‖Lx‖2

Y is weakly convex with modulus a` b‖L‖2
LpX,Y q.

Proof. By Definition 6, a function f : X Ñ p´8,`8s is weakly convex on
X with modulus a ą 0 if f ` a‖x‖2

X , is a convex function, or equivalently for
any x1, x2 P X and λ P r0, 1s,

fpλx1 ` p1´ λqx2q ď λfpx1q ` p1´ λqfpx2q ` aλp1´ λq}x1 ´ x2}
2
X .

Now we analyze the weak convexity of the function fpxq ´ b‖Lx‖2
Y , where

b ě 0. We have

‖Lpλx1 ` p1´ λqx2q‖2
Y “ ‖λLx1 ` p1´ λqLx2‖2

Y

“ λ2‖Lx1‖2
Y ` p1´ λq

2‖Lx2‖2
Y ` 2λp1´ λqxLx1, Lx2yY

“ λ‖Lx1‖2
Y ` p1´ λq‖Lx2‖2

Y ´ λp1´ λq‖Lx1 ´ Lx2‖2
Y .
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Denote xλ :“ λx1 ` p1´ λqx2 for λ P r0, 1s. Therefore,

f pxλq ´ b }Lxλ}
2
Y ď λ

`

f px1q ´ b }Lx1}
2
Y

˘

` p1´ λq
`

f px2q ´ b }Lx2}
2
Y

˘

` bλ p1´ λq }Lx1 ´ Lx2}
2
Y ` aλ p1´ λq }x1 ´ x2}

2
X .

As L is linear and continuous, we obtain

f pxλq ´ b }Lxλ}
2
Y ď λ

`

f px1q ´ b }Lx1}
2
Y

˘

` p1´ λq
`

f px2q ´ b }Lx2}
2
Y

˘

`
`

a` b‖L‖2
LpX,Y q

˘

λ p1´ λq }x1 ´ x2}
2
X ,

where ‖L‖LpX,Y q “ sup}x}Xď1 }Lx}Y . This means fpxq ´ b‖Lx‖2
Y is weakly

convex with modulus a` b‖L‖2
LpX,Y q.

The following corollary follows from Theorem 4.

Corollary 1. Let X, Y be Hilbert spaces. Let f : X Ñ p´8,`8s , g : Y Ñ

p´8,`8s and L : X Ñ Y be a continuous linear operator. Assume that a ď
0, b P R, c “ d “ 0 in the definitions of the classes of elementary functions
Φa
lsc and Ψb

lsc ( (4.12) and (4.13)), respectively, and dom gXL pdom fq ‰ H.
The following are equivalent.

(i) For every ε ą 0, there exist xε P X,ψε P Bε,Ψblsc
g pLxεq ,

φε P Bε,Φalsc
`

f ´ bε }L¨}
2
Y

˘

pxεq such that

$

&

%

φε pxq ` ψε pLxq ě ´b }Lx}
2
Y ´ ε @x P X,

φε pxεq ` ψε pLxεq ď ´b }Lxε}
2
Y ` ε,

where ψεpyq “ ´b}y}2Y ` xvε, yyY .

(ii) pf ` g ˝ Lq˚Φalsc p0q “ inf
ψPΨblsc

`

f ´ b }L¨}2Y
˘˚

Φalsc
p´xL˚v, ¨yXq ` g˚

Ψblsc
pψq ă

`8, where ψpyq “ ´b}y}2Y ` xv, yyY .
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Proof. Let ε ą 0. By (i), there exist xε P X,ψε P Bε,Ψblscg pLxεq , φε P

Bε,Φalsc

`

f ´ bε }L¨}
2
Y

˘

pxεq such that for all x P X,

φε pxq ` ψε pLxq “ ´a‖x‖2
X ` xuε, xyX ´ b‖Lx‖2

Y ` xvε, LxyY ě ´b‖Lx‖2
Y ´ ε,

where uε P X, vε P Y , i.e.,

´ a‖x‖2
X ` xuε ` L

˚vε, xyX ` ε ě 0, @x P X. (4.27)

Hence, it must be uε “ ´L˚vε. Thus, for φε P Bε,Φalsc
`

f ` b }L¨}2Y
˘

pxεq, we
can write

f pxεq ´ b }Lxε}
2
Y `

`

f ´ b }L¨}2Y
˘˚

Φalsc
pφεq ď φε pxεq ` ε

pf ` ψ ˝ Lq˚Φalsc
p0q ď ´f pxεq ´ ψ pLxεq ` 3ε,

which is similar to the proof of Theorem 3, so the assertion follows from
Theorem 3.

Observe that the above corollary does not hold for Φa
lsc with a ă 0 due

to formula (4.27).
We give simple examples illustrating Theorem 4.

Example 9.

• Let f pxq “ px` 1q2 , g pxq “ 4x2, L “ Id and

Φ “
 

φ pxq “ ´ax2
` bx, a ě 0, b P R

(

,

Ψ “ tψ pxq “ cx, c P Ru ,

(cf. Remark 2).
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The conjugates of f and g are given as

f˚Φ pφq “
pb´ 2q2

4 pa` 1q
´ 1, a ě 0, b P R.

g˚Ψ pψq “
c2

16
, c P R.

The ε-subdifferentials of f and g at x0 are given as

Bε,Φf px0q “

#

φ pxq “ ´ax2
` bx : pa` 1q

ˆ

x0 ´
b´ 2

2 pa` 1q

˙2

ď ε, a ě 0, b P R

+

,

Bε,Ψg px0q “

"

ψ pxq “ cx :
´

2x0 ´
c

4

¯2

ď ε, c P R
*

.

To verify condition (i) of Theorem 4, we find xε P R, ψε P Bε,Ψg pxεq , φε P
Bε,Φf pxεq such that

$

&

%

φε pxq ` ψε pxq ě ´ε @x P R,

φε pxεq ` ψε pxεq ď ε.

Now consider the first inequality

φε pxq ` ψε pxq “ ´ax
2
` pb` cqx ě ´ε, @x P R,

which gives a “ 0, b ` c “ 0, so the second inequality i.e. φε pxεq `

ψε pxεq ď ε, holds for xε P R. Hence, Theorem 4-(i) holds.

Moreover, as ψε P Bε,Ψg pxεq , φε P Bε,Φf pxεq, we have

$

&

%

`

xε ´
b´2

2

˘2
ď ε,

`

2xε `
b
4

˘2
ď ε.

Let ε Ñ 0, we obtain b “ 2x0 ` 2, c “ 8x0. Since b ` c “ 0, we get
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x0 “ ´
1
5
. With x0, a, b, c calculated above we get

inf
xPX

fpxq ` gpxq “ f px0q ` g px0q “
4

5
,

and

sup
ψPΨ

´pf ` ψq˚Φp0q ´ g
˚
Ψpψq “ ´f

˚
Φ pφεq ´ g

˚
Ψ pψεq “ 1´

1

5
“

4

5
.

Hence, we achieve zero duality gap.

• Now we reverse the roles of Φ and Ψ i.e.

Φ “ tφ pxq “ cx, c P Ru ,

Ψ “
 

ψ pxq “ ´ax2
` bx, a ě 0, b P R

(

.

Then the conjugates of f and g are

f˚Φ pφq “
pc´ 2q2

4
´ 1,

g˚Ψ pψq “
b2

4 pa` 4q
.

The ε-subdifferentials of f and g are

Bε,Φf pxεq “

#

φ pxq “ cx :

ˆ

xε ´
c´ 2

2

˙2

ď ε, c P R

+

,

Bε,Ψg pxεq “

#

ψ pxq “ ´ax2
` bx :

ˆ

xε ´
b

2 pa` 4q

˙2

ď
ε

a` 4
, a ě 0, b P R

+

.
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We need to find xε P R, φε P Bε,Φf pxεq , ψε P Bε,Ψg pxεq such that

$

&

%

φε pxq ` ψε pxq ě ´ε @x P R,

φε pxεq ` ψε pxεq ď ε.

The first inequality, for all x P R,

φε pxq ` ψε pxq “ ´ax
2
` pb` cqx ě ´ε,

also implies a “ 0, b` c “ 0, so the second inequality is automatically
satisfied. Repeating the same steps as before, we achieve zero duality
gap at value 4{5 which is the same in the previous case. However,
condition (4.22) does not hold for any ψ P Ψ and 0, because there is
no φ P Φ such that

φpxq “ ´ψ pxq “ ax2
´ bx,

unless a “ 0.

In some cases, if Theorem 4-(i) is not satisfied, we need to check for zero
duality gap in another way. Let us consider the following example.

Example 10. LetX “ Y “ R, f px, yq “ 3x2`2y2, g pxq “ ´ px´ 1q2 , L px, yq “

x´ y. The classes of elementary functions are defined as

Φ “
 

φ px, yq “ ´a
`

x2
` y2

˘

` b1x` b2y, a ě 0, b1, b2 P R
(

,

Ψ “
 

ψ pxq “ ´cx2
` dx, c ě 0, d P R

(

(cf. Remark 2).
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We have

f˚Φ pφq “
b2

1

4 pa` 3q
`

b2
2

4 pa` 2q
,

Bε,Φf pxε, yεq “

$

&

%

φ px, yq “ ´a px2 ` y2q ` b1x` b2y,

s.t. pa` 3q
´

xε ´
b1

2pa`3q

¯2

` pa` 2q
´

yε ´
b2

2pa`2q

¯2

ď ε,

g˚Ψ pψq “

$

’

’

’

&

’

’

’

%

`8 0 ď c ă 1 or c “ 1, d ‰ 2,

1 c “ 1, d “ 2,

pd´2q2

4pc´1q
` 1 c ą 1,

Bε,Ψg pxεq “

$

&

%

ψ pxq “ ´cx2 ` dx pc´ 1q
´

xε ´
d´2

2pc´1q

¯2

ď ε, c ą 1,

ψ pxq “ ´x2 ` 2x c “ 1, d “ 2, @xε.

One option is to find, for ε ą 0, xε, yε P R, φε P Bε,Φf pxε, yεq , ψε P
Bε,Ψg pL pxε, yεqq such that

$

&

%

φε px, yq ` ψε pL px, yqq ě ´ε @x, y P R,

φε pxε, yεq ` ψε pL pxε, yεqq ď ε.
(4.28)

The first inequality is

φε px, yq ` ψε pL px, yqq ě ´ε

´a
`

x2
` y2

˘

` b1x` b2y ´ c px´ yq
2
` d px´ yq ` ε ě 0

´pa` cq
`

x2
` y2

˘

` 2cxy ` pb1 ` dqx` pb2 ´ dq y ` ε ě 0,

which gives us a “ c “ 0, b1`d “ b2´d “ 0, so the second inequality of (4.28)
holds for any x, y P R. However, there are no element in Bε,Ψg pL pxε, yεqq such
that c “ 0, and we cannot applied condition (i) of Corollary 4 to determine
zero duality gap.

One option is that instead of solving (4.28), we take ψε P Bε,Ψg pL pxε, yεqq
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and calculate Bε,Φ pf ` ψε ˝ Lq pxε, yεq. We consider the simplest case where
ψε pxq “ ´x

2 ` 2x and calculate

pf ` ψε ˝ Lq
˚

Φ pφq “ ´ pa` 2qA2
´pa` 1qB2

´2AB`pb1 ´ 2qA`pb2 ` 2qB,

where A “ ab1´2a`b1´b2´4
2pa2`3a`1q

, B “ ab2`2a´b1`2b2`6
2pa2`3a`1q

, for a ě 0. We examine
whether 0 P Bε,Φ pf ` ψε ˝ Lq pxε, yεq by checking the inequality

pf ` ψε ˝ Lq
˚

Φ p0q ` pf ` ψε ˝ Lq pxε, yεq ď ε.

Substituting φ “ 0 or a “ b1 “ b2 “ 0, we have

2x2
ε ` y

2
ε ` 2xεyε ` 2 pxε ´ yεq ` 5 ď ε.

This inequality has solution xε, yε as the left hand side is a parabola with
minimum value ´ε. Thus, condition (i) of Theorem 3 is satisfied, and we
have zero duality gap for the conjugate duality.

Theorem 3 is more general than Theorem 4 but it requires more cal-
culations than the latter. Sometimes, it is more convenient to calculate
ε-subdifferential of f and g than ε-subdifferential of pf ` ψε ˝ Lq where
ψε P Bε,ΨgpLxεq.

4.2.2 Moreau Envelope

In connection with Corollary 1, we are going to construct conjugate dual
problem for the following problem which can be viewed as generalized Moreau
envelope

eγf px0q :“ inf
xPX

fpxq `
1

2γ
}x´ x0}

2,
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where X is Hilbert and f : X Ñ p´8,`8s is proper Φ-convex. We recall
the conjugate dual problem (DCP) where operator L “ Id is identity

sup
ψPΨ

"

´ sup
xPX

t´ψpxq ´ fpxqu ´ g˚Ψpψq

*

“ sup
ψPΨ

´pf ` ψq˚Φp0q ´ g
˚
Ψpψq.

Since g is lsc convex, we can consider two classes of elementary functions
Ψ: affine and ΦR

lsc. We stress that the constant in elementary functions can
omitted when constructing conjugate dual as well as calculating the conjugate
function (see Remark 2), so we will not write the constant in the class Ψ.

• Ψ “ tψ : X Ñ R | ψ pxq “ xy, xy , y P Xu. We can identify ψ P Ψ with
y P X i.e. Ψ “ X. The Ψ-conjugate of g is

g˚Ψpψq “ g˚Ψpyq “
γ

2
}y}2 ` xx0, yy.

The conjugate dual problem is

sup
yPX

"

´ sup
xPX

t´xx´ x0, yy ´ fpxqu ´
γ

2
}y}2

*

.

If Φ “ X, then the conjugate dual takes the form

sup
yPX

´f˚Φp´yq ´ xx0, yy ´
γ

2
}y}2.

By Theorem 3, zero duality gap holds iff for every ε ą 0, there exists
xε, yε P X such that

yε P BΨ,εp
1

2γ
}.´ x0}

2
qpxεq and 0 P BΦ,εpf ` xyε, .yqpxεq.

As we know the explicit form of Ψ, we solve for yε in the first term and
obtain

yε “
xε ´ x0

γ
, fpxq ´ fpxεq ě xyε, x´ xεy ´ ε,
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for all x P X. xε can be found by solving the second inequality above.

• Ψ “ ΦR
lsc “

 

φ “ pa, uq : φ pxq “ ´a }x}2 ` xu, xy where a P R, u P X
(

.
The Ψ-conjugate of g is

g˚Ψpψq “

$

’

’

’

&

’

’

’

%

p1` 2γaq
”

γ}u}2

2
´ a}x0}

2 ` xu, x0y

ı

2γa ą ´1,

´ 1
2γ
}x0}

2 a “ ´ 1
2γ
, u “ ´x0

γ
,

`8 otherwise.

The conjugate dual problem is

sup
ψPΨ

"

´ sup
xPX

t´ψpxq ´ fpxqu ´ g˚Ψpψq

*

“ sup
pa,uqPΨ
2γaą´1

"

´ sup
xPX

 

a}x}2 ´ xu, xy ´ fpxq
(

´ p1` 2γaq

„

γ}u}2

2
´ a}x0}

2
` xu, x0y

*

.

Again, if Φ “ ΦR
lsc then we can simplify the first term of the dual

problem

sup
pa,uqPΨ
2γaą´1

´f˚ΦR
lsc
p´a,´uq ´ p1` 2γaq

„

γ}u}2

2
´ a}x0}

2
` xu, x0y



.

Similarly, we have zero duality iff for every ε ą 0, there exists xε P
X,ψε P Ψ such that

ψε P BΨ,εp
1

2γ
}.´ x0}

2
qpxεq and 0 P BΦ,εpf ` ψεqpxεq.

We solve for ψε in the first term and obtain such that

ψε “ paε, uεq, 2γaε ą ´1, uε ´ 2aε “
xε ´ x0

γ
.
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xε can be found by solving

fpxq ´ fpxεq ě ´ψεpxq ´ ψεpxεq ´ ε

“ aε}x´ xε}
2
` x2aεxε ´ uε, x´ xεy ´ ε

“ aε}x´ xε}
2
` x

x0 ´ xε
γ

, x´ xεy ´ ε,

for all x P X.

• One specific case is Ψ “ Φa
lsc “

 

φ : φ pxq “ ´a }x}2 ` xu, xy , u P X
(

where a ą 0 is fixed, then the conjugate of g is The Ψ-conjugate of g is

g˚Ψpψq “ p1` 2γaq

„

γ}u}2

2
´ a}x0}

2
` xu, x0y



.

The conjugate dual problem is

sup
ψPΨ

"

´ sup
xPX

t´ψpxq ´ fpxqu ´ g˚Ψpψq

*

“ sup
uPX

"

´ sup
xPX

 

a}x}2 ´ xu, xy ´ fpxq
(

´ p1` 2γaq

„

γ}u}2

2
´ a}x0}

2
` xu, x0y

*

.

If f is Φa
lsc-convex then we can simplify the first term of the dual prob-

lem

sup
uPX

´f˚Φalscp´uq ´ p1` 2γaq

„

γ}u}2

2
´ a}x0}

2
` xu, x0y



.

4.3 Strong Duality for Conjugate Dual

In this section, we investigate strong duality for the conjugate dual (DCP),
i.e., we provide conditions for zero duality gap and the existence of solution
to the dual problem (DCP); the respective conditions are expressed in terms
of additivity of epigraphs of the conjugate functions.



4.3. STRONG DUALITY 57

Definition 8. The epigraph of a function f : X Ñ p´8,`8s is a subset of
X ˆ R defined as

epi f :“ tpx, rq P X ˆ R : fpxq ď ru . (4.29)

We have
epi f˚Φ :“ tpφ, rq P Φˆ R : f˚Φpφq ď ru . (4.30)

In consequence, if pφ, rq P epi f˚Φ, then φ P dom f˚Φ. To investigate strong
duality, together with (4.22), we need the following condition: for a given
φ P Φ and ψ P Ψ

φ` ψ ˝ L P Φ. (4.31)

Remark 6. Note that (4.31) is satisfied when ψ ˝ L P lin Φ where lin Φ is
the linear space generated by Φ.

Theorem 6. Let X be a nonempty set and Y be a vector space. Let f : X Ñ

p´8,`8s and g : Y Ñ p´8,`8s be proper functions. Let Φ and Ψ be sets
of elementary functions defined on X and Y , respectively. Let L : X Ñ Y be
a mapping from X to Y . Assume that dom gXL pdom fq ‰ H and consider
the following conditions.

(i) Every pφ, cφq P epi pf ` g ˝ Lq˚Φ, can be expressed as pφ, cφq “ pϕ` ψ ˝
L, cϕ ` cψq, where pϕ, cϕq P epi f˚Φ and pψ, cψq P epi g˚Ψ.

(ii) For any φ P Φ, it holds pf ` g ˝ Lq˚Φ pφq “ infψPΨ pf ` ψ ˝ Lq
˚

Φ pφq `

g˚Ψ pψq and the infimum is attained.

We have (i) ñ (ii). Moreover, for any φ P Φ, if ψ̄ P Ψ is a solution to the
problem

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq , (4.32)

and conditions (4.31), (4.22) hold for ψ̄ and φ, then (ii) ñ (i).
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Proof. (i) ñ (ii): If φ R dom pf ` g ˝ Lq˚Φ, then pf ` g ˝ Lq˚Φpφq “ `8 and
(ii) holds. Consider the case φ P dom pf ` g ˝ Lq˚Φ. By Theorem 2, for every
φ P Φ, we have

pf ` g ˝ Lq˚Φ pφq ď inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq . (4.33)

We start by proving the opposite inequality. Since
`

φ, pf ` g ˝ Lq˚Φ pφq
˘

P

epi pf ` g ˝ Lq˚Φ, by (i), there exist pϕ, cf q P epi f˚Φ and pψ0, cgq P epi g˚Ψ
such that

φ pxq “ ϕ pxq ` ψ0 pLxq , @x P X,

pf ` g ˝ Lq˚Φ pφq “ cf ` cg.

Thus

pf ` g ˝ Lq˚Φ pφq “ cf ` cg

ě f˚Φ pϕq ` g
˚
Ψ pψ0q

“ sup
xPX

tϕ pxq ´ f pxqu ` g˚Ψ pψ0q

“ sup
xPX

tφ pxq ´ ψ0 pLxq ´ f pxqu ` g
˚
Ψ pψ0q

“ pf ` ψ0 ˝ Lq
˚

Φ pφq ` g
˚
Ψ pψ0q

ě inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ,

and we have (ii). The infimum is attained from the above inequality, as

`8 ą cf ` cg “ pf ` g ˝ Lq
˚

Φ pφq ě pf ` ψ0 ˝ Lq
˚

Φ pφq ` g
˚
Ψ pψ0q

ě inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq

ě pf ` g ˝ Lq˚Φ pφq ,

so ψ0 P Ψ solves problem (4.32).
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(ii) ñ (i): From (ii), let pφ, cf q P epi f˚Φ and ψ̄ be a solution to the
problem (4.32) for φ P Φ. As

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψpψ̄q ă `8, we can find

cg P R such that pψ̄, cgq P epi g˚Ψ. Moreover, from (4.31), φ` ψ̄ ˝L :“ ϕ P Φ,
we have

cf ` cg ě f˚Φ pφq ` g
˚
Ψ

`

ψ̄
˘

“ sup
xPX

 

ϕ pxq ´ ψ̄pLxq ´ f pxq
(

` g˚Ψ
`

ψ̄
˘

“ pf ` ψ̄ ˝ Lq˚Φpϕq ` g
˚
Ψpψ̄q

ě pf ` g ˝ Lq˚Φ pϕq.

This means pϕ, cf ` cgq P epi pf ` g ˝ Lq˚Φ.
On the other hand, let pφ, rq P epi pf ` g ˝ Lq˚Φ. We want to prove that

there exist pϕ, cf q P epi f˚Φ and pψ, cgq P epi g˚Ψ such that

pφ, rq “ pϕ` ψ ˝ L, cf ` cgq.

From (ii), for φ P Φ, there exists ψ̄ P Ψ such that ψ̄ is the solution to the
problem (4.32) i.e.

pf ` g ˝ Lq˚Φ pφq “
`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

.

Therefore, we have

r ě pf ` g ˝ Lq˚Φ pφq

r ě
`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

r ´ g˚Ψ
`

ψ̄
˘

ě sup
xPX

 

φ pxq ´ ψ̄ pLxq ´ f pxq
(

.

Condition (4.22) gives us ϕ :“ φ´ ψ̄ ˝ L P Φ. Then

r ´ g˚Ψ
`

ψ̄
˘

ě sup
xPX

tϕ pxq ´ f pxqu “ f˚Φ pϕq .
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Therefore,
`

ϕ, r ´ g˚Ψ
`

ψ̄
˘˘

P epi f˚Φ and
`

ψ̄, g˚Ψ
`

ψ̄
˘˘

P epi g˚Ψ, which means
we can decompose pφ, rq into

`

ϕ, r ´ g˚Ψ
`

ψ̄
˘˘

and
`

ψ̄, g˚Ψ
`

ψ̄
˘˘

. Hence, the
proof is finished.

Remark 7.

• Observe that condition (ii) of Theorem 5.2 implies the strong duality
relationship between (CP) and (DCP), i.e. zero duality gap holds

´valpCP q “ pf ` g ˝ Lq˚Φ p0q “ inf
ψPΨ

pf ` ψ ˝ Lq˚Φ p0q`g
˚
Ψ pψq “ ´valpDCP q,

and the dual problem (DCP) is solvable.

• The assumption (i) in Theorem 6 does not coincide with the following

epi pf ` g ˝ Lq˚Φ “ epi f˚Φ ` epi pg ˝ Lq˚Φ,

(see also [56, Theorem 3.1]), because we consider the set
B :“ tpψ ˝ L, rq : pψ, rq P epi g˚Ψu instead of epi pg ˝Lq˚Φ, where pψ, rq P
epi g˚Ψ. Then assumption (i) of Theorem 6 is

epi pf ` g ˝ Lq˚Φ “ epi f˚Φ `B,

whenever φ ` ψ ˝ L P Φ holds true for any ψ P dom g˚Ψ, φ P dom f˚Φ.
Examples of classes of elementary functions, where condition φ`ψ˝L P
Φ is satisfied, can be found in Example 8-3.

Corollary 2. Let X be a nonempty set and Y be a vector space. Let f :

X Ñ p´8,`8s , g : Y Ñ p´8,`8s and L : X Ñ Y be a mapping from
X to Y . Let Φ,Ψ be sets of elementary functions on X and Y , respectively.
Assume that dom g X L pdom fq ‰ H. Let

(i) epi pf ` g ˝ Lq˚Φ “ epi f˚Φ ` epi pg ˝ Lq˚Φ,
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(ii) For φ P Φ, infψPΨ pf ` ψ ˝ Lq
˚

Φ pφq ` g˚Ψ pψq “ pf ` g ˝ Lq
˚

Φ pφq and the
infimum is attained.

Consider the following conditions.

(i) For any pair pφ, rq P epi pg˝Lq˚Φ, there exists ψ P Ψ such that φ ď ψ˝L

and g˚Ψpψq ď r .

(ii) There exists ψ P Ψ such that g˚Ψpψq ď 0 and g ˝ L ď ψ ˝ L.

(iii) For any pair pφ, rq P epi pf ` g ˝ Lq˚Φ and a given ψ P Ψ, there exist
φ1, φ2 P Φ such that φ´ ψ ˝ L ě φ1 and ψ ˝ L ě φ2.

(iv) Φ ´ Φ Ă Φ, for any ε1, ε2 ą 0 and a given ψ P Ψ, there exist xε2 P
X,φε2 P Bε2,Φ pg ˝ Lq pxε2q such that

ψ pLxε2q ´ φε2 pxε2q ` ε1 ą sup
xPX

ψ pLxq ´ φε2 pxq .

If paq or pbq hold, then (i) ñ (ii). If pcq or pdq hold for ψ̄ P Ψ at which the
infimum in (ii) is attained, then (ii) ñ (i).

Proof. (i)ñ (ii): For any φ P Φ,
`

φ, pf ` g ˝ Lq˚Φ pφq
˘

P epi pf ` g ˝ Lq˚Φ.
There exist two pairs pφ1, c1q P epi f˚Φ and pφ2, c2q P epi pg ˝ Lq˚Φ such that
φ “ φ1 ` φ2 and c1 ` c2 “ pf ` g ˝ Lq

˚

Φ pφq. Thanks to Theorem 2, for any
φ P Φ, we have

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ě pf ` g ˝ Lq

˚

Φ pφq ,

so we need to prove the reverse inequality. Consider

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ď pf ` ψ ˝ Lq

˚

Φ pφq ` g
˚
Ψ pψq . (4.34)

Assume paq. We can find ψ0 P Ψ such that φ2 ď ψ0 ˝ L and g˚Ψpψ0q ď c2.
Note that

φ1 “ φ´ φ2 ě φ´ ψ0 ˝ L.
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Hence,

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ď pf ` ψ0 ˝ Lq

˚

Φ pφq ` g
˚
Ψ pψ0q

ď sup
xPX

tφ pxq ´ f pxq ´ ψ0 pLxqu ` c2

ď sup
xPX

tφ1 pxq ´ f pxqu ` c2

“ f˚Φ pφ1q ` c2

ď c1 ` c2 “ pf ` g ˝ Lq
˚

Φ pφq . (4.35)

Inequality (4.35) gives us

pf ` g ˝ Lq˚Φpφq ď pf ` ψ0 ˝ Lq
˚

Φ pφq ` g
˚
Ψ pψ0q ď pf ` g ˝ Lq

˚
Φpφq ă `8,

and the infimum in (ii) is attained at ψ0.
Now let pbq hold. There exists ψ0 P Ψ such that g ˝ L ď ψ0 ˝ L and

g˚Ψpψ0q ď 0. We have

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq ď pf ` ψ0 ˝ Lq

˚

Φ pφq ` g
˚
Ψ pψ0q

ď sup
xPX

tφ1 pxq ´ f pxqu ` sup
xPX

tφ2pxq ´ ψ0 pLxqu

ď f˚Φpφ1q ` sup
xPX

tφ2pxq ´ g pLxqu

ď f˚Φ pφ1q ` pg ˝ Lq
˚
Φpφ2q

ď c1 ` c2 “ pf ` g ˝ Lq
˚

Φ pφq , (4.36)

where we have used φ “ φ1` φ2 in the second inequality. The attainment of
the infimum of (ii) at ψ0 P Ψ follows in the same way as in the proof with
condition (a).

(ii)ñ(i): Let pφ1, c1q P epi f˚Φ, pφ2, c2q P epi pg ˝ Lq
˚

Φ we have

c1 ` c2 ě f˚Φ pφ1q ` pg ˝ Lq
˚

Φ pφ2q ě pf ` g ˝ Lq
˚

Φ pφ1 ` φ2q ,
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so pφ1 ` φ2, c1 ` c2q P epi pf ` g ˝ Lq
˚

Φ, which means

epi pf ` g ˝ Lq˚Φ Ą epi f˚Φ ` epi pg ˝ Lq˚Φ .

We want to prove the reverse inclusion. Take pφ, rq P epi pf ` g ˝ Lq˚Φ. From
(ii), there exists ψ̄ P Ψ which is a solution to the problem,

inf
ψPΨ

pf ` ψ ˝ Lq˚Φ pφq ` g
˚
Ψ pψq “

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

“ pf ` g ˝ Lq˚Φ pφq ď r. (4.37)

We assume pcq holds. There exist φ1, φ2 P Φ such that φ ě φ1 ` ψ̄ ˝ L,
ψ̄ ˝ L ě φ2, so that pg ˝ Lq˚Φpφ2q ď g˚Ψpψ̄q and

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq “ sup

xPx
φ pxq ´ ψ̄ pLxq ´ f pxq ě sup

xPx
φ1 pxq ´ f pxq “ f˚Φpφ1q.

(4.38)
Combining this with (4.37) and (4.38), we obtain

f˚Φ pφ1q ` pg ˝ Lq
˚
Φ pφ2q ď

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

ď r.

By taking
`

φ2, pg ˝ Lq
˚

Φ pφ2q
˘

P epi pg ˝ Lq˚Φ, we can make
`

φ1, r ´ pg ˝ Lq
˚

Φ pφ2q
˘

P

epi f˚Φ. This means

`

φ2, pg ˝ Lq
˚

Φ pφ2q
˘

`
`

φ1, r ´ pg ˝ Lq
˚

Φ pφ2q
˘

“ pφ, rq .

Thus, we have

epi pf ` g ˝ Lq˚Φ Ă epi f˚Φ ` epi pg ˝ Lq˚Φ . (4.39)

Now, let pdq hold. Let ψ̄ P Ψ be a solution to the infimum problem in
(ii). For every ε1, ε2 ą 0, there exist xε2 P X, φε2 P Bε2,Φ pg ˝ Lq pxε2q such
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that
´ sup

xPX

 

ψ̄ pLxq ´ φε2 pxq
(

ą ´ψ̄ pLxε2q ` φε2 pxε2q ´ ε1.

We have

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq “ sup

xPX

 

φ pxq ´ f pxq ´ ψ̄ pLxq
(

ě sup
xPX

tφ pxq ´ φε2 pxq ´ f pxqu ´ sup
xPX

 

ψ̄ pLxq ´ φε2 pxq
(

.

(4.40)

As φ ´ φε2 :“ ϕε2 P Φ, we can write supxPX tφ pxq ´ φε2 pxq ´ f pxqu “

f˚Φ pϕε2q. Since g˚Ψ
`

ψ̄
˘

ě ψ̄ pyq ´ g pyq for any y P Y , we can set y “ Lxε2 .
Combining this with (4.40) gives us

`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

ą f˚Φ pϕε2q ´ ψ̄ pLxε2q ` φε2 pxε2q ´ ε1 ` ψ̄ pLxε2q ´ g pLxε2q

ą f˚Φ pϕε2q ` φε2 pxε2q ´ g pLxε2q ´ ε1

ą f˚Φ pϕε2q ` pg ˝ Lq
˚
Φpφε2q ´ ε1 ´ ε2,

as φε2 P Bε2,Φg pLxε2q. From (4.37), we have

r ą
`

f ` ψ̄ ˝ L
˘˚

Φ
pφq ` g˚Ψ

`

ψ̄
˘

ą f˚Φ pϕε2q ` pg ˝ Lq
˚

Φ pφε2q ´ ε2 ´ ε1.

We obtain
`

ϕε2 , r ` ε1 ` ε2 ´ pg ˝ Lq
˚

Φ pφε2q
˘

P epi f˚Φ and
`

φε2 , pg ˝ Lq
˚

Φ pφε2q
˘

P

epi pg ˝ Lq˚Φ. This means epi pf ` g ˝ Lq˚Φ Ă epi f˚Φ ` epi pg ˝ Lq˚Φ, so we
have (4.39).

Remark 8.

• In Theorem 6 and Corollary 2, to obtain condition (ii), the assumptions
mostly rely on g and the set of elementary functions Ψ. Thus, with ap-
propriate choices of Ψ, we can guarantee the attainment of the infimum
in (ii). The motivation comes from the fact that in the construction of
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the conjugate dual, we perturb g but not f .

• If 0 P Φ, then the condition Φ´Φ Ă Φ implies symmetry of the set Φ.
Because we can take 0´ φ P Φ for any φ P Φ.

• It is true that epi f˚ “ supp f . To see this, let us take pφ, rq P epi f˚,
then φpxq ´ r ď fpxq for all x P X. As Φ is closed under addition
of constant, we have φ ´ r P Φ and φ ´ r P supp f . Conversely, if
φ P supp f then pφ, 0q P epi f˚ (see [56]).

• Corollary 2-(i) is closed to the additivity of the support of the conjugate
in [56, Theorem 5.1]

suppΦpf ` g ˝ Lq “ supp Φf ` supp Φpg ˝ Lq,

while in general, [56, Proposition 2.2], we have

suppΦpf ` g ˝ Lq “ coΦ psupp Φf ` supp Φpg ˝ Lqq ,

where coΦA is the Φ-convex hull of A Ă Φ i.e.

coΦA “ supp ΦfA, where fApxq “ sup
φPA

φpxq, @x P X.

• In the classical convex analysis, when X and Y are separated locally
convex spaces. For lower semicontinuous proper convex functions f, g
and a continuous linear mapping L, [16, Theorem 14.1], condition en-
suring strong duality are expressed with the help of regularity condition
pRCqΦ5 as defined in [16, Chapter 4, Section 14] while in Theorem 6 and
Corollary 2, we are using assumptions related to the additivity of epi-
graph of the conjugate. We refer the reader to Section 16 in [16] for
the discussion of relationship between different regularity conditions
ensuring strong duality.
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We give an example of a convex problem satisfying the assumption (i) of
Theorem 6.

Example 11. Let X “ R2 and the functions f px, yq “ x2 ` y2, g pxq “

2x2, L px, yq “ x` y and

Φělsc “
 

φ px, yq “ ´a
`

x2
` y2

˘

` b1x` b2y, a ě 0, b1, b2 P R
(

,

Ψ “ tψ pxq “ cx, c P Ru .

Condition (4.31), φ ` ψ ˝ L P Φ, always holds for all φ P Φ, ψ P Ψ (see
Example 8-3). Let us denote

φpx, yq “ ´apx2
` y2

q ` b1x` b2y, a ě 0,

ϕpx, yq “ ´a1px
2
` y2

q ` b11x` b12y, a1 ě 0,

ψpxq “ cx.

We want to calculate

pφ, c1q P epi pf ` g ˝ Lq
˚

Φ ô a ě 0,
4b1b2 ´ p3` aq pb

2
1 ` b

2
2q

4
`

4´ p3` aq2
˘ ď c1,

pϕ, c2q P epi f˚Φ ô a1 ě 0,
b2

11 ` b
2
12

4 pa1 ` 1q
ď c2,

pψ, c3q P epi g˚Ψ ô ψ P Ψ,
c2

8
ď c3.

Let us take pφ, c1q P epi pf ` g ˝ Lq
˚

Φ then we want decompose φ “ ϕ`ψ ˝L

and c1 “ c2 ` c3 where pϕ, c2q P epi f˚Φ and pψ, c3q P epi g˚Ψ. We have the
following system

$

’

’

’

&

’

’

’

%

a “ a1,

c` b11 “ b1,

c` b12 “ b2.

We can choose c “ c3 “ 0, a “ a1 “ 0, b1 “ b2 so b1 “ b11 “ b2 “ b12
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and c1 “ c2. Taking b1 “ 1 “ c1 and assumption (i) of Theorem 6 is
satisfied. Thus, we have strong duality for conjugate duality. Notice that if
Φ is composed of affine functions only, we arrive at the same conclusion.

4.4 Lagrange Duality

4.4.1 Construction of Lagrangian Primal-Dual Problems

Of equal importance beside conjugate dual is Lagrange dual. Results from
[12] give a connection between the Conjugate Duality and Lagrange Duality.
For other construction of Lagrangian dual proposed recently, see e.g. [20]
and the references therein.

In this Subsection, we point out the relationship between conjugate dual
and Lagrange dual problems. We give new results for zero duality gap for
Lagrange dual of composite problems. To construct Lagrangian dual, we
introduce the Lagrangian function L : X ˆΨ Ñ p´8,`8s as follow

Lpx, ψq :“ fpxq ` ψpLxq ´ g˚Ψpψq, (4.41)

where Ψ is a set of elementary functions defined on Y . In the case Ψ is
a convex set then Lpx, ψq is concave with respect to ψ P Ψ thanks to the
property of conjugate function. The Lagrangian dual is

valpLDq :“ sup
ψPΨ

inf
xPX

Lpx, ψq “ sup
ψPΨ

inf
xPX

fpxq ` ψpLxq ´ g˚Ψpψq, (LD)

and the corresponding Lagrangian primal

valpLP q :“ inf
xPX

sup
ψPΨ

Lpx, ψq “ inf
xPX

sup
ψPΨ

fpxq ` ψpLxq ´ g˚Ψpψq. (LP)

Notice that Lagrange dual (LD) is actually the conjugate dual (DCP) by
expressing the conjugate of function f . Let us state the weak duality for
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Lagrangian duality.

Theorem 7. Let f : X Ñ p´8,`8s, g : Y Ñ p´8,`8s and L : X Ñ Y

be a mapping. Let Φ,Ψ be sets of elementary functions defined on X and Y ,
respectively. It holds

sup
ψPΨ

inf
xPX

Lpx, ψq ď inf
xPX

sup
ψPΨ

Lpx, ψq.

This result holds true for any functions not necessarily of the form (4.41).
First we notice that Lagrangian primal (LP) is not equivalent to the com-
posite problem (CP) as

inf
xPX

sup
ψPΨ

fpxq ` ψpLxq ´ g˚Ψpψq “ inf
xPX

fpxq ` sup
ψPΨ

ψpLxq ´ g˚Ψpψq

“ inf
xPX

fpxq ` g˚˚Ψ pLxq

ď inf
xPX

fpxq ` gpLxq.

Even though the Lagrange dual and conjugate dual are the same, the pri-
mal problems are different. Since our main focus is (CP), we discuss the
assumptions which make these two primal problems equivalent. Clearly, we
can assume

inf
xPX

fpxq ` g˚˚Ψ pLxq “ inf
xPX

fpxq ` gpLxq. (4.42)

Usually, in the classical convex approach, g is lsc and convex iff g˚˚Ψ “ g so
condition (4.42) holds. Generally, we obtain (4.42) whenever g is Ψ-convex
[12, Proposition 5.1]. Conversely, we have the following.

Proposition 9. Let f : X Ñ p´8,`8s, g : Y Ñ p´8,`8s where X is a
nonempty set and Y is a vector space. Let L : X Ñ Y be a mapping. Let Φ,Ψ

be the sets of elementary functions defined on X and Y , respectively. Assume
(4.42) holds. If the primal problem is solvable at x0 then g is Ψ-convex at
Lx0.
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Proof. By assumption, We have

inf
xPX

f pxq ` g pLxq ě f px0q ` g pLx0q .

From (4.42) we have

f px0q ` g pLx0q ď inf
xPX

f pxq ` g˚˚Ψ pLxq ď f px0q ` g
˚˚
Ψ pLx0q ,

which implies g pLx0q ď g˚˚Ψ pLx0q. From the definition of biconjugate func-
tion, g˚˚Ψ ď g, so we have g pLx0q “ g˚˚Ψ pLx0q. Thus, g is Ψ-convex at
Lx0.

4.4.2 Lagrange Zero Duality Gap

In the present subsection, we discuss zero duality gap for Lagrange duality.
We follow the result of [12] and exploit the intersection property to prove
zero duality gap. In our context, Theorem 6.1 in [12] takes the following
form.

Theorem 8. (Theorem 6.1 [12]) Let X “ Y be a vector space, Φ be a convex
set of elementary functions defined on X. Let Lpx, ψq be Lagrangian given
by (4.41) with L “ Id. Then the following are equivalent.

(i) For every α ă infxPX supψPΦ L px, ψq, there exists ψ1, ψ2 P Φ and φ1 P

supp L p¨, ψ1q , φ2 P supp L p¨, ψ2q such that φ1, φ2 have the intersection
property at level α; i.e., for all t P r0, 1s

rtφ1 ` p1´ tqφ2 ă αsXrφ1 ă αs “ H or rtφ1 ` p1´ tqφ2 ă αsXrφ2 ă αs “ H,

where rφ1 ă αs :“ tx P X : φ1 pxq ă αu.

(ii) valpLP q “ valpDCP q i.e. infxPX supψPΦ L px, ψq “ supψPΦ infxPX L px, ψq .

The proof can be found in [87].
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Remark 9. In the case where for every α ă infxPX supψPΨ Lpx, ψq, we have
ψ1 “ ψ2, i.e. φ1, φ2 belong to the same support set supp L p¨, ψ1q for some
ψ1 P Ψ, the assumption of concavity of the Lagrangian can be removed. (cf.
[86]).

For convenience, we state a result from [12].

Lemma 3. (Lemma 6.2 [12]) Let X be a set, α P R and let φ1, φ2 : X Ñ R.
Two functions φ1, φ2 have the intersection property at level α if and only if
there exists t0 P r0, 1s such that t0φ1 pxq ` p1´ t0qφ2 pxq ě α for all x P X.

Observe that in Theorem 6.3, the class of elementary functions Φ is arbi-
trary. Below, we relate the intersection property to the lower semi-continuity
of the optimal value function, V , in the case where elementary functions sat-
isfy additional conditions. For other results along this line, see e.g. [81,
54].

Let us define the optimal value function V : Y Ñ r´8,`8q as follow

V pyq :“ inf
xPX

βpx, yq, (4.43)

where the function β is defined at the beginning of Section 4.1. Similar to
(4.42), we also define the following condition for any y P Y

inf
xPX

fpxq ` g˚˚Ψ pLx` yq “ inf
xPX

fpxq ` gpLx` yq. (4.44)

A function V : Y Ñ r´8,`8q is lower semi-continuous at a point y0 P Y , if
for every ε ą 0, there exists a neighborhood W py0q such that

V pyq ą V py0q ´ ε, @y P W py0q. (4.45)

The following theorem below connects Theorem 3, the intersection prop-
erty and the lower semi-continuity of the objective function at y0 “ 0.
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Theorem 9. Let f : X Ñ p´8,`8s , g : Y Ñ p´8,`8s. Let L : X Ñ Y

be a mapping from X to Y with dom g X L pdom fq ‰ H. Let Φ,Ψ be sets
of elementary functions defined on X and Y , respectively. Let Lpx, ψq be the
Lagrangian defined in (4.41). Assume Ψ is convex, 0 P Φ and infxPX fpxq `

gpLxq ă `8. Consider the following.

(i) For every ε ą 0, there exist xε P X and ψε P Bε,Ψg pLxεq such that
0 P Bε,Φ pf ` ψε ˝ Lq pxεq.

(ii) For every α ă infxPX supψPΨ L px, ψq, there exists φ1, φ2 P Φ, ψ1, ψ2 P

Ψ, φ1 P suppL p, ψ1q , φ2 P suppL p, ψ2q such that the intersection prop-
erty holds for φ1, φ2 at level α.

(iii) The function V is lower semi-continuous at 0.

We have (i)ñ(ii). If condition (4.42) holds, then (ii)ô(i). Moreover, if
(4.42) holds and Ψ is composed of lower semi-continuous functions, then
(ii)ñ(iii). (iii)ñ(ii) when Ψ is a collection of continuous functions and
(4.44) holds.

Proof. (i) ñ (ii): For every α P R, let α ă infxPX supψPΨ L px, ψq. For
every ε ą 0, we can find xε P X and ψε P Bε,Ψg pLxεq such that 0 P

Bε,Φ pf ` ψε ˝ Lq pxεq,

p@z P Xq f pzq ` ψε pLzq ě f pxεq ` ψε pLxεq ´ ε. (4.46)

We also have ψε P Bε,Ψg pLxεq so gpLxεq ` g˚Ψpψεq ď ψεpLxεq ` ε. Putting
this into (4.46),

f pzq ` ψε pLzq ě f pxεq ` ψε pLxεq ´ ε

ě f pxεq ` g pLxεq ` g
˚
Ψ pψεq ´ 2ε,
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so

L pz, ψεq “ f pzq ` ψε pLzq ´ g
˚
Ψ pψεq ě f pxεq ` g pLxεq ´ 2ε. (4.47)

As ε ą 0 is arbitrary, we choose ε “ pfpxεq ` gpLxεq ´ αq{2 ą 0 so that
Lpz, ψεq ą α. Pick φ1 P Φ and ψ1 P Ψ such that φ1 P supp L p¨, ψ1q. By
choosing φ2 “ α P Φ, we have φ2 P supp L p¨, ψεq. From Lemma 3 with t “ 1

we have

L pz, tψε ` p1´ tqψ1q “ L pz, ψεq ą tα ` p1´ tqφ1 pxq “ α,

so the intersection property holds for φ1, φ2 at level α. As α is arbitrary, we
have (ii).

(ii)ñ (i): As (4.42) holds, we have valpCP q “ valpLP q. From the primal
problem (CP), for every ε ą 0, there exists an xε P X such that

inf
xPX

f pxq ` g pLxq ą f pxεq ` g pLxεq ´ ε.

Denoting α :“ valpCPq ´ ε, we have α ă val pCPq. There exist φ1, φ2 P Φ

and ψ1, ψ2 P Ψ such that φ1 P supp Lp¨, ψ1q, φ2 P supp Lp¨, ψ2q and the
intersection property holds at level α. Lemma 3 gives us a t0 P r0, 1s such
that

t0φ1 pxq ` p1´ t0qφ2 pxq ě α, @x P X. (4.48)

Because φ1 P suppL p¨, ψ1q , φ2 P suppL p¨, ψ2q, we have

L px, ψ1q ě φ1 pxq and L px, ψ2q ě φ2 pxq , @x P X.

As Ψ is a convex set, t0ψ1`p1´ t0qψ2 P Ψ. Moreover, L px, ψq is concave in



4.4. LAGRANGE DUALITY 73

the second variable, i.e. for all t P r0, 1s and ψ1, ψ2 P Ψ

L px, tψ1 ` p1´ tqψ2q “ f pxq ` tψ1 pLxq ` p1´ tqψ2 pLxq ´ g
˚
Ψ ptψ1 ` p1´ tqψ2q

ě t rf pxq ` ψ1 pLxq ´ g
˚
Ψ pψ1qs ` p1´ tq rf pxq ` ψ2 pLxq ´ g

˚
Ψ pψ2qs

“ tL px, ψ1q ` p1´ tqL px, ψ2q , (4.49)

where the inequality holds due to the concavity of´g˚Ψ. Combining inequality
(4.49) with (4.48), we get

L px, t0ψ1 ` p1´ t0qψ2q ě t0L px, ψ1q ` p1´ t0qL px, ψ1q

ě t0φ1 pxq ` p1´ t0qφ2 pxq ě α

“ valpCPq ´ ε

“ inf
xPX

f pxq ` g pLxq ´ ε

ą f pxεq ` g pLxεq ´ 2ε.

We obtain

L px, t0ψ1 ` p1´ t0qψ2q ą f pxεq ` g pLxεq ´ 2ε, @x P X

By denoting ψ̄ “ t0ψ1 ` p1´ t0qψ2, we get

L
`

x, ψ̄
˘

“ f pxq ` ψ̄ pLxq ´ g˚Ψ
`

ψ̄
˘

ą f pxεq ` g pLxεq ´ 2ε. (4.50)

Rearranging both sides, we obtain

f pxq ´ f pxεq ą ´ψ̄ pLxq ` g pLxεq ` g
˚
Ψ

`

ψ̄
˘

´ 2ε.

We have gpLxq`g˚Ψpψq ě ψpLxq for all x P X and ψ P Ψ. From the previous
inequality,

f pxq ´ f pxεq ą ´ψ̄ pLxq ` ψ̄ pLxεq ´ 2ε.
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Because, in general, ´ψ̄ ˝ L does not belong to Φ, we cannot claim that
´ψ̄ ˝ L P B2ε,Φf pxεq, but we have

f pxq ` ψ̄ pLxq ´ f pxεq ´ ψ̄ pLxεq ą ´2ε,

which means 0 P B2ε,Φ

`

f ` ψ̄ ˝ L
˘

pxεq. On the other hand, from (4.50), for
any x P X, we have

f pxq ` ψ̄ pLxq ´ g˚Ψ
`

ψ̄
˘

ą f pxεq ` g pLxεq ´ 2ε.

By choosing x “ xε, we can write

ψ̄ pLxεq ´ g
˚
Ψ

`

ψ̄
˘

ą g pLxεq ´ 2ε,

or
ψ̄ pLxεq ` 2ε ą g pLxεq ` g

˚
Ψ

`

ψ̄
˘

.

This gives ψ̄ P B2ε,Ψg pLxεq. Thus, (i) holds.
(ii)ñ (iii): As the intersection property holds for every α P R, for every

ε ą 0, we can take αε “ infxPX supψPΨ L px, ψq ´ ε{2 “ V p0q ´ ε{2. Now
we can find φ1, φ2 P Φ, ψ1, ψ2 P Ψ such that φ1 p¨q ď L p¨, ψ1q , φ2 ď L p¨, ψ2q

for all x P X, and φ1, φ2 satisfy the intersection property at level αε. Using
Lemma 3, there exists t0 P r0, 1s such that for all x P X,

αε ď t0φ1 pxq ` p1´ t0qφ2 pxq ď t0L px, ψ1q ` p1´ t0qL px, ψ2q

ď L px, t0ψ1 ` p1´ t0qψ2q . (4.51)
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On the other hand, we have

L px, ψq “ f pxq ` ψ pLxq ´ g˚Ψ pψq

“ inf
yPY

f pxq ` g pyq ` ψ pLxq ´ ψ pyq

ď f pxq ` g pLx` yq ` ψ pLxq ´ ψ pLx` yq ,

where x P X, y P Y . Denoting ψ0 “ t0ψ1 ` p1´ t0qψ2 P Ψ, as Ψ is a convex
set, (4.51) gives us

αε ď f pxq ` g pLx` yq ` ψ0 pLxq ´ ψ0 pLx` yq

αε ` ψ0 pLx` yq ´ ψ0 pLxq ď f pxq ` g pLx` yq ,

for any x P X, y P Y . Since ψ0 P Ψ is lower semi-continuous, the function
ψx pyq :“ ψ0 pLx` yq is also lower semi-continuous for all y P Y . There exists
a neighborhood W p0q Ă Y such that

ψx pyq ě ψx p0q ´ ε{2, @y P W p0q .

Thus,
f pxq ` g pLx` yq ě αε ` ψx pyq ´ ψx p0q ě α ´ ε{2,

for all y P W p0q. The inequality holds for all x P X, we can take the infimum
with respect to x P X on both sides and obtain

V pyq “ inf
xPX

f pxq ` g pLx` yq ě αε ´ ε{2 “ V p0q ´ ε,

for all y P W p0q. Hence, V pyq is lower semi-continuous at y “ 0.
(iii)ñ(ii): Conversely, for every α P R, α ă infxPX supψPΨ Lpx, ψq “ V p0q,

we choose 3ε “ V p0q ´ α ą 0. There exists a neighborhood W p0q Ă Y such
that

V p0q ´ ε ď V pyq , @y P W p0q .
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Now considering

f pxq ` g˚˚Ψ pLx` yq “ sup
ψPΨ

f pxq ` ψ pLx` yq ´ g˚Ψ pψq .

We can find ψε P Ψ such that

f pxq ` g˚˚Ψ pLx` yq ă f pxq ` ψε pLx` yq ´ g
˚
Ψ pψεq ` ε

ď f pxq ´ g˚Ψ pψεq ` ψε pLxq ` 2ε, @y P W1p0q.

In the last inequality, we can find a neighborhood W1p0q Ă Y such that ψε
is continuous at 0. Hence, for all y P W1p0q XW p0q, we have

V p0q ´ ε ď V pyq “ inf
xPX

f pxq ` g˚˚Ψ pLx` yq

ď sup
ψPΨ

f pxq ´ g˚Ψ pψq ` ψ pLx` yq , @x P X

ă f pxq ´ g˚Ψ pψεq ` ψε pLx` yq ` ε

ď f pxq ´ g˚Ψ pψεq ` ψε pLxq ` 2ε, @y P W1p0q

“ L px, ψεq ` 2ε.

Finally, α “ V p0q ´ 3ε ď Lpx, ψεq for all x P X, we can take φ “ α P Φ and
φ P supp L p¨, ψεq. Then φ has the intersection property at level α with any
φ1 P supp L p¨, ψq, for ψ P Ψ.

Now we can state zero duality gap for Lagrange dual problem.

Proposition 10. Let f : X Ñ p´8,`8s , g : Y Ñ p´8,`8s. Let L : X Ñ

Y be a mapping from X to Y with dom gXL pdom fq ‰ H. Let Φ,Ψ be sets
of elementary functions defined on X and Y , respectively. Let Lpx, ψq be the
Lagrangian defined by (4.41). Assume Ψ is convex, 0 P Φ and (4.42) holds.
We further assume infxPX fpxq` gpLxq ă `8. The following are equivalent.

(i) For every α ă infxPX supψPΨ L px, ψq, there exists ψ1, ψ2 P Ψ and φ̄1 P
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supp L p¨, ψ1q , φ̄2 P supp L p¨, ψ2q such that φ̄1, φ̄2 have the intersection
property at level α.

(ii) inf
xPX

fpxq ` gpLxq “ inf
xPX

sup
ψPΨ

L px, ψq “ sup
ψPΨ

inf
xPX

L px, ψq ă `8.

Proof. By applying Theorem 9 and Theorem 3, we obtain the assertion.

Remark 10.

• In order to work with the intersection property, we need to find ψ1, ψ2 P

Ψ and φ1 P supp L p¨, ψ1q , φ2 P L p¨, ψ2q. Because α ă infxPX supψPΨ L px, ψq,
so α P supp L p¨, ψq for any ψ P Ψ. We can set φ1 “ α P Φ, and
the intersection property always holds for any φ2 P supp L p¨, ψ2q, as
rφ1 ă αs “ H.

• Let Ψ be symmetric, and for every ε ą 0, there exist x̄ P X, ψ1 ˝L P Φ

for ψ1 P Ψ, such that ψ1 ˝ L P Bε,Φf px̄q. We have, for all y P X

f pyq ´ f px̄q ě ψ1 pLyq ´ ψ1 pLx̄q ´ ε

f pyq ´ ψ1 pLyq ´ g
˚
Ψ p´ψ1q ě f px̄q ´ ψ1 pLx̄q ´ g

˚
Ψ p´ψ1q ´ ε

L py,´ψ1q ě L px̄,´ψ1q ´ ε,

so x̄ is a ε-approximate solution to the problem infxPX L px,´ψ1q.

We can replace assumption (4.42) with a stronger one by the following
lemma.

Lemma 4. Assume infxPX fpxq ` gpLxq ă `8 and let Lpx, ψq be the La-
grangian function given by (4.41). Then condition (4.42) i.e.,

inf
xPX

fpxq ` gpLxq “ inf
xPX

fpxq ` g˚˚Ψ pLxq,

holds if and only if for every ε ě 0, there exists xε P X such that

inf
xPX

sup
ψPΨ

Lpx, ψq ą fpxεq ` gpLxεq ´ ε. (4.52)
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Proof. If condition (4.42) holds i.e.,

inf
xPX

fpxq ` gpLxq “ inf
xPX

fpxq ` g˚˚Ψ pLxq,

then for every ε ą 0, one can find an xε P X such that infxPX fpxq` gpLxq ą

fpxεq ` gpLxεq ´ ε. Hence,

inf
xPX

sup
ψPΨ

Lpx, ψq “ inf
xPX

fpxq ` g˚˚Ψ pLxq ą fpxεq ` gpLxεq ´ ε.

Conversely, assume that

inf
xPX

sup
ψPΨ

Lpx, ψq ą fpxεq ` gpLxεq ´ ε.

We have

inf
xPX

sup
ψPΨ

Lpx, ψq ą fpxεq ` gpLxεq ´ ε ě inf
xPX

fpxq ` gpLxq ´ ε.

Recall that,
inf
xPX

sup
ψPΨ

Lpx, ψq “ inf
xPX

fpxq ` g˚˚Ψ pLxq.

Because gpLxq ě g˚˚Ψ pLxq for all x P X, we can write

inf
xPX

fpxq ` gpLxq ě inf
xPX

fpxq ` g˚˚Ψ pLxq ě inf
xPX

fpxq ` gpLxq ´ ε.

Both sides do not depend on ε, we can let εÑ 0 and get the equality.

In fact, condition (4.52) is stronger than intersection property, as we can
see in the corollary below.

Corollary 3. Let f : X Ñ p´8,`8s , g : Y Ñ p´8,`8s and let L :

X Ñ Y be a mapping from X to Y with dom g X L pdom fq ‰ H. Let
Φ,Ψ be sets of elementary functions defined on X and Y , respectively. Let
the Lagrangian function be defined by (4.41). Assume Ψ is convex, 0 P Φ,
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infxPX fpxq ` gpLxq ă `8. The following are equivalent.

(i) For every ε ą 0, there exists xε P X,ψε P Ψ such that inf
xPX

Lpx, ψεq ě
fpxεq ` gpLxεq ´ ε.

(ii) For every ε ą 0, there exist xε P X and ψε P Bε,Ψg pLxεq such that
0 P Bε,Φ pf ` ψε ˝ Lq pxεq.

(iii) inf
xPX

fpxq ` gpLxq “ inf
xPX

sup
ψPΨ

L px, ψq “ sup
ψPΨ

inf
xPX

L px, ψq ă `8.

Proof. Thanks to Theorem 3, Theorem 9 and Proposition 10, we have (ii)ô
(iii). We only need to prove (i)ô(ii).

(i) ñ (ii): For every ε ą 0 and every x P X, we have

Lpx, ψεq ě inf
xPX

Lpx, ψεq ě fpxεq ` gpLxεq ´ ε.

While Lpx, ψεq “ fpxq ` ψεpLxq ´ g
˚
Ψpψεq, we have

fpxq ` ψεpLxq ´ g
˚
Ψpψεq ě fpxεq ` gpLxεq ´ ε. (4.53)

Let x “ xε and we obtain

ψεpLxεq ´ g
˚
Ψpψεq ě gpLxεq ´ ε,

so ψε P Bε,ΨgpLxεq. On the other hand, by using the property of Φ-conjugate,

p@x P Xq gpLxq ` g˚Ψpψεq ě ψεpLxq.

By putting this in (4.53), we have 0 P Bε,Φpf ` ψε ˝ Lqpxεq. Hence, we prove
(ii).

(ii) ñ (i): For every ε ą 0, there exist xε P X, ψε P Bε,ΨgpLxεq and
0 P Bε,Φpf ` ψε ˝ Lqpxεq, i.e. for all z P X,

fpzq ` ψεpLzq ´ fpxεq ´ ψεpLxεq ě ´ε.
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Because ψε P Bε,ΨgpLxεq, using inequality (3.9) we get,

fpzq ` ψεpLzq ´ fpxεq ě ψεpLxεq ´ ε

ě g˚Ψpψεq ` gpLxεq ´ 2ε.

Thus

Lpz, ψεq “ fpzq ` ψεpLzq ´ g
˚
Ψpψεq ě fpxεq ` gpLxεq ´ 2ε.

The right-hand side does not depend on z P X, taking the infimum with
respect to z P X gives us

inf
zPX

Lpz, ψεq ě fpxεq ` gpLxεq ´ 2ε.

We have proved (i).

Remark 11. Our idea in Corollary 3 is to make a connection between La-
grange duality and Conjugate duality. In statement (i.), we ensure that the
Lagrange primal and the primal coincide, and the Lagrange primal has to be
bounded below by the ε-solution to the primal problem. Thus xε and ψε in
(i.) become the same xε and ψε in statement (ii.).

Having the class Ψ of elementary functions, we recall the notion of X-
convexity in [72, Proposition 1.2.3], by using formula φpxq “ xpφq for x P
X,φ P Φ. Together with the intersection property, we can prove Lagrange
zero duality gap as follow.

Proposition 11. Assume that for every α P R, α ď infxPX f pxq ` ψ pLxq,
there exist ψ P supp g, x0 P X, such that fpx0q ď α ď ψpLx0q. If x0 P A “

tx P X : Lx P supp g˚Ψu ‰ H, then we have valpLP q “ valpLDq.

Proof. Let x0 P A,ψ P supp g be such that

fpx0q ď α ď ψpLx0q.



4.4. LAGRANGE DUALITY 81

Then g˚Ψ pψq ď 0. On the other hand, x0 P A means

p@ψ P Ψq ψpLx0q ď g˚Ψpψq ô sup
ψPΨ

ψ pLx0q ´ g
˚
Ψ pψq ď 0.

Moreover, ψ pLx0q ě α and

α ď inf
xPX

f pxq ` ψ pLxq

ď inf
xPX

f pxq ` ψ pLxq ´ g˚Ψ pψq , as g˚Ψ pψq ď 0

ď sup
ψPΨ

inf
xPX

f pxq ` ψ pLxq ´ g˚Ψ pψq .

On the other hand,

α ě f px0q ě sup
ψPΨ

f px0q ` ψ pLx0q ´ g
˚
Ψ pψq

ě inf
xPX

sup
ψPΨ

f pxq ` ψ pLxq ´ g˚Ψ pψq .

Combining the two above inequalities, we obtain

sup
ψPΨ

inf
xPX

f pxq ` ψ pLxq ´ g˚Ψ pψq ě inf
xPX

sup
ψPΨ

f pxq ` ψ pLxq ´ g˚Ψ pψq .

Remark 12. In Proposition 11, we can replace the assumption x0 P A with
gpLx0q ď 0, for x0 P X. Then zero duality gap holds between (CP) and
(LD). Because, for ψ0 P supp g and ψ0 ě α ě fpx0q, we have

sup
ψPΨ

inf
xPX

f pxq ` ψ pLxq ´ g˚Ψ pψq ě inf
xPX

f pxq ` ψ0 pLxq ´ g
˚
Ψ pψ0q

ě inf
xPX

f pxq ` ψ0 pLxq , as g˚Ψ pψ0q ď 0

ě α ě fpx0q ě fpx0q ` gpLx0q

ě inf
xPX

fpxq ` gpLxq.



4.4. LAGRANGE DUALITY 82

We complete this Section with two examples illustrating Proposition 11.

Example 12. Consider the functions f pxq “ 3x2 ´ 3x´ 10, g pxq “ ´2x2 `

x´ 8 and L “ Id. Let

Φ “ Ψ “
 

ψ pxq “ ´ax2
` bx` c, a ě 0, b, c P R

(

,

is our sets of elementary functions. We want to find supp g, i.e. the set of
all ψ P Ψ such that

ψ pxq ď g pxq @x P R.

This gives us ψ P Ψ where a ą 2, c ď ´ p1´bq2

4pa´2q
´ 8 or ψ pxq “ ´2x2 ` x ´ 8.

Consider a ą 2, for every α P R such that

α ď inf
x
f pxq ` ψ pxq “

$

’

’

’

&

’

’

’

%

c´ 10 if a “ 3, b “ 3, c ď ´9,

´
pb´3q2

4p3´aq
´ 10` c if 2 ă a ă 3, c ď ´ p1´bq2

4pa´2q
´ 8,

´8 if a ą 3.

We need to find x0 such that f px0q ď α ď ψ px0q, we can let α “ infx f pxq`

ψ pxq. There are two cases

• α “ c ´ 10 or α ď ´19, we cannot find x0 such that f px0q ď ´19 as
fmin “ ´

43
4
.

• α “ ´ pb´3q2

4p3´aq
´ 10 ` c, we have to solve fpx0q ď α ď ψpx0q for x0. We

arrive at the following system

´ax2
` bx` c ě ´

pb´ 3q2

4 p3´ aq
´ 10` c,

3x2
´ 3x´ 10 ď ´

pb´ 3q2

4 p3´ aq
´ 10` c,

2 ă a ă 3, c ď ´
p1´ bq2

4 pa´ 2q
´ 8.
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By direct calculations, there are no solution a, b, c, x for the above sys-
tem of inequalities.

For ψ pxq “ ´2x2 ` x´ 8, and this turns into

inf
xPR

f pxq ` g pxq “ α “ inf
xPR

f pxq ` ψ pxq ď sup
ψPψ

inf
xPR

f pxq ` ψ pxq ,

which is zero duality gap.

Example 13. Now consider the functions f pxq “ x2´3x´10, g pxq “ 2x`1

with L “ Id, and the set of elementary functions is

Φ “ Ψ “ tψ pxq “ ax` b, where a, b P Ru .

Calculating ψ P supp g gives us a “ 2 and b ď 1. Now we find

α “ inf
xPR

f pxq ` ψ pxq “ inf
xPR

x2
´ x´ 10` b “ ´

21

2
` b.

We also calculate

g˚Ψ pψq “ sup
xPX

ψ pxq ´ g pxq “ b´ 1,

for b ď 1. Observe that

sup
ψP supp g

inf
xPX

f pxq ` ψ pxq ´ g˚Ψ pψq “ sup
ψP supp g

inf
xPX

x2
´ x´ 10` b´ b` 1

“ sup
ψP supp g

inf
xPX

x2
´ x´ 9

“ inf
xPX

x2
´ x´ 9 “ inf

xPR
f pxq ` g pxq ,

while

sup
ψP supp g

inf
xPX

f pxq ` ψ pxq ´ g˚Ψ pψq ď sup
ψPΨ

inf
xPX

f pxq ` ψ pxq ´ g˚Ψ pψq .
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Thus we have zero duality gap.
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Chapter 5

ΦR
lsc-Proximal Algorithms

In this chapter, we consider the class ΦR
lsc-convex function. Our aim is to

design proximal-based algorithms using ΦR
lsc-subdifferentials and discuss con-

vergence of these algorithms. The outline of of this chapter is as follow:

• Section 5.1: We construct ΦR
lsc-proximal operator using ΦR

lsc duality
map (Definition 9) and present its properties (Theorem 10 and 11).

• Section 5.2: First, we give a general auxiliary convergence result which
can be applied throughout this chapter (Theorem 12). Then we propose
ΦR
lsc-proximal point algorithm and provide convergence results (Theo-

rem 13).

• Section 5.3: We propose ΦR
lsc-Forward-Backward algorithm and provide

convergence analysis (Theorem 15).

• Section 5.4: We propose and provide convergence results for ΦR
lsc-

Projected Subgradient algorithm (Proposition 16 and Theorem 16).

• Section 5.5: We illustrate ΦR
lsc-proximal point algorithm and ΦR

lsc-projected
subgradient algorithm with some numerical examples.
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5.1 ΦR
lsc-Proximal Operator

Let X be a Hilbert space. In this section, we introduce the proximal operator
related to the class ΦR

lsc-convex functions. Observe that ΦR
lsc-subdifferentials

lie in the set ΦR
lsc which is not a subset of X. Therefore, we need a mapping

which can serve as a link between X and ΦR
lsc. In analogy to the classical

constructions we consider the function gγ from Example 3.

Definition 9. Let γ ą 0 and gγpxq “
1

2γ
}x}2, we define ΦR

lsc-duality map
Jγ : X ⇒ ΦR

lsc as

Jγpxq :“ BRlscgγpxq “ B
R
lsc

ˆ

1

2γ
}x}2

˙

.

Its inverse J´1
γ : ΦR

lsc ⇒ X is

J´1
γ pφq :“ pBRlscgγq

´1
pφq.

The explicit forms of Jγ and J´1
γ pφq are calculated in Example 3.

Jγpxq “

"

φ “ pa, uq P ΦR
lsc : φ “

ˆ

a,

ˆ

1

γ
` 2a

˙

x

˙

, 2γa ě ´1

*

. (5.1)

pJγq
´1
pφq “ pJγq

´1
pa, uq “

$

’

’

’

&

’

’

’

%

x P X :

$

’

’

’

&

’

’

’

%

!

γ
1`2γa

u
)

if 2γa ą ´1

X if a “ ´ 1
2γ
, u “ 0

H otherwise

,

/

/

/

.

/

/

/

-

.

When γ “ 1 and Φ “ Φ0
lsc then J1 “ B0

lscp
1
2
} ¨ }2q which is the classical

duality mapping known in [73, Example 2.26].
We consider the problem

min
xPX

fpxq, (5.2)
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where f : X Ñ p´8,`8s which is proper ΦR
lsc-convex. Finding a global

solution to (5.2) means that we need to find x0 P dom f such that

p0, 0q P BRlscf px0q , (5.3)

see [82, Proposition 7.13]. By using Definition 9, we define ΦR
lsc-proximal

operator, proxlsc,R
γf : X ⇒ X (set-valued map)

proxlsc,R
γf pxq :“

`

Jγ ` B
R
lscf

˘´1
Jγpxq. (5.4)

The concept of proxlsc,R
γf is related to the concept of resolvent operator which

is defined for classical convex subdifferentials as pId ` B0
lscfq

´1. When f is
convex, this is also known as proximity operator

proxγf px0q “ arg min
zPX

f pzq `
1

2γ
}z ´ x0}

2 . (5.5)

Remark 13. When reduced to convex analysis, the mapping Jγ is actually
the gradient of the norm square function which is single-valued and this
implies the equivalence between optimality condition (5.3) and the fixed point
of the proximal operator [6, Proposition 12.29]. While in the weakly convex
case, we have Balscfpxq as the subdifferentials with fixed a. Then the fixed
point of proximal operator is equivalent to a-critical point of f [10, Corollary
1].

For the class of ΦR
lsc-convex functions, we show that the global minimizers

of f are related to fixed points of the ΦR
lsc-proximal operator of f .

Theorem 10. Let X be a Hilbert space. Let f : X Ñ p´8,`8s be a proper
ΦR
lsc-convex function.

• If x0 is a global minimizer of (5.2), then x0 is a fixed point of proxlsc,R
γf .

• If x0 P proxlsc,R
γf px0q, then x0 is a critical point in the sense of Definition

5. Additionally, if either
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(i) p´1{2γ, 0q P BRlscpf `
1

2γ
} ¨ }2qpx0q, or

(ii) Dφ1, φ2 P Jγpx0q, φ1 ´ φ2 “ pa1 ´ a2, u1 ´ u2q P B
R
lscfpx0q, a1 ď a2,

then x0 is a global minimizer of f .

Proof. Let x0 be a global minimizer of f . Then x0 satisfies (5.3), as p0, 0q P
BRlscfpx0q, and

φ P BRlscfpx0q ` Jγpx0q,

for any φ P Jγpx0q. This means that

x0 P
`

B
R
lscf ` Jγ

˘´1
pφq Ă

`

B
R
lscf ` Jγ

˘´1
Jγpx0q. (5.6)

Therefore, x0 P proxlsc,R
γf px0q.

On the other hand, let us assume that x0 is a fixed point of proxlsc,R
γf .

From (5.6), there exists φ1 P Jγpx0q such that

φ1 P B
R
lscfpx0q ` Jγpx0q. (5.7)

If φ1 “ p´
1

2γ
, 0q then x0 is a minimizer of f as

p´
1

2γ
, 0q P BRlscfpx0q ` Jγpx0q Ď B

R
lscpf `

1

2γ
} ¨ }

2
qpx0q.

If φ1 “ pa1, p
1
γ
` 2a1qx0q, a1 ą ´1{2γ, by (5.7), there exist φ2 P Jγpx0q and

φ3 P B
R
lscfpx0q such that φ1 “ φ2 ` φ3 or

φ1 ´ φ2 “ φ3 P B
R
lscfpx0q.

As φ2 P Jγpx0q, φ2 “ pa2, p
1
γ
` 2a2qx0q for a1, a2 such that 2γa2 ě ´1. By the
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definition of ΦR
lsc-subdifferentials, for all y P X,

fpyq ´ fpx0q ě pφ1 ´ φ2qpyq ´ pφ1 ´ φ2qpx0q

ě ´pa1 ´ a2q
`

}y}2 ´ }x0}
2
˘

` xp
1

γ
` 2a1qx0 ´ p

1

γ
` 2a2qx0, y ´ x0y

“ ´pa1 ´ a2q
`

}y}2 ´ }x0}
2
˘

` 2pa1 ´ a2qxx0, y ´ x0y

“ pa2 ´ a1q}y ´ x0}
2, (5.8)

the right hand side is non-negative if a2 ě a1, which implies that x0 is a
minimizer of f . From (5.8), in general, we have x0 is pa2 ´ a1q-critical point
of f .

The next result characterizes the elements of ΦR
lsc-proximal map.

Theorem 11. Let X be a Hilbert space and f : X Ñ p´8,`8s be a proper
ΦR
lsc-convex function. Let x0 P dom f, γ ą 0. Then

x P proxlsc,R
γf px0q ô Da0 ě ´

1

2γ
s.t. x P arg min

zPX

„

fpzq `

ˆ

1

2γ
` a0

˙

}z ´ x0}
2



.

(5.9)

Proof. Let x P proxlsc,R
γf px0q. By definition, there exists φ0 P Jγpx0q such that

x P pJγ ` B
R
lscfq

´1
pφ0q.

By (3.16), there exists a0 ě ´1{2γ such that φ0 :“
´

a0, p
1
γ
` 2a0qx0

¯

P

Jγpx0q which satisfies

ˆ

a0,

ˆ

1

γ
` 2a0

˙

x0

˙

P B
R
lscfpxq ` Jγpxq Ď B

R
lscpf `

1

2γ
} ¨ }

2
qpxq.
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Hence, by the definition of ΦR
lsc-subdifferential, for all y P X

fpyq `
1

2γ
}y}2 ´ fpxq ´

1

2γ
}x}2 ě ´a0

`

}y}2 ´ }x}2
˘

`

ˆ

1

γ
` 2a0

˙

xx0, y ´ xy.

(5.10)

After simplifying all the quadratic terms in (5.10), we obtain

fpyq ´ fpxq ě ´

ˆ

1

2γ
` a0

˙

}y ´ x}2 ´

ˆ

1

γ
` 2a0

˙

xx, y ´ xy `

ˆ

1

γ
` 2a0

˙

xx0, y ´ xy

ě ´

ˆ

1

2γ
` a0

˙

}y ´ x}2 `

ˆ

1

γ
` 2a0

˙

xx0 ´ x, y ´ xy. (5.11)

By writing the inner product in terms of the norms, we have

fpyq ´ fpxq ě

ˆ

1

2γ
` a0

˙

“

}x0 ´ x}
2
´ }y ´ x0}

2
‰

,

which results in

x P arg min
yPX

fpyq `

ˆ

1

2γ
` a0

˙

}y ´ x0}
2. (5.12)

Conversely, let us assume (5.12). Then for all y P X

fpyq ´ fpxq ě

ˆ

1

2γ
` a0

˙

“

}x0 ´ x}
2
´ }y ´ x0}

2
‰

“ ´

ˆ

1

2γ
` a0

˙

`

}y}2 ´ }x}2
˘

`

ˆ

1

γ
` 2a0

˙

xx0, y ´ xy. (5.13)

This is equivalent to
ˆ

a0, p
1

γ
` 2a0qx0

˙

P B
R
lsc

ˆ

f `
1

2γ
} ¨ }

2

˙

pxq.
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To finish the proof, we need to prove

B
R
lsc

ˆ

f `
1

2γ
} ¨ }

2

˙

pxq “ pBRlscf ` Jγqpxq.

We only have to prove that

B
R
lsc

ˆ

f `
1

2γ
} ¨ }

2

˙

pxq Ă pBRlscf ` Jγqpxq.

Let us take pa, uq P BRlsc
´

f ` 1
2γ
} ¨ }2

¯

pxq, so pa ` 1
2γ
, uq P BRlscfpxq and

p´ 1
2γ
, 0q P Jγpxq from Example 3. Hence, we conclude the proof.

Remark 14. When considering ρ-weakly convex function f , we can use
proximal subdifferentials (Definition 7) instead of ΦR

lsc-subdifferentials. Then
Jγpxq “ Bρp

1
2γ
}x}2q “ x

γ
as the function is differentiable convex. Therefore,

x P proxlsc,R
γf px0q “ pJγ ` Bρfq

´1Jγpx0q ô
x0 ´ x

γ
P Bρfpxq.

By [10, Proposition 5] with ε “ 0, we have

x P arg min
zPX

„

fpzq `
1

2γ
}z ´ x0}

2



ñ
x0 ´ x

γ
P Bρfpxq,

and the equivalence holds when 2γρ ď 1.

Assertion (5.9) shows that for every γ ą 0, the proximal operator proxγf
from (5.5) is an element of ΦR

lsc-proximal operator of f .

Example 14. We consider the function f : RÑ R, fpxq “ |x| ` x2 which is
2-strongly convex. We calculate the elements of proxlsc,R

γf pxq for any x P R.
Firstly, we compute BRlscfpxq.

• When x “ 0, we need to find pa, uq P ΦR
lsc such that

p@y P Rq |y| ` y2
ě ´ay2

` uy. (5.14)
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We divide into three cases of y P R. When y “ 0, (5.14) holds for all
pa, uq P ΦR

lsc. When y ą 0, we have

pa` 1q y ` 1´ u ě 0,

for a ě ´1 and u ď 1. When y ă 0, we have

pa` 1q y ´ p1` uq ď 0,

for a ě ´1 and u ě ´1.Hence, BRlscf p0q “ tpa, uq : a ě ´1,´1 ď u ď 1u .

• When x ą 0, we have

p@y P Rq |y| ` y2
´ x´ x2

ě ´a
`

y2
´ x2

˘

` u py ´ xq . (5.15)

When y ě 0, we simplify (5.15)

pa` 1q
`

y2
´ x2

˘

ě pu´ 1q py ´ xq .

If a “ ´1 then u “ 1, otherwise, we have

pa` 1q

„

y ´ x´
u´ 1´ 2 pa` 1qx

2 pa` 1q

2

ě
ru´ 1´ 2 pa` 1qxs2

4 pa` 1q
,

which implies a ą ´1 and u “ 1` 2 pa` 1qx. When y ă 0, we have

pa` 1q
`

y2
´ x2

˘

ě pu` 1q py ´ xq .

Since y ´ x ‰ 0, we can further have

pa` 1q py ` xq ď pu` 1q .
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As y ă 0, we need a ě ´1 and u ě ´1` pa` 1qx. Hence, for x ą 0,

B
R
lscf pxq “ tpa, uq : a ě ´1, u “ 1` 2 pa` 1qxu .

• When x ă 0, similar to the previous case, we obtain

B
R
lscf pxq “ tpa, uq : a ě ´1, u “ ´1` 2 pa` 1qxu .

In conclusion,

B
R
lscf pxq “

$

’

’

’

&

’

’

’

%

pa, uq P ΦR
lsc :

$

’

’

’

&

’

’

’

%

a ě ´1, u “ ´1` 2 pa` 1qx when x ă 0

a ě ´1, u “ 1` 2 pa` 1qx when x ą 0

a ě ´1,´1 ď u ď 1 when x “ 0

,

/

/

/

.

/

/

/

-

.

(5.16)
Let us take x0 P X, for a given pa0, u0q P Jγ px0q, x P proxlsc,R

γf px0q means
there exists pa, uq P Jγ pxq such that

pa0 ´ a, u0 ´ uq P B
R
lscf pxq .

By (5.16), we consider the following cases

• If x ă 0 then a has to satisfy a0 ´ a ě ´1 and

u0 ´ u “ ´1` 2 pa0 ´ a` 1qx.

We substitute u0 and u from Example 3, and arrive at

x “

´

1
γ
` 2a0

¯

x0 ` 1
´

1
γ
` 2a0 ` 1

¯ .
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• If x ą 0, we also have a satisfies a0 ´ a ě ´1 and

x “

´

1
γ
` 2a0

¯

x0 ´ 1
´

1
γ
` 2a0 ` 1

¯ .

• If x “ 0 then 1 ď u0 ´ u ď 1 or

´
γ

1` 2γa0

ď x0 ď
γ

1` 2γa0

.

Notice that when 2γa0 “ ´1 then u0 “ 0 which also satisfies the above
inequality.

Hence, we have

proxlsc,R
γf px0q “

$

’

’

’

’

&

’

’

’

’

%

p 1
γ
`2a0qx0`1

p 1
γ
`2a0`1q

when
´

1
γ
` 2a0

¯

x0 ă ´1, 2γa0 ě ´1,

p 1
γ
`2a0qx0´1

p 1
γ
`2a0`1q

when
´

1
γ
` 2a0

¯

x0 ą 1, 2γa0 ě ´1,

0 otherwise.

5.2 ΦR
lsc-Proximal Point Algorithm

5.2.1 Auxiliary Convergence Results

This subsection presents the auxiliary convergence results which will be used
in convergence proofs of ΦR

lsc-proximal point algorithm introduced in Section
5.2 and ΦR

lsc-forward-backward algorithm introduced in Section 5.3. These
auxiliary results are based on Fejér and quasi-Fejér monotonicity of the iter-
ate (cf. [6, Chapter 5]).

Lemma 5 (Lemma 3.1, [35]). Let χ P p0, 1s, pαnqnPN, pβnqnPN, pεnqnPN be
non-negative sequences with

ř

nPN εn ă `8 such that

αn`1 ď χαn ´ βn ` εn. (5.17)
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Then

(i) pαnqnPN is bounded and converges.

(ii) pβnqnPN is summable.

(iii) If χ ă 1 then pαnqnPN is summable.

Theorem 12. Let h : X Ñ p´8,`8s be a proper ΦR
lsc-convex function. Let

pxnqnPN be a sequence in domh, pαnqnPN, pβnqnPN be positive sequences on the
real line. Assuming the following holds for all n P N

αn`1}x
˚
´ xn`1}

2
ď αn}x

˚
´ xn}

2
´ βn}xn ´ xn`1}

2, (5.18)

for some x˚ P S “ argmin h ‰ H. The following holds

(i)
`

αn }x
˚ ´ xn}

2
˘

nPN converges.

(ii)
`

αndist2
pxn, Sq

˘

nPN is decreasing and converges.

(iii)
ř

nPN βn}xn´xn`1}
2 ă `8. If 0 ă β ď βn for all n P N then

ř

nPN }xn´

xn`1}
2 ă `8.

(iv) If
ř

nPN 1{
?
βn ă `8 then

ř

nPN }xn ´ xn`1} ă `8.

If αn is non-decreasing then

(v)
`

}x˚ ´ xn}
2
˘

nPN converges.

(vi)
`

dist2
pxn, Sq

˘

nPN is decreasing and converges.

Proof. We can consider αn}x˚ ´ xn}
2 as α̃n and βn}xn ´ xn`1}

2 as β̃n and
apply Lemma 5 with εn “ 0, χ “ 1 to arrive at (i) and by Lemma 5-(ii)

ÿ

nPN

βn}xn ´ xn`1}
2
ă `8.
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It follows from (5.18) for all n P N, we have

αn`1}x
˚
´ xn`1}

2
ď αn}x

˚
´ xn}

2. (5.19)

As αn does not depend on x˚ P S for all n P N, (ii) holds by taking the
infimum with respect to x˚ P S on both sides of (5.19).

From (5.18), we know that

αn`1}x
˚
´ xn`1}

2
` β}xn ´ xn`1}

2
ď αn`1}x

˚
´ xn`1}

2
` βn}xn ´ xn`1}

2

ď αn}x
˚
´ xn}

2,

which is

β}xn ´ xn`1}
2
ď αn}x

˚
´ xn}

2
´ αn`1}x

˚
´ xn`1}

2.

Summing the above inequality from n “ 0 to N P N we get

β
N
ÿ

n“0

}xn ´ xn`1}
2
ď α0}x

˚
´ x0}

2
´ αN`1}x

˚
´ xN`1}

2
ď α0}x

˚
´ x0}

2,

and letting N go to infinity, we have (iii). To show (iv), we infer from (5.18),

}xn´xn`1} ď

c

αn
βn
}x˚´xn} ď

c

αn´1

βn
}x˚´xn´1} ď

c

α0

βn
}x˚´x0}. (5.20)

Thanks to the assumption that
ř

nPN
1?
βn
ă `8, }xn ´ xn`1} is summable.

Let us assume that αn is non-decreasing, since αn ą 0, we can divide
both sides of (5.19) by αn`1 to obtain

}x˚ ´ xn`1}
2
ď

αn
αn`1

}x˚ ´ xn}
2
ď }x˚ ´ xn}

2. (5.21)

This proves (v) and also (vi).
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5.2.2 ΦR
lsc-Proximal Point Algorithm

Let X be a Hilbert space, we assume that the function f : X Ñ p8,`8s is
proper ΦR

lsc-convex, for all x P dom f . Let us further assume f has a global
minimizer i.e. S “ argminxPXfpxq is non-empty. We aim to solve

min
xPX

fpxq (5.22)

We introduce ΦR
lsc-proximal point Algorithm (ΦR

lsc-PPA), starting with
x0 P dom f and stepsize γ ą 0, is defined as follows

xn`1 P proxlsc,R
γf pxnq “

`

Jγ ` B
R
lscf

˘´1
Jγ pxnq . (ΦR

lsc-PPA)

According to (5.4), the following condition must be satisfied for the iteration
scheme (ΦR

lsc-PPA) to be well-defined,

p@n P Nq Jγ pxnq X ran
`

Jγ ` B
R
lscf

˘

‰ H. (5.23)

Consider the situation where a is fixed and 2γa ě ´1. Then φn “ pa, unq P
Jγpxnq and φn`1 “ pa, un`1q P Jγpxn`1q. If for all n P N,

φn´φn`1 “ p0, un´un`1q “

ˆ

0,

ˆ

1

γ
` 2a

˙

xn ´

ˆ

1

γ
` 2a

˙

xn`1

˙

P B
R
lscfpxn`1q,

(5.24)
(the second equality come from Example 3), then

ˆ

1

γ
` 2a

˙

pxn ´ xn`1q P B
0
lscfpxn`1q,

where B0
lscf is a subgradient of f in the sense of convex analysis.

Remark 15. When f is ρ-weakly convex, we can use proximal subdifferen-
tials (Definition 7) instead of ΦR

lsc-subdifferentials and Jγpxq “ Bρp
1

2γ
}x}2q “
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x
γ
as it is differentiable convex. Then, for n P N,

xn`1 P pJγ ` Bρfq
´1Jγpxnq ô

xn ´ xn`1

γ
P Bρfpxn`1q,

which is exactly the iteration of proximal point method for weakly function
f [53, Section 5].

Taking into account the content of Theorem 11, we can propose a realiz-
able version of (ΦR

lsc-PPA) in Algorithm 1 to solve problem (5.22).

Algorithm 1: ΦR
lsc-Proximal Point Algorithm

(i) Initialize: γ ą 0, x0 P dom f

(ii) For n ě 0, update

• Pick
´

an, p
1
γ
` 2anqxn

¯

P Jγpxnq according to (5.1)

• xn`1 P argmin
zPX

fpzq `
´

1
2γ
` an

¯

}z ´ xn}
2

Remark 16. Finding xn`1 above reduces to finding solution of a separate
minimization problem. The complexity of this problem depends upon the
properties of function f . It is not our aim here to discuss particular compu-
tational aspects of Algorithm 1. Instead, we are investigating the convergence
properties of Algorithm 1.

We start with the result related to monotonicity of the objective function.

Proposition 12. Let f : X Ñ p´8,`8s be a proper, ΦR
lsc-convex func-

tion, and (5.23) hold. Let pxnqnPN and panqnPN be sequences generated by
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(ΦR
lsc-PPA) with γ ą 0. Then it holds for all y P X that

fpyq ´ fpxn`1q ě

ˆ

1

2γ
` an

˙

`

}xn`1 ´ xn}
2
´ }y ´ xn}

2
˘

`

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2 . (5.25)

In particular, pfpxnqqnPN is decreasing.

Proof. By (5.23), the sequence pxnqnPN is well-defined, i.e. there exist
´

an,
´

1
γ
` 2an

¯

xn

¯

P Jγ pxnq and
´

an`1,
´

1
γ
` 2an`1

¯

xn`1

¯

P Jγ pxn`1q such
that
ˆ

an,

ˆ

1

γ
` 2an

˙

xn

˙

´

ˆ

an`1,

ˆ

1

γ
` 2an`1

˙

xn`1

˙

P B
R
lscf pxn`1q , (5.26)

with the conditions 2γan ě ´1 and 2γan`1 ě ´1. By definition of ΦR
lsc-

subgradient of f at xn`1, we have

p@y P Xq f pyq ´ f pxn`1q ě ´ pan ´ an`1q
`

}y}2 ´ }xn`1}
2
˘

`

B

1

γ
pxn ´ xn`1q ` 2 panxn ´ an`1xn`1q , y ´ xn`1

F

“
1

γ
xxn ´ xn`1, y ´ xn`1y ` 2 xanxn ´ an`1xn`1, y ´ xn`1y

´ pan ´ an`1q
`

}y}2 ´ }xn`1}
2
˘

. (5.27)

The last two terms on the right hand side can be simplified to

2 xanxn ´ an`1xn`1, y ´ xn`1y ´ pan ´ an`1q
`

}y}2 ´ }xn`1}
2
˘

“ 2an xxn ´ xn`1, y ´ xn`1y ` pan`1 ´ anq }y ´ xn`1}
2 . (5.28)
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Plugging (5.28) back into (5.27) we obtain

fpyq ´ fpxn`1q ě

ˆ

1

γ
` 2an

˙

xxn ´ xn`1, y ´ xn`1y ` pan`1 ´ anq }y ´ xn`1}
2

“

ˆ

1

2γ
` an ` an`1 ´ an

˙

}y ´ xn`1}
2
`

ˆ

1

2γ
` an

˙

}xn`1 ´ xn}
2

´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

“

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

`

ˆ

1

2γ
` an

˙

}xn`1 ´ xn}
2 , (5.29)

which proves (5.25). By taking y “ xn, we obtain

f pxnq ´ f pxn`1q ě

ˆ

1

γ
` an`1 ` an

˙

}xn ´ xn`1}
2
ě 0,

as 1
γ
`an`1`an ě 0 from the conditions of an and an`1. Therefore, pf pxnqqnPN

is decreasing.

Proposition 12 provides a description of the behavior of the objective
function at each iterate. In the following result, the role of coefficients an in
the convergence results is investigated. Depending on the subdifferentials of
f , the behavior of panqnPN can be divided into two cases. Below, we present
the main convergence result of (ΦR

lsc-PPA).

Theorem 13. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex function

with the set S “ argminxPXfpxq nonempty. Assuming (5.23) holds. Let
pxnqnPN , panqnPN be sequences generated by (ΦR

lsc-PPA) with γ ą 0, then the
following hold.

(i) If there exists n0 P N such that 1
2γ
`an0 “ 0, xn0`1 is a global minimizer

of f .
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(ii) If 1
2γ
`an ą 0 for all n P N, we have limnÑ8 fpxnq “ fpx˚q, where x˚ P

S. The assertions (i)-(iv) of Theorem 12 hold with αn “ βn “
1

2γ
` an,

with n P N. Moreover, if panqnPN is non-decreasing, then we also have
(v)-(vi) of Theorem 12 i.e.

(v)
`

}x˚ ´ xn}
2
˘

nPN converges.

(vi)
`

dist2
pxn, Sq

˘

nPN is decreasing and converges.

Proof. Thanks to assumption (5.23), pxnqnPN is well-defined. In case (i),
there exists an n0 P N such that 1

2γ
` an0 “ 0, then at iteration n0 ` 1, by

Proposition 12,

p@y P Xq fpyq ´ fpxn0`1q ě

ˆ

1

2γ
` an0`1

˙

}y ´ xn0`1}
2
ě 0. (5.30)

This means xn0`1 is the global minimizer, so we can stop the algorithm after
n0 ` 1 steps no matter if p 1

2γ
` an0`1q equals to zero or not.

In case (ii), from inequality (5.25) in Proposition 12, by taking y “ x˚ P

S, we obtain

0 ě f px˚q ´ f pxn`1q ě

ˆ

1

2γ
` an`1

˙

}x˚ ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}x˚ ´ xn}
2

`

ˆ

1

2γ
` an

˙

}xn`1 ´ xn}
2 . (5.31)

which coincides with Theorem 12 inequality (5.18) for αn “ βn “
1

2γ
`

an ą 0 for all n P N. Notice that the monotonicity of αn depends on the
monotonicity of an. When panqnPN is non-decreasing, Theorem 12-(v,vi) hold
for the function h “ f .

For the limit of the objective function, using the second inequality of
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(5.31) and Theorem 12-(i), we can skip the last term to arrive at

f px˚q ´ f pxn`1q ě

ˆ

1

2γ
` an`1

˙

}x˚ ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}x˚ ´ xn}
2 .

(5.32)

Taking the limit on both sides, by Theorem 12-(i), the right hand side con-
verges to zero while the left hand side is non-positive, which implies that

lim
nÑ8

fpxn`1q “ fpx˚q.

Remark 17. The ΦR
lsc-subdifferentials of f influence the behavior of panqnPN

in (ΦR
lsc-PPA). If for any pa, uq P BRlscfpxq, a ą 0 for all x P dom f , then by

(5.26), at each iteration, we must have an´an`1 ą 0 so panqnPN is decreasing
and consequently αn is decreasing. Then the assertions (v,vi,vii) of Theorem
13 will not be met. For example, the function fpxq “ ´x2 has BRlscfpxq “
tpa, uq P ΦR

lsc : a ě 1, u “ 2pa´ 1qxu for all x P R.

If αn is bounded from below by a positive constant in (ΦR
lsc-PPA), then

Theorem 12-(iii) implies }xn ´ xn`1}
2 is summable and pxnqnPN is bounded.

To see that pxnqnPN is bounded, let us fix x˚ P S and let A ď αn for all
n P N for some constant A ą 0. By contradiction, assume that pxnqnPN is
unbounded i.e. there exists a subsequence pxnkqkPN such that

Ak2
ď αnk}xnk ´ x

˚
}

2, @k P N.

By Theorem 12-(i), pαn}xn ´ x˚}2qnPN converges. Let δ “ limnÑ8 αn}xn ´

x˚}2, then
|Ak2

´ δ| ď |αnk}xnk ´ x
˚
}

2
´ δ|, @k P N.

The left hand side tends to infinity while the right hand side goes to zero
which leads to a contradiction.
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Since xn is bounded, there exists a weakly convergent subsequence of
pxnqnPN. However, we do not know if a weak limit point of pxnqnPN lies in
S. This is because we only know that the function f is lsc, thanks to ΦR

lsc-
convexity which does not mean that f is weak lsc as, in general, it is not
convex.

Remark 18. Theorem 13-(i) provides a stopping criterion for (ΦR
lsc-PPA).

As stated in Theorem 10, a minimizer is also a fixed point of the ΦR
lsc-proximal

operator. However, as the ΦR
lsc-proximal operator is a set-valued operator, it

can return a fixed point and not a solution (see Theorem 10).

Example 15. Let f : Rn Ñ R be a proper lsc ρ-weakly convex. We analyse
Algorithm 1 with an, n P N and stepsize γ ą 0 chosen such that

1

2γ
` an ą

ρ

2
. (5.33)

Let us observe that the only constraint on an is provided by the Jγ in (5.1)
which is 2γan ě ´1. This is satisfied when we choose an according to (5.33).
Moreover, (5.33) ensures us the uniqueness of xn`1 in the algorithm. By
Theorem 12, by choosing βn “ 1

2γ
` an, formula (5.18) is satisfied in view of

Proposition 12. Hence, by Theorem 12, pp1{2γ`anq}x˚´xn}2qnPN converges
for any x˚ P S. In consequence, pxnqnPN is bounded for a suitable choice of
an (for example, an is lower bounded). Hence, pxnqnPN contains a conver-
gent subsequence pxnkqkPN with the limit x̄. By the lower semi-continuity of
f , we have fpx̄q “ inf fpxq which proves that for suitable choice of γ and
an, the sequence pxnqnPN generated by Algorithm 1 contains a subsequence
converging to a global solution.
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5.3 ΦR
lsc-Forward Backward Algorithm

Inspired by the construction of ΦR
lsc-proximal operator in (5.4), now we go a

step further by considering the problem

min
xPX

fpxq ` gpxq,

which can be approached by finding a point x0 P X such that

p0, 0q P
`

B
R
lscf ` B

R
lscg

˘

px0q Ď B
R
lscpf ` gqpx0q, (5.34)

where the functions f, g : X Ñ p´8,`8s are proper ΦR
lsc-convex and dom fX

dom g ‰ H. Moreover, let us assume that the set S “ argminxPXpf ` gqpxq

is non-empty.
For any x0 P dom f X dom g, we define the following update

xn`1 P
`

Jγ ` B
R
lscf

˘´1 `
Jγ ´ B

R
lscg

˘

pxnq . (ΦR
lsc-FB)

To ensure that the iterate in (ΦR
lsc-FB) is well-defined, we assume the follow-

ing condition

p@n P Nq
`

Jγ ´ B
R
lscg

˘

pxnq X ran
`

Jγ ` B
R
lscf

˘

‰ H. (5.35)

We refer to algorithm (ΦR
lsc-FB) as ΦR

lsc-Forward-Backward Algorithm.
Similar to Theorem 11, one can interpret (ΦR

lsc-FB) as follow.

Theorem 14. Let X be a Hilbert space and f, g : X Ñ p´8,`8s be proper
ΦR
lsc-convex functions. Let x0 P dom f, γ ą 0. If

x P
`

Jγ ` B
R
lscf

˘´1 `
Jγ ´ B

R
lscg

˘

px0q , (5.36)
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then there exists pa0, p1{γ`2a0qx0q P Jγpx0q and pag0, u
g
0q P B

R
lscgpx0q such that

x P argmin
yPX

fpyq ` xug0 ´ 2ag0x0, yy `

ˆ

1

2γ
` a0 ´ a

g
0

˙

}y ´ x0}
2.

Proof. Let (5.36) hold, it means there exist

ˆ

a0, p
1

γ
` 2a0qx0

˙

P Jγpx0q,

ˆ

a, p
1

γ
` 2aqx

˙

P Jγpxq, pa
g
0, u

g
0q P B

R
lscgpx0q,

such that
ˆ

a0, p
1

γ
` 2a0qx0

˙

´

ˆ

a, p
1

γ
` 2aqx

˙

´ pag0, u
g
0q P B

R
lscfpxq.

ΦR
lsc-subdifferentials gives us, for all y P X,

fpyq ´ fpxq

ě ´ pa0 ´ a´ a
g
0q p}y}

2
´ }x}2q ` xp

1

γ
` 2a0qx0 ´ p

1

γ
` 2aqx´ ug0, y ´ xy

“ ´ pa0 ´ a´ a
g
0q }y ´ x}

2
` xp

1

γ
` 2a0qpx0 ´ xq ´ u

g
0 ` 2ag0x, y ´ xy

“

ˆ

1

2γ
` a` ag0

˙

}y ´ x}2 `

ˆ

1

2γ
` a0

˙

“

}x0 ´ x}
2
´ }y ´ x0}

2
‰

` x2ag0x0 ´ u
g
0, y ´ xy ` 2ag0xx´ x0, y ´ xy

“

ˆ

1

2γ
` a

˙

}y ´ x}2 `

ˆ

1

2γ
` a0 ´ a

g
0

˙

“

}x0 ´ x}
2
´ }y ´ x0}

2
‰

´ xug0 ´ 2ag0x0, y ´ xy.

As
´

a, p 1
γ
` 2aqx

¯

P Jγpxq, we have 2γa ě ´1 which infers

fpyq ´ fpxq ě ´

ˆ

1

2γ
` a0 ´ a

g
0

˙

“

}y ´ x0}
2
` }x0 ´ x}

2
‰

´ xug0 ´ 2ag0x0, y ´ xy.
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or

x P argmin
yPX

fpyq ` xug0 ´ 2ag0x0, yy `

ˆ

1

2γ
` a0 ´ a

g
0

˙

}y ´ x0}
2.

From Theorem 14, we propose Algorithm 2 which is one way to implement
(ΦR

lsc-FB).

Algorithm 2: ΦR
lsc-Forward-Backward Algorithm

(i) Initialize: γ ą 0, x0 P dom f and
´

a0, p
1
γ
` 2a0qx0

¯

P Jγpx0q, pa
g
0, u

g
0q P B

R
lscgpx0q

(ii) For n ą 0, update

• Pick
´

an, p
1
γ
` 2anqxn

¯

P Jγpxnq, pa
g
n, u

g
nq P B

R
lscgpxnq

• xn`1 P argmin
zPX

fpzq ` xugn ´ 2agnxn, zy `
´

1
2γ
` an ´ a

g
n

¯

}z ´ xn}
2

We start with the following technical fact.

Proposition 13. Let g : X Ñ p´8,`8s be proper ΦR
lsc-convex. If

`

Jγ ´ B
R
lscg

˘

Ď dom J´1
γ , then

`

Jγ ` B
R
lscf

˘´1 `
Jγ ´ B

R
lscg

˘

Ă
`

Jγ ` B
R
lscf

˘´1
JγJ

´1
γ

`

Jγ ´ B
R
lscg

˘

“ proxlsc,R
γf pJ´1

γ

`

Jγ ´ B
R
lscg

˘

q. (5.37)

Proof. Let x P dom fXdom g take φ P
`

Jγ ´ B
R
lscg

˘

pxq. Then by assumption,
φ P dom J´1

γ which implies φ P JγJ´1
γ pφq and

φ P JγJ
´1
γ

`

Jγ ´ B
R
lscg

˘

pxq.
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Then it is obvious that

`

Jγ ` B
R
lscf

˘´1 `
Jγ ´ B

R
lscg

˘

Ă
`

Jγ ` B
R
lscf

˘´1
JγJ

´1
γ

`

Jγ ´ B
R
lscg

˘

.

Let us consider the function g to be Fréchet differentiable on the whole
domain with Lipschitz continuous gradient with Lipschitz constant Lg ą 0.
We have an interesting relationship between ΦR

lsc-subdifferentials and gradient
of g.

Lemma 6. Let g : X Ñ p´8,`8s be Fréchet-differentiable on X with Lips-
chitz continuous gradient with Lipschitz constant Lg ą 0. Then BRlscgpxq ‰ H
for all x P X. Moreover, for x P X, any pa, uq P BRlscgpxq satisfies a`

Lg
2
ě 0

and u´ 2ax “ ∇gpxq.

Proof. By [88, Proposition 3.6] and [11, Proposition 2] which infers Bělscgpxq ‰
H for all x P X. By Proposition 2, Φělsc Ă ΦR

lsc, so BRlscgpxq ‰ H for all x P X.
For the second assertion, let x P X. Since g is Fréchet-differentiable at x P X
with Lipschitz continuous gradient, we have, for all y P X

Lg
2
}y ´ x}2 ` x∇gpxq, y ´ xy ě gpyq ´ gpxq, (5.38)

which is the well-known descent Lemma [6, Lemma 2.64].
On the other hand, by taking pa, uq P BRlscgpxq, we have

p@y P Xq gpyq ´ gpxq ě ´a
`

}y}2 ´ }x}2
˘

` xu, y ´ xy. (5.39)

Combining (5.39), (5.38) and separating x and y,

ˆ

Lg
2
` a

˙

}y}2`x∇gpxq´Lgx´u, yy ě
ˆ

Lg
2
` a

˙

}x}2`x∇gpxq´Lgx´u, xy.
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As this holds for all y P X, x is the global minimizer of the function

hpzq “

ˆ

Lg
2
` a

˙

}z}2 ` x∇gpxq ´ Lgx´ u, zy,

which is quadratic. This implies that Lg
2
` a ě 0 and

∇hpxq “ 0 ô u´ 2ax “ ∇gpxq.

Since pa, uq P BRlscgpxq is taken arbitrarily, the above inequality holds for all
the elements in BRlscgpxq.

With the result obtained in Lemma 6, we can improve Algorithm 2 with
the following Algorithm 3.

Algorithm 3: ΦR
lsc-Forward-Backward Algorithm with g as in

Lemma 6
(i) Initialize: γ ą 0, x0 P dom f and

´

a0, p
1
γ
` 2a0qx0

¯

P Jγpx0q, pa
g
0, u

g
0q P B

R
lscgpx0q

(ii) For n ą 0, update

• Pick
´

an, p
1
γ
` 2anqxn

¯

P Jγpxnq, pa
g
n, u

g
nq P B

R
lscgpxnq

• xn`1 P argmin
zPX

fpzq ` x∇gpxnq, zy `
´

1
2γ
` an ´ a

g
n

¯

}z ´ xn}
2

Below, we give the estimation for the behavior of the objective functions
for (ΦR

lsc-FB).

Proposition 14. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex function

and g : X Ñ p´8,`8s be a proper Fréchet differentiable on X with Lips-
chitz continuous gradient Lg ą 0. Let (5.35) hold and pxnqnPN be a sequence
generated by (ΦR

lsc-FB) with stepsize γ ą 0. For all y P X and n P N, we
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have

pf ` gqpyq ´ pf ` gqpxn`1q ě

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

`

ˆ

1

2γ
` an ´ a

g
n ´

Lg
2

˙

}xn`1 ´ xn}
2 , (5.40)

where
´

an,
´

1
γ
` 2an

¯

xn

¯

P Jγ pxnq,
´

an`1,
´

1
γ
` 2an`1

¯

xn`1

¯

P Jγ pxn`1q,

and pagn, ugnq P BRlscgpxnq. Moreover, if 1
γ
` an ` an`1 ě agn `

Lg
2
, then pf `

gqpxnq ě pf ` gqpxn`1q.

Proof. By the definition of the updated in (ΦR
lsc-FB), there exist

´

an,
´

1
γ
` 2an

¯

xn

¯

P Jγ pxnq,
´

an`1,
´

1
γ
` 2an`1

¯

xn`1

¯

P Jγ pxn`1q and

pagn, u
g
nq P B

R
lscgpxnq with agn `

Lg
2
ě 0 such that

ˆ

an,

ˆ

1

γ
` 2an

˙

xn

˙

´

ˆ

an`1,

ˆ

1

γ
` 2an`1

˙

xn`1

˙

´ pagn, u
g
nq P B

R
lscfpxn`1q.

(5.41)
Using the definition of ΦR

lsc-subdifferentials of f , we have, for all y P X

f pyq ´ f pxn`1q ě ´ pan ´ a
g
n ´ an`1q

`

}y}2 ´ }xn`1}
2
˘

`

Bˆ

1

γ
` 2an

˙

xn ´ u
g
n ´

ˆ

1

γ
` 2an`1

˙

xn`1, y ´ xn`1

F

.

We proceed similarly as in Proposition 12 to obtain

f pyq ´ f pxn`1q ě

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

`

ˆ

1

2γ
` an

˙

}xn`1 ´ xn}
2

` agn
`

}y}2 ´ }xn`1}
2
˘

´ xugn, y ´ xn`1y . (5.42)
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Let us focus on the last terms on the right hand side of (5.42)

´ agn
`

}y}2 ´ }xn`1}
2
˘

` xugn, y ´ xn`1y

“ “ ´agn
`

}y}2 ´ }xn}
2
˘

` xugn, y ´ xny

` agn
`

}xn`1}
2
´ }xn}

2
˘

` xugn, xn ´ xn`1y

ďg pyq ´ g pxnq ` a
g
n

`

}xn`1}
2
´ }xn}

2
˘

` xugn, xn ´ xn`1y

“g pyq ´ g pxnq ` a
g
n }xn`1 ´ xn}

2

` xugn ´ 2agnxn, xn ´ xn`1y . (5.43)

Plugging (5.43) back into (5.42) we get

pf ` gq pyq ´ f pxn`1q ´ gpxnq ě

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

`

ˆ

1

2γ
` an ´ a

g
n

˙

}xn`1 ´ xn}
2

´ xugn ´ 2agnxn, xn ´ xn`1y . (5.44)

On the other hand, since g is Fréchet differentiable with Lipschitz con-
tinuous gradient, we apply Lemma 6

xugn ´ 2agnxn, xn ´ xn`1y “ x∇g pxnq , xn ´ xn`1y

ď g pxnq ´ g pxn`1q `
Lg
2
}xn`1 ´ xn}

2 . (5.45)

Putting (5.45) back into (5.44) to obtain

pf ` gq pyq ´ pf ` gq pxn`1q ě

ˆ

1

2γ
` an`1

˙

}y ´ xn`1}
2
´

ˆ

1

2γ
` an

˙

}y ´ xn}
2

`

ˆ

1

2γ
` an ´ a

g
n ´

Lg
2

˙

}xn`1 ´ xn}
2 ,
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which is (5.40). On the other hand, letting y “ xn in (5.40),

pf ` gq pxnq ´ pf ` gq pxn`1q ě

ˆ

1

γ
` an`1 ` an ´ a

g
n ´

Lg
2

˙

}xn ´ xn`1}
2 .

(5.46)
The RHS of (5.46) is non-negative when 1

γ
` an ` an`1 ě agn `

Lg
2
. This

conclude the proof.

The results obtained in Proposition 14 are similar to the one obtained
for the Forward-Backward in [11, Corollary 3]. In analogy to Proposition 12,
Proposition 14 gives us a crucial estimate of the (ΦR

lsc-FB) Algorithm which
contributes to the convergence result below.

Theorem 15. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex function and

g : X Ñ p´8,`8s be a proper Fréchet differentiable function on X with
Lipschitz continuous gradient with Lipschitz constant Lg ą 0. Let pxnqnPN,
panqnPN, and pagnqnPN be sequences generated by (ΦR

lsc-FB) with stepsize γ ą 0.
Assume that 1

γ
` an ` an`1 ě agn `

Lg
2

for all n P N where

ˆ

an,

ˆ

1

γ
` 2an

˙

xn

˙

P Jγ pxnq, pagn, u
g
nq P B

R
lscgpxnq.

We have the following

(i) If there exists n0 P N such that 1
2γ
` an0 “ agn0

`
Lg
2
“ 0 then xn0`1 is

the global minimizer.

(ii) If αn “ 1
2γ
` an ą 0 and βn “ 1

2γ
` an ´ agn ´

Lg
2
ą 0 for all n P N,

Theorem 12 holds and limnÑ8pf ` gqpxnq “ infxPXpf ` gqpxq.

Proof. The proof follows in the same manner as in Theorem 12.
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5.4 ΦR
lsc-Projected Subgradient

We saw in the previous section that the (ΦR
lsc-FB) Algorithm can be written

with the ΦR
lsc-proximal operator. In this section, we investigate the case of

the ΦR
lsc-proximity operator of the indicator function of a closed convex set.

This is equivalent to solving the constrained problem

min
xPC

fpxq, (5.47)

where C Ă X is a closed convex set in Hilbert space and f : X Ñ p´8,`8s

is proper ΦR
lsc-convex. We can rewrite this problem in the form

min
xPX

fpxq ` ιCpxq.

To solve (5.47), we propose ΦR
lsc-projected subgradient algorithm which is

formally given in Algorithm 4.

Algorithm 4: ΦR
lsc-Projected Subgradient Algorithm

Initialize: x0 P dom f

Set: pγnqnPN positive
Compute:

´

an,
´

1
γn
` 2an

¯

xn

¯

P Jγnpxnq and pafn, ufnq P BRlscfpxnq
such that

2γnpan ´ a
f
nq ą ´1

Update: xn`1 “ ProjC

ˆ

p1` 2γnanqxn ´ γnu
f
n

1` 2γnpan ´ a
f
nq

˙

Return: xn`1

Further details about the algorithm and the variable stepsize γn are given
in (5.58) and in Theorem 16 below. In the following proposition, we show
that the ΦR

lsc-proximal operator of indicator function of C coincides with the
projection onto C without convexity assumption.

Proposition 15. Let C be a closed subset of X with more than one element
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and let x P X, γ ą 0. If p´ 1
2γ
, 0q R Jγpxq X ranpJγ ` B

R
lscιCq then we have

`

Jγ ` B
R
lscιC

˘´1
Jγ pxq “ ProjC pxq .

Proof. Recall that

JγpxqX ranpJγ`B
R
lscιCq “ tφ P Jγpxq : Dx` P X s.t. φ P Jγpx`q`BRlscιCpx

`
qu.

(5.48)
Let x` P

`

Jγ ` B
R
lscιC

˘´1
Jγ pxq. By assumption, (5.48) implies that there

exist pa, p1{γ ` 2aqxq P Jγpxq and pa`, p1{γ ` 2a`qx`q P Jγpx
`q such that

ˆ

a´ a`,

ˆ

1

γ
` 2a

˙

x´

ˆ

1

γ
` 2a`

˙

x`
˙

P B
R
lscιC

`

x`
˘

, (5.49)

with 2γa ą ´1, 2γa` ě ´1. If x` R C then BRlscιC px`q “ H, which
contradicts the above inclusion. Hence, it must be x` P C. By the definition
of ΦR

lsc-subdifferentials, for any y P X, we have

ιC pyq ´ ιC
`

x`
˘

ě ´
`

a´ a`
˘

´

}y}2 ´
›

›x`
›

›

2
¯

`

Bˆ

1

γ
` 2a

˙

x´

ˆ

1

γ
` 2a`

˙

x`, y ´ x`
F

. (5.50)

By taking y P C, (5.50) reads

`

a´ a`
˘

´

}y}2 ´
›

›x`
›

›

2
¯

ě

Bˆ

1

γ
` 2a

˙

x´

ˆ

1

γ
` 2a`

˙

x`, y ´ x`
F

.

(5.51)

Further simplifying (5.51)

`

a´ a`
˘
›

›y ´ x`
›

›

2
ě

ˆ

1

γ
` 2a

˙

@

x´ x`, y ´ x`
D

. (5.52)
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From (5.52), we have

`

a´ a`
˘
›

›y ´ x`
›

›

2
ě

ˆ

1

2γ
` a

˙

”

›

›y ´ x`
›

›

2
`
›

›x´ x`
›

›

2
´ }y ´ x}2

ı

,

so that
ˆ

1

2γ
` a

˙

}y ´ x}2 ě

ˆ

1

2γ
` a`

˙

›

›y ´ x`
›

›

2
`

ˆ

1

2γ
` a

˙

›

›x´ x`
›

›

2
.

As 2γa ą ´1, 2γa` ě ´1, all the coefficients are nonnegative, this infers
ˆ

1

2γ
` a

˙

}y ´ x}2 ě

ˆ

1

2γ
` a

˙

›

›x´ x`
›

›

2
, (5.53)

for all y P C. By (5.49), x` P ProjCpxq.
On the other hand, let us assume that x` P ProjC pxq, we have

p@y P Cq }y ´ x} ě }x` ´ x}. (5.54)

Taking square both sides of (5.54) and multiply with 1
2γ
` a ą 0 for some

a P R, we obtain
ˆ

1

2γ
` a

˙

}y ´ x}2 ě

ˆ

1

2γ
` a

˙

}x` ´ x}2.

This is equivalent to

0 ě ´

ˆ

1

2γ
` a

˙

p}y}2 ´ }x`}2q ` x

ˆ

1

γ
` 2a

˙

x, y ´ x`y. (5.55)

Because x` P C, (5.55) implies that
´

1
2γ
` a,

´

1
γ
` 2a

¯

x
¯

P BRlscιCpx
`q. We
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can write
ˆ

1

2γ
` a,

ˆ

1

γ
` 2a

˙

x

˙

“

ˆ

a´

ˆ

´
1

2γ

˙

,

ˆ

1

γ
` 2a

˙

x´

ˆ

1

γ
´

1

γ

˙

x`
˙

P Jγpxq ´ Jγpx
`
q.

This infers
´

a,
´

1
γ
` 2a

¯

x
¯

P pBRlscιC`Jγqpx
`q, so that x` P proxlsc,R

γιC
pxq.

Remark 19. The assumption p´ 1
2γ
, 0q R JγpxqXranpJγ`B

R
lscιCq also implies

the uniqueness of the ΦR
lsc-proximal operator of an indicator function. Assume

that there are x1, x2 P
`

Jγ ` B
R
lscιC

˘´1
Jγ pxq. Following (5.53) in the proof of

Proposition 15, we have

}x´ x2}
2
ě }x´ x1}

2
ě }x´ x2}

2,

so x1 “ x2.

Let us go back to problem (5.47). Since C is closed, the function ιC is
lsc and so it is ΦR

lsc-convex (by virtue of [82, Proposition 6.3]). Motivated by
(ΦR

lsc-FB) and Proposition 15, we propose ΦR
lsc-Projected Subgradient Algo-

rithm,

xn`1 P ProjC
`

J´1
γ

`

Jγ ´ B
R
lscf

˘

pxnq
˘

. (ΦR
lsc-PSG)

Observe that if ranJγ X ranpJγ ´ B
R
lscfq ‰ H, Algorithm ΦR

lsc-PSG is well-
defined i.e. for every n P N, there exists xn`1 such that (ΦR

lsc-PSG) holds.
In fact, ranJγ X ranpJγ ´ B

R
lscfq is always nonempty. Let us prove this by

taking x P dom BRlscf , paf , uf q P BRlscfpxq and pa, p
1
γ
`2aqxq P Jγpxq with γ ą 0

and 2aγ ě ´1. Then

J´1
γ

ˆ

a´ af ,

ˆ

1

γ
` 2a

˙

x´ uf

˙

Ď J´1
γ

`

Jγ ´ B
R
lscf

˘

pxq. (5.56)

By formula (3.17) in Example 3, the domain of J´1
γ is nonempty when a ´
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af ě ´1{p2γq. While ´1{p2γq ď a, we can take a large enough so that
a´ af ą ´1{p2γq. Again, by formula (3.17), J´1

γ is a single valued map and
we obtain

J´1
γ

`

Jγ ´ B
R
lscf

˘

pxq “

´

1
γ
` 2a

¯

x´ uf

1
γ
` 2pa´ af q

“
p1` 2γaqx´ γuf

1` 2γpa´ af q
.

On the other hand, when

a´ af “ ´
1

2γ
, and

ˆ

1

γ
` 2a

˙

x´ uf “ 0, (5.57)

then by (3.17)

J´1
γ

ˆ

a´ af ,

ˆ

1

γ
` 2a

˙

x´ uf

˙

“ X.

Moreover, (5.57) implies that x is a a ` 1{p2γq-critical point of f (see Defi-
nition 5).

With the well-defined inner operator of (ΦR
lsc-PSG), we have

J´1
γ

`

Jγ ´ B
R
lscf

˘

pxnq “

´

1
γ
` 2an

¯

xn ´ u
f
n

1
γ
` 2pan ´ a

f
nq

“
p1` 2γanqxn ´ γu

f
n

1` 2γpan ´ a
f
nq

,

with γ ą 0, 2γpan ´ a
f
nq ą ´1. (ΦR

lsc-PSG) takes an explicit form

xn`1 P ProjC
`

J´1
γ

`

Jγ ´ B
R
lscf

˘

pxnq
˘

“ ProjC

ˆ

p1` 2γanqxn ´ γu
f
n

1` 2γpan ´ a
f
nq

˙

.

(5.58)
Let us state an estimate related to the objective function of the ΦR

lsc-PSG
Algorithm to problem (5.47) with the stepsize γ ą 0 being kept constant.

Lemma 7. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex function and C

be a closed convex set. Let pxnqnPN be the sequence generated by (5.58), then
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the following holds for any x P C

p1` 2γpan ´ a
f
nqq}x´ xn`1}

2
ď p1` 2γanq }x´ xn}

2
`
γ2

›

›2afnxn ´ u
f
n

›

›

2

1` 2γ
´

an ´ a
f
n

¯

` 2γ rf pxq ´ f pxnqs , (5.59)

where for any n P N
ˆ

an,

ˆ

1

γ
` 2an

˙

xn

˙

P Jγpxnq, pafn, u
f
nq P B

R
lscfpxnq, 2γpan ´ a

f
nq ą ´1.

Proof. Let pxnqnPN be a sequence from (5.58) and x P C so that x “ ProjCpxq.
We consider

}x´ xn`1}
2
“

›

›

›

›

ProjCpxq ´ ProjC

ˆ

p1` 2γanqxn ´ γu
f
n

1` 2γpan ´ a
f
nq

˙
›

›

›

›

2

.

Since C is closed and convex, the projection operator ProjC is nonexpansive.
Together with (5.56), we continue the above equality

}x´ xn`1}
2
ď

›

›

›

›

x´
p1` 2γanqxn ´ γu

f
n

1` 2γpan ´ a
f
nq

›

›

›

›

2

“

›

›

›

›

x´ xn ´
2γafnxn ´ γu

f
n

1` 2γpan ´ a
f
nq

›

›

›

›

2

“ }x´ xn}
2
`

γ2

´

1` 2γ
´

an ´ a
f
n

¯¯2

›

›2afnxn ´ u
f
n

›

›

2

`
2γ

1` 2γ
´

an ´ a
f
n

¯

@

x´ xn, u
f
n ´ 2afnxn

D

.
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By using the definition of ΦR
lsc-subdifferentials, we obtain

}x´ xn`1}
2
ď }x´ xn}

2
`

γ2

´

1` 2γ
´

an ´ a
f
n

¯¯2

›

›2afnxn ´ u
f
n

›

›

2

`
2γ

“

f pxq ´ f pxnq ` a
f
n

`

}x}2 ´ }xn}
2
˘

´ 2afn xx´ xn, xny
‰

1` 2γ
´

an ´ a
f
n

¯

“

¨

˝1`
2γafn

1` 2γ
´

an ´ a
f
n

¯

˛

‚}x´ xn}
2
`

γ2
›

›2afnxn ´ u
f
n

›

›

2

´

1` 2γ
´

an ´ a
f
n

¯¯2

`
2γ

1` 2γ
´

an ´ a
f
n

¯ rf pxq ´ f pxnqs . (5.60)

From the assumption, 1` 2γpan ´ a
f
nq ą 0, we can further simplify (5.60) to

obtain (5.59).

From Lemma 7, we notice that
ˆ

1` 2γafn
1`2γpan´a

f
nq

˙

ě 0 as 2γpan ´ afnq ą

´1 from the assumption. When afn ď 0, then 1`2γan

1`2γpan´a
f
nq
ď 1, from (5.59),

we obtain

}x´ xn`1}
2
ď

1` 2γan

1` 2γpan ´ a
f
nq
}x´ xn}

2
`

2γ rfpxq ´ fpxnqs

1` 2γ
´

an ´ a
f
n

¯

`

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

›

›2afnxn ´ u
f
n

›

›

2

ď }x´ xn}
2
`

2γ rfpxq ´ fpxnqs

1` 2γ
´

an ´ a
f
n

¯

`

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

›

›2afnxn ´ u
f
n

›

›

2
. (5.61)

The above expression is similar to the ones obtained for the class of subgra-
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dient descent algorithms in the convex case [17]. Let us denote S is the set
of minimiser of problem (5.47). To proceed with the convergence analysis,
we assume the followings.

Assumption 1. For n P N, pafn, ufnq P BRlscfpxnq. Let us consider the follow-
ing:

(i) There exists a constant U ą 0 such that }2afnxn´ufn} ď U for all n P N.

(ii) For γ ą 0,
ř

nPN
1

r1`2γpan´a
f
nqs

2 ă `8 and
ř

nPN
1

1`2γpan´a
f
nq
“ `8

where
pan, p

1
γ
` 2anqxnq P Jγpxnq.

(iii) For pγnqnPN positive,
ř

nPN
γ2
n

1`2γnpan´a
f
nq
ă `8 and

ř

nPN γn “ `8 where
pan, p

1
γn
` 2anqxnq P Jγnpxnq.

Assumption 1-(i) ensures that the quantity }2afnxn ´ ufn} is uniformly
bounded. Assumption 1-(ii) with fixed stepsize is related to the convex sub-
gradient method with square summable but not summable stepsize [1]. This
ensures the weak convergence of the sequence and limnÑ8 fpxnq “ fpx˚q.
However, in our general setting of ΦR

lsc-subdiferentials, we obtain convergence
results with Assumption 1-(ii) only when afn ď 0 for all n P N, pafn, ufnq P
BRlscfpxnq.

Proposition 16. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex function

and C be a closed convex subset of X. Let pxnqnPN be a sequence generated
by (5.58) with stepsize γ ą 0. Let Assumption 1-(i,ii) hold and afn ď 0 for
all n P N, pafn, ufnq P BRlscfpxnq. Consider a point x˚ P S, then the followings
hold

(i) }x˚ ´ xn}
2 converges and is bounded.

(ii) dist2
pxn, Sq is decreasing and converges.

(iii) limnÑ8 fpxnq “ fpx˚q.



5.4. ΦR
LSC-PROJECTED SUBGRADIENT 121

Proof. Since afn ď 0 for all n P N, estimate (5.61) holds. Taking x˚ P S, we
have fpx˚q ď fpxnq for all n P N, and from (5.61), we obtain

}x˚ ´ xn`1}
2
ď }x˚ ´ xn}

2
`

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

›

›2afnxn ´ u
f
n

›

›

2

`
2γ

1` 2γ
´

an ´ a
f
n

¯ rfpx˚q ´ fpxnqs

ď }x˚ ´ xn}
2
`

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

U2. (5.62)

By Assumption 1-(ii), the last term on RHS of (5.62) is summable. By
Lemma 5, the assertions (i) and (ii) are proved.

For (iii), we consider (5.61) again and by taking the finite sum till N P N,
we obtain

N
ÿ

n“0

2γ

1` 2γ
´

an ´ a
f
n

¯ rfpxnq ´ fpx
˚
qs

ď

N
ÿ

n“0

“

}x˚ ´ xn}
2
´ }x˚ ´ xn`1}

2
‰

`

N
ÿ

n“0

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

U2

“
“

}x˚ ´ x0}
2
´ }x˚ ´ xN`1}

2
‰

`

N
ÿ

n“0

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

U2

ď }x˚ ´ x0}
2
`

N
ÿ

n“0

¨

˝

γ

1` 2γ
´

an ´ a
f
n

¯

˛

‚

2

U2, (5.63)
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Letting N Ñ 8 and using Assumption 1-(ii), we obtain

8
ÿ

n“0

2γ

1` 2γ
´

an ´ a
f
n

¯ rfpxnq ´ fpx
˚
qs ă `8.

Since
ř8

n“0
2γ

1`2γpan´a
f
nq
“ `8, and fpxnq ě fpx˚q for all n P N, we infer

lim
nÑ8

fpxnq ´ fpx
˚
q “ 0. (5.64)

Observe that we require afn ď 0 in order to obtain the convergence results.
This is different to the previous Sections, where a part of the information of
the next iterate is known i.e. an`1 from Jγpxn`1q. The results obtained
in Proposition 16 are also similar to [1, Proposition 1 and Lemma 1]. In
Proposition 16, we keep the stepsize γ constant so the adaptivity is transfered
from the stepsize to an in Jγpxnq.

In general, we do not know the sign of afn for n P N. Hence, to obtain
convergence results for (ΦR

lsc-PSG), we need to restrict the next element an`1

in Jγpxn`1q. The condition on an`1 can be relaxed by changing the stepsize
γn instead of keeping it constant.

Theorem 16. Let f : X Ñ p´8,`8s be proper ΦR
lsc-convex and C be a

nonempty closed convex set. Let pxnqnPN be a sequence generated by (5.58)
with positive stepsize pγnqnPN. Assume that Assumption 1-(i) and (iii) hold
with

p@n P Nq 2γnpan ´ a
f
nq ě 2γn`1an`1, (5.65)

where pan, p1{γn ` 2anqxnq P Jγn pxnq , pa
f
n, u

f
nq P BRlscfpxnq and

2γnpan ´ a
f
nq ą ´1. Consider a point x˚ P S. Then

• Theorem 12-(i,ii) hold for αn “ 1` 2γnan, βn “ 0 and

lim inf
nÑ8

fpxnq ´ fpx
˚
q “ 0.
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• If αn is non-decreasing then we have Theorem 12-(v,vi).

Proof. Let us take estimate (5.59) in Lemma 7 with x “ x˚ P S with as-
sumption (5.65) to obtain

p1` 2γn`1an`1q}x
˚
´ xn`1}

2
ď p1` 2γnanq }x

˚
´ xn}

2
``2γn rf px

˚
q ´ f pxnqs

`
γ2
n

1` 2γn

´

an ´ a
f
n

¯

›

›2afnxn ´ u
f
n

›

›

2

ď p1` 2γnanq }x
˚
´ xn}

2
`

γ2
nU

2

1` 2γn

´

an ´ a
f
n

¯ .

(5.66)

Since the last term on the right hand side is summable, Lemma 5 gives us
statement (i)-(ii). For (iii), the proof follows along the same steps as in
Proposition 16 combined with Assumption 1-(iii). Additionally, when αn is
non-decreasing, we divide (5.66) by 1` 2γn`1an`1 and obtain

}x˚ ´ xn`1}
2
ď

1` 2γnan
1` 2γn`1an`1

}x˚ ´ xn}
2
`

γ2
nU

2

p1` 2γn`1an`1qp1` 2γnpan ´ a
f
nqq

ď }x˚ ´ xn}
2
`

γ2
n

1` 2γnpan ´ a
f
nq

U2

1` 2γ0a0

.

Combining the above inequality, which is analogous to inequality (5.62) of
Proposition 16, with Assumption 1-(iii), we infer (iv) and (v). Lastly, we
have that

lim inf
nÑ8

fpxnq ´ fpx
˚
q “ 0,

by following the same argument as in [1, Proposition 2-(i)].

Remark 20. When γ is kept constant, the restriction (5.65) becomes an ´
afn ě an`1. Combining this with 2γpan ´ afnq ą ´1 can cause early stopping
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when afn ě ´1{2γ. Because

´
1

2γ
ď an`1 ď an ´ a

f
n ď a0 ´

n
ÿ

i“0

afi ,

so we need a0 big enough to ensure the algorithm converges.

Remark 21. Instead of taking x˚ P S as the global minimzer, we can choose
a point in the set

S :“ tx P C : fpxq ď fpxnq, @n P Nu . (5.67)

Then Proposition 15 and Theorem 16 still hold for x˚ P S.

5.5 Numerical Examples

In this section, we give some numerical examples for the different algorithm
that are analyzed in this paper.

ΦR
lsc-Proximal Point Algorithm: We continue Example 14 to illustrate

the performance of the ΦR
lsc-proximal point Algorithm works. We use the

starting point x0 “ ´10 a0 “ 1 and fix the number of iteration to N “ 101.
Thanks to the closed form of ΦR

lsc-subgradient and ΦR
lsc-proximal operator of

f , we can set the update rule for an to

an`1 “ an ` 0.9,

which satisfies the condition an ´ an`1 ě ´1 of BRlscfpxq. The function f

has a minimizer at x “ 0 with fp0q “ 0. We test for multiple values of
γ “ 0.01, 0.1, 1, 10 and plot the absolute value of the function value, the
distance between two iterates and the distance of the iterate to the minimizer
in Figure 5.1).
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(a) (b) (c)

Figure 5.1: From left to right: distance between the current iteration and
the minimizer; distance to the optimal value; distance between two successive
iterates.

ΦR
lsc-Projected Subgradient Algorithm: We illustrate Algorithm 4 by

solving the following problem

min
xPC

fpxq “ min
xPC

xx,Qxy , (5.68)

where C “ Bp0, 1q Ă Rn is the unit ball and Q P Rnˆn is a full rank
symmetric matrix. We can the problem as

min
xPRn

xx,Qxy ` ιC pxq ,

In Examples 3 and 5, we derived expressions for Jγ, J´1
γ and the ΦR

lsc-subgradient
of f . We use (5.58) to state Algorithm (ΦR

lsc-PSG) in this case as

xn`1 “ ProjC

¨

˝

”´

1
γ
` 2an ´ 2afn

¯

Id´ 2Q
ı

xn

1
γ
` 2an ´ 2afn

˛

‚

“ ProjC

ˆ

xn ´ 2γ
Qxn

1` 2γan ´ 2γafn

˙

.

Example 16. In the case where C “ Bp0, 1q, the problem (5.68) is equivalent
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to
min

yPBp0,1q
xy,Dyy, (5.69)

where y “ Px and D is a diagonal matrix of eigenvalues of Q by using matrix
decomposition Q “ PDP´1. Thanks to Example 5, we have

}y} “
a

}y}2 “
a

xPx, Pxy “ }x} ď 1.

As D is a diagonal matrix, problem (5.69) is

min
yPBp0,1q

N
ÿ

i“0

diy
2
i ,

where di is the i-th element of diagonal matrix D. This allows us to check the
distance between the current iterate and the solution of (5.69). We consider
two scenarios of Assumption 1 where the stepsize is constant versus adaptive
stepsize in order to show the early stopping in the former case. We give three
different plots for each scenario: the optimal value of the objective function,
the step length |xn`1 ´ xn| and the distance to the solution |xn ´ x˚|.

(i) We consider the matrix

Q “

»

—

–

´2 2 2

2 2 ´2

2 ´2 2

fi

ffi

fl

,

which has p´4, 2, 4q as eigenvalues. Then for all the pair pafn, ufnq P
BRlscfpxnq, afn ě 4. We fix the maximum number of iteration N “ 101,
the starting point x0 “ p´5, 5,´5q.
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(a) (b) (c)

Figure 5.2: Example 16, case 1, constant stepsize. From left to right: distance
between the current iteration and the solution; distance to the optimal value;
distance between two successive iterates.

Constant Stepsize: We take afn “ 4 for all n P N. The initial value
a0 “ 200 and an`1 “ an ´ a

f
n. The stopping criterion will be

an`1 ď afn`1 ´
1

2γ
“ 4´

1

2γ
.

We test for multiple values of stepsize γ “ 0.01, 0.1, 1, 10. Since afn
is positive for all n P N, the sequence an will be decreasing with the
lower bound afn. This is why we intentionally take a large initial a0,
otherwise, if a0 is closed to afn then the algorithm may stop just after
several iteration.

Figure 5.2 depicts the behaviors of the sequence pxnqnPN and the func-
tion values. As we can see, for all values of γ, xn and fpxnq tend to
the optimal solution and optimal values, respectively. Observe that for
γ “ 0.01 the algorithm takes more time to get to the optimal solution
and optimal function value compare to the larger values of γ. On the
other hand, since we fixed the total number of steps N “ 101, the
algorithm stops before the number of iteration reach N . This behavior
supports the observation mentioned in Remark 20.
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(a) (b) (c)

Figure 5.3: Example 16, case 1, adaptive stepsize. From left to right: dis-
tance between the current iteration and the solution; function value at each
iteration; distance between two successive iterates.

Adaptive Stepsize: With the same initial point and the same start-
ing stepsize γ0 as in the previous case, we fix afn “ 4 for all n P N, and
set N “ 101. We consider the following

p@n P Nq an “ 5, γn`1 “
γn
an`1

pan ´ 4q,

with the stopping criterion 2γnpan ´ afnq ď ´1. In this scenario, we
can both fix an and afn for all n P N. At each iteration, the value of
the stepsize γn varies preventing early stopping of the algorithm. The
plots are illustrated in Figure 5.3. The algorithm continue to the final
iteration N and converges for all starting values of γ0. The number of
iterations take to arrive at the limit is less than the case with constant
stepsize. However, notice that xn converges to some point which is not
the optimal solution of the problem. This happens as we keep an, afn to
be constants and the starting γ0 is small Hence γn has to go to zero, so
xn tends to stay at the same position. As we allow for bigger γ0, the
sequence pxnqnPN move toward the solution.
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(ii) Now we consider a matrix with two negative eigenvalues, namely

Q “

»

—

—

—

—

—

—

–

1 0 ´1 1 0

0 1 1 ´1 0

´1 1 ´1 1 1

1 ´1 1 ´1 1

0 0 1 1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

which has p´3,´1, 1, 2, 2q as eigenvalues. The lower bound for afn
where pafn, ufnq P BRlscfpxnq, will be afn ě 3. We fix the maximum
number of iterations to N “ 101. We also consider constant step-
size and adaptive stepsize with the same starting γ0 as in the first case.
However, since there are two negative eigenvalues this time, we con-
sider two different starting point x01 “ p´10,´10,´10,´10,´10q and
x02 “ p´10, 10,´10, 10,´10q.

Constant Stepsize: We keep the same setting as in the first case
with afn “ 3 for all n P N. The initial value a0 “ 200 and an`1 “ an´a

f
n.

The stopping criterion will be

an`1 ď afn`1 ´
1

2γ
“ 3´

1

2γ
.

The plots for x01, x02 are shows in Figure 5.4 and Figure 5.5, respec-
tively. Notice that in this case, we have two different negative eigen-
values. The algorithm will converges to the direction of the closest
eigenvector with respect to the negative eigenvalue. Here, the starting
point x01 is actually closer to the eigenvector with respect to eigenvalue
´1 while x02 is closer to the solution with respect to the eigenvalue ´3

which is our true solution. This explains the different behaviors of the
two graphs in Figure 5.4 and Figure 5.5.
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(a) (b) (c)

Figure 5.4: Example 16, case 2, constant stepsize, initialization x01. From
left to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.

(a) (b) (c)

Figure 5.5: Example 16, case 2, constant stepsize, initialization x02. From
left to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.
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(a) (b) (c)

Figure 5.6: Example 16, case 2, adaptive stepsize, initialization x02.From left
to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.

Adaptive Stepsize: We fix afn “ 3, maximum iteration N “ 101.
Compare to the previous case with adaptive stepsize, we use the fol-
lowing update with ε “ 1

a0 “ 4, an “ ´
1

2γn
` afn ` ε, γn`1 “

γnpan ´ a
f
nq ` 1

afn ` ε
.

This rule ensures that 2γnpan ´ afnq ą ´1 for all n P N. We only run
this case for starting point x02, the plots are depicted in Figure 5.6.
As both γn and an are changing, the sequence pxnq converges to the
solution for all cases of γ0 comparing to Figure 5.3. It is obvious that as
the scale of the problem increases, it takes more time for the sequence
to converge to the solution.

Example 17. Instead of the quadratic function in (5.68), we consider a non-
quadratic function which has one negative eigenvalue in its Hessian. Consider

fpx, yq “
x4

12
`
x2

2
´
y4

12
´
y2

2
,
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with the Hessian matrix

∇2fpx, yq “

«

x2 ` 1 0

0 ´y2 ´ 1

ff

.

It is difficult to calculate ΦR
lsc-subgradient of f , but we can use Lemma 6

as f has a Lipschitz continuous gradient. We compute paf , uf q P BRlscfpx, yq
coordinate-wise i.e.

afx “ y2
` 1` ε, ufx “ 2afxx`∇xfpx, yq,

afy “ y2
` 1` ε, ufy “ 2afyy `∇yfpx, yq.

As the eigenvalues of the Hessian determines the convexity of f , we want to
keep afx, afy above the smallest eigenvalues by some ε ą 0. We use the same
update rule for an`1 “ an ´ a

f
n and the same stopping criterion. We test for

constant stepsizes γ “ 0.01, 0.1, 1.
We start the algorithm with initial an “ p200, 200q, px0, y0q “ p´5,´1q, ε “

0.1 and max iteration N “ 1001. Here we show only the function value and
the distance to the solution in Figure 5.7.
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(a) (b)

Figure 5.7: ΦR
lsc-(PSG) for Example 17. From left to right: distance between

the current iterate and the solution; function value at each iteration.



Chapter 6

Primal-Dual algorithms for
ΦR
lsc-Convex Functions

In this Chapter, we consider the following problem

inf
xPX

f pxq ` g pLxq , (6.1)

where X, Y are Hilbert spaces, the functions f : X Ñ p´8,`8s is proper
lsc, g : Y Ñ p´8,`8s is proper lsc and the linear operator L : X Ñ Y

is bounded. As we successfully constructed and investigated conjugate dual
problem and Lagrange dual for (6.1) and studied duality in Chapter 4 using
abstract convexity. Our next step would be to propose primal-dual algo-
rithms which helps us solving problem (6.1) and its conjugate dual problem.

The outline of this chapter is the following:

• Section 6.1: The recollection of duality result for weakly convex func-
tions and the concept of sharpness of the Lagrangian (Definition 11 and
12).

• Section 6.2: We propose Primal-Dual algorithms for composite mini-
mization problem for weakly convex functions and investigate its con-
vergence with the help of sharpness condition (Theorem 18 and 19).

134
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• Section 6.3: We propose ΦR
lsc-primal-dual algorithm based on our result

in the previous chapter and analyze the convergence (Theorem 20).

• Section 6.4: We conclude this chapter with some numerical examples
of ΦR

lsc-primal-dual algorithm.

Our approach is based on the primal-dual algorithm developed by [25].
It was firstly proposed in [74, 46], by using splitting approach to find sad-
dle point of the Lagrange primal dual problems. There has been numerous
works and variants of primal-dual algorithm in the convex setting [64, 30,
24, 28, 27, 29, 97]. For examples, [51, 52] investigated the roles of stepsizes
which affect the convergence of primal-dual algorithms. They also gave a
convergence analysis with a more general choices of stepsizes for solving To-
tal Variation. [26, 75] gave an improved analysis of primal-dual algorithm
and studied its behavior when the computations are inexact. On the other
hand, [66] combined primal-dual algorithm with linesearch approach to lessen
computational effort compare to the original algorithm.

For nonconvex setting, there have been several attempt to investigate the
convergence of primal-dual algorithm. [68] considered primal-dual algorithm
for the sum of semiconvex (weakly convex) and strongly convex functions.
[67] developed a block primal-dual splitting for nonconvex objective based on
nonlinear primal-dual algorithm. They also derived parameters update and
acceleration rules for their algorithm. [89] considered the same objective but
in Banach space, they investigated the convergence of the algorithm using
Bregman divergence. [33] applied primal-dual algorithm to the saddle point
problem constructed from generalized conjugation.
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6.1 Primal-Dual relationship of Composite Min-

imization Problem with weakly convex func-

tion

In this section, we consider the problem (6.1) in the case when the function
f is weakly convex and g is convex. Let us recall that a function f : X Ñ

p´8,`8s is ρ-weakly convex if f ` ρ
2
} ¨ }2 is convex (see Section 3.2). We

would like to construct a conjugate dual problem for (6.1) from the results in
Section 4.1. As shown in Section 3.2, a proper lsc ρ-weakly convex function
is also abstract convex with respect to the class of elementary functions Φ

ρ{2
lsc .

Then it is natural to consider abstract conjugate with the respective class
of elementary functions. For completeness, we give a definition of abstract
conjugate with respect to the class Φ

ρ{2
lsc for weakly convex function. For a

general version of abstract conjugate, we refer the reader to Definition 2.

Definition 10. Let Y be a Hilbert space, we define ρg-conjugate for ρg-
weakly convex function g : Y Ñ p´8,`8s as a function g˚ρg : Y Ñ R

g˚ρgpuq “ sup
yPY

xu, yy ´
ρg
2
}y}2 ´ gpyq. (6.2)

The conjugate dual problem for f weakly convex and g convex has been
mentioned in Example 8

sup
ψPΨconv

´f˚Φalsc p´ψ ˝ Lq ´ g
˚
Ψconvpψq, (6.3)

where Ψconv is the class of affine functions and Φa
lsc is the class of quadratic

function. In Section 4.4, we show that the conjugate dual can be expressed
as Lagrange dual with Lagrangian

Lpx, ψq “ fpxq ` ψpLxq ´ g˚Ψpψq.
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For our specific setting, the Lagrangian takes the form

Lpx, ψq “ fpxq ` xLx, yy ´ g˚pyq.

Below we show that the fully weakly convex case (f, g weakly convex)
can be reduced to our current setting.

Lemma 8. Let X, Y be Hilbert spaces, consider the functions f : X Ñ

p´8,`8s be proper lsc ρf -weakly convex and g : Y Ñ p´8,`8s be proper
lsc ρg-weakly convex, the problem (6.1)

inf
xPX

fpxq ` gpLxq,

is equivalent to
inf
xPX

F pxq `GpLxq, (6.4)

where F : X Ñ p´8,`8s is proper lsc weakly convex and G : Y Ñ

p´8,`8s is proper lsc convex. Moreover, the Lagrangian induced from the
conjugate dual problems constructing from (6.1) and (6.4) have the same
property which is and weakly convex in the primal variable and concave in
the dual variable. The respective Lagrange primal problems are the same as
the original problem (6.1) and (6.4).

Proof. Since g is ρg-weakly convex, we can turn (6.1) into

inf
xPX

fpxq ´
ρg
2
}Lx}2 `

ρg
2
}Lx}2 ` gpLxq.

Denoting F pxq “ fpxq ´ ρg
2
}Lx}2 and Gpyq “ gpyq ` ρg

2
}y}2, we obtain (6.4)

where F is ρf ` ρg}L}
2-weakly convex (see Proposition 8) and the function

G is convex. Next, we construct the conjugate dual for (6.1) and (6.4) as in
(4.26). The conjugate dual problem with respect to functions F and G is

sup
yPY

´

ˆ

F ´
ρf ` ρg}L}

2

2
} ¨ }

2

˙˚

ρf`ρg}L}2
p´L˚yq ´G˚pyq, (6.5)



6.1. PRIMAL-DUAL WEAKLY CONVEX FUNCTIONS 138

where the first term is the ρf ` ρg}L}2-conjugate for weakly convex function
F ´

ρf`ρg}L}
2

2
} ¨ }2 and G˚ is the convex conjugate of G. Similarly, we have

the conjugate dual problem for (6.1) is

sup
yPY

´

´

f ´
ρg
2
}L¨}2Y ´

ρf
2
} ¨ }

2
¯˚

ρf

p´xL˚v, ¨yq ´ g˚ρg pyq . (6.6)

We can write (6.5) by expressing ρf ` ρg}L}
2-conjugate in the first term to

obtain
sup
yPY

inf
xPX

F pxq ` xLx, yy ´G˚ pyq , (6.7)

and (6.6) with ρf -conjugate

sup
yPY

inf
xPX

f pxq ` xLx, yy ´
ρg
2
}Lx}2 ´ g˚ρg pyq . (6.8)

Notice that both (6.7) and (6.8) are Lagrange dual problems with respective
Lagrangians

LFGpx, yq “ F pxq ` xLx, yy ´G˚ pyq , (6.9)

Lfgpx, yq “ f pxq ` xLx, yy ´
ρg
2
}Lx}2 ´ g˚ρg pyq . (6.10)

Observe that both Lagrangians are equal LFGpx, yq “ Lfgpx, yq for each
x P X and y P Y . Now let us consider Lagrange primal problem with respect
to (6.9),

inf
xPX

sup
yPY

LFGpx, yq “ inf
xPX

sup
yPY

F pxq ` xLx, yy ´G˚ pyq “ inf
xPX

F pxq `G˚˚ pLxq .

Because G is lsc convex, G˚˚ “ G ([6, Theorem 13.37]) and we return to
(6.4). With the same argument for Lagrangian in (6.10), we have

inf
xPX

sup
yPY

Lfgpx, yq “ inf
xPX

sup
yPY

f pxq`xLx, yy´
ρg
2
}Lx}2´g˚ρg pyq “ inf

xPX
f pxq`g˚˚ρg pLxq ,
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where
g˚˚ρg pLxq “ sup

yPY
xLx, yy ´

ρg
2
}Lx}2 ´ g˚ρg pyq ,

is the ρg-biconjugate of g from the definition of ρg-conjugate. Moreover, we
know that g is lsc weakly convex, it is also abstract convex with the class
Φ
ρg{2
lsc by Theorem 1. Hence g˚˚ρg “ g so the Lagrange primal is the primal

problem (6.1).

6.1.1 Sharpness

By the property of conjugate function, the Lagrangian is always convex in
the dual variable. On the other hand, it is nonconvex (weakly convex) in
the primal variable. Our main interest lies in the respective Lagrange dual
problem

sup
yPY

inf
xPX

Lpx, yq “ sup
yPY

inf
xPX

f pxq ` xLx, yy ´ g˚ pyq . (6.11)

The Lagrange primal problem

inf
xPX

sup
yPY

Lpx, yq. (6.12)

We recall that Lagrange primal (6.12) , in general, is not equivalent to the
primal problem (6.1) unless function g is Ψ-convex [12, Proposition 5.1]. As
we consider g convex in the current setting, problem (6.1) is equivalent to
(6.12) for Ψ “ Ψconv. By Theorem 7, the duality gap G is non-negative,

G “ inf
xPX

sup
ŷPY

L px, ŷq ´ sup
yPY

inf
x̂PX

L px̂, yq ě 0. (6.13)

By definition, px˚, y˚q is a saddle point of Lagrangian given by (6.11) which
satisfy

p@px, yq P X ˆ Y q sup
yPY

Lpx˚, yq ě Lpx˚, y˚q ě inf
xPX

Lpx, y˚q. (6.14)
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Furthermore, for any saddle point px˚, y˚q of (6.14), x˚ is a minimizer of
(6.1). From (6.14), we define the gap function G : X ˆ Y Ñ r0,8q,

Gpx, yq :“ fpxq ` g˚pyq ` sup
px̂,ŷqPXˆY

xLx, ŷy ´ xLx̂, yy ´ fpx̂q ´ g˚pŷq

“ fpxq ` g˚pyq ` g˚˚pLxq ´ f˚p´L˚yq. (6.15)

Hence Gpx, yq can take `8 when fpx̂q “ ´8 or g˚pyq “ `8. Moreover, any
point px˚, y˚q satisfying Gpx˚, y˚q “ 0 is a saddle point. To see this, let us
take px˚, y˚q P X ˆ Y such that Gpx˚, y˚q “ 0 i.e.

sup
yPY

inf
xPX

Lpx, yq ě inf
xPX

Lpx, y˚q “ sup
yPY

Lpx˚, yq ě inf
xPX

sup
yPY

Lpx, yq.

This infers equality in all the relations above. Hence,

Lpx, y˚q ě Lpx˚, y˚q ě Lpx˚, yq,

for all px, yq P X ˆ Y which is the definition of saddle point. By assumption
of this section, the gap function Gpx, yq,

Gpx, yq “ fpxq ` g˚pyq ` sup
px̂,ŷqPXˆY

xLx, ŷy ´ xLx̂, yy ´ fpx̂q ´ g˚pŷq, (6.16)

is weakly convex with respect to x, and convex with respect to y. It is even
jointly weakly convex with respect to x and y thanks to its structure, i.e.
there exists a constant ρG ą 0 such that for any px, yq P X ˆ Y , Gpx, yq `
ρG
2
}px, yq}2 is a convex function. Indeed, let λ P r0, 1s, px1, y1q, px2, y2q P
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X ˆ Y , we have

Gpx1 ` p1´ λqx2, y1 ` p1´ λqy2q

“ fpx1 ` p1´ λqx2q ` g
˚
py1 ` p1´ λqy2q

` sup
px̂,ŷqPXˆY

xLpx1 ` p1´ λqx2q, ŷy ´ xLx̂, y1 ` p1´ λqy2y ´ fpx̂q ´ g
˚
pŷq

ď fpx1q ` g
˚
py1q ` p1´ λqpfpx2q ` g

˚
py2qq

` sup
px̂,ŷqPXˆY

xLx1, ŷy ´ xLx̂, y1y ´ fpx̂q ´ g
˚
pŷq

` p1´ λq sup
px̂,ŷqPXˆY

xLx2, ŷy ´ xLx̂, y2y ´ fpx̂q ´ g
˚
pŷq ` λp1´ λq

ρf
2
}x1 ´ x2}

2

ď Gpx1, y1q ` p1´ λqGpx2, y2q ` λp1´ λq
ρf
2
}px1, y1q ´ px2, y2q}

2
XˆY ,

where we utilize weak convexity of f with modulus ρf and convexity of g˚

and property of supremum. Hence G is jointly weakly convex with modulus
ρf .

Let us introduce sharpness condition for the Lagrangian which measures
how far we are from the saddle point in term of difference of Lagrangian
value.

Definition 11 (Sharpness). Let us denote z “ px, yq P X ˆ Y “ Z and
let S Ă Z be the nonempty set of saddle point of the Lagrange primal-dual
problems. We say that the Lagrangian L is sharp if there exists a positive
constant µ ą 0 such that

p@z P Zq Gpzq ě µdist pz, Sq , (6.17)

where the distance function is taken as

distpz, Sq “ inf
z̄PZ
}z ´ z̄} “ inf

px̄,ȳqPS

b

}x´ x̄}2X ` }y ´ ȳ}
2
Y . (6.18)

Let us observe that Definition 11 coincides with sharpness definition of a
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proper function F : X Ñ p´8,`8s with respect to its minimizer

F pxq ´ inf
x̄PX

F px̄q ě µdistpx, arg minF q.

Sharpness condition is commonly known as error bound condition and is often
used to speed up convergence rate of algorithms [80, 34, 47]. In nonconvex
setting, sharpness is used to investigate convergence of algorithm [39, 62, 31].
For necessary and sufficient conditions to obtain error bound condition, the
reader is refer to the works of [42, 41, 36].

For primal-dual algorithms, the concept of Lagrangian sharpness is not
widely studied. Recently, [3] exploits sharpness condition for Lagrangian
to achieve linear convergence rate in linear programming. At the moment,
this is the only work in the literature that we found which used a concept
analogous to our sharpness definition.

While the properties of the gap function Gpx, yq are related to the prop-
erties of weak duality of Lagrange dual problem, it is not often used in
algorithms to determine saddle point, especially for unbounded problems.
Moreover, the sharpness of the gap function is often used to improve conver-
gence rate rather than determine the convergence of algorithms [93, 47, 34,
3].

To investigate convergence of our primal-dual algorithm, we introduce an-
other definition of sharpness which will be crucial in the convergence analysis,
see e.g. Theorem 18 and Theorem 19.

Let us denote z “ px, yq P X ˆ Y “ Z and let L : X ˆ Y Ñ p´8,`8s

be any function. We will refer to this function as a Lagrangian.

Definition 12 (Inf-Sharpness). Let S Ă Z be the nonempty set of saddle
points of the Lagrangian L. We say that the Lagrangian L is inf-sharp if
there exists a positive constant µ ą 0 such that for all px, yq P X ˆ Y ,

Hpx, yq :“ inf
px̄,ȳqPS

tL px, ȳq ´ L px̄, yqu ě µdist ppx, yq, Sq . (6.19)
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Observe that Hpx, yq ě 0 for any px, yq P X ˆ Y and if px, yq P S then
Hpx, yq “ 0. The converse is not true, see Example 23 below. Moreover, we
have

Gpx, yq ě sup
px̄,ȳqPS

tL px, ȳq ´ L px̄, yqu ě Hpx, yq ě inf
px̄,ȳqPXˆY

tL px, ȳq ´ L px̄, yqu ,

which means if (6.19) is satisfied, then we also have Lagrangian sharpness in
the sense of Definition 11 with the same constant µ ą 0. On the other hand,
sharpness condition (6.19) gives us a necessary and sufficient condition for
the point Hpx, yq “ 0 becomes a saddle point i.e.

Hpx, yq “ 0 ô px, yq P S.

Example 18. Let us give a simple example of Lagrangian that satisfies
Definition 12. Consider L : Rˆ RÑ p´8,`8s of the following form,

Lpx, yq “ |x| ´ |y|, (6.20)

which is convex concave. It has a unique saddle point at x “ y “ 0. We have

Hpx, yq “ Lpx, 0q ´ Lp0, yq “ |x| ` |y| ě
a

x2 ` y2,

so the Lagrangian is inf-sharp with constant 1.

Example 19. Even though the Lagrangian from the previous example is
inf-sharp, it does not have the bilinear term as it is in (6.11). Let us consider
another example inspired by (6.20),

Lpx, yq “ |x| ` xy ´ y2

8
, (6.21)

which has a unique saddle point at x “ y “ 0 (see figure 6.1). Moreover, the
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Figure 6.1: Lagrange function from Example 19

primal and dual problems corresponding to (6.21) are

inf
xPR

sup
yPR

Lpx, yq “ inf
xPR
|x| ` 2x2,

sup
yPR

inf
xPR

Lpx, yq “ sup
yPR
´
y2

8
.

In order to check for inf-sharp condition, we calculate

Hpx, yq “ Lpx, 0q ´ Lp0, yq “ |x| ` y2

8
,

and check for the value of µ ą 0 such that for all px, yq P X ˆ Y ,

Hpx, yq ´ µ
a

x2 ` y2 ą 0. (6.22)

We test µ “ 1, 0.5, 0.1. To see the area of interest, we plot the contour
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(a) (b) (c)

Figure 6.2: From left to right: contour plots of Hpx, yq ´ µ
a

x2 ` y2 at
µ “ 1, 0.5, 0.1.

of (6.22) in Figure 6.2. As we can see, Lagrangian is not inf-sharp around
p0, 0q with µ “ 1. As we decrease µ, we gain more area for which Hpx, yq ´
µ
a

x2 ` y2 ą 0 around p0, 0q but never a full neighborhood of p0, 0q (even
with µ “ 0.1). Hence, the Lagrangian in this example is not inf-sharp.

Example 20. Let us consider Example 18 with the bilinear term as

Lpx, yq “ |x| ` xy ´ |y|,

which has a saddle point at p0, 0q. The respective primal and dual problems
for this Lagrangian are

inf
´1ďxď1

|x|, sup
´1ďyď1

´|y|.

We calculate the function Hpx, yq

Hpx, yq “ Lpx, 0q ´ Lp0, yq “ |x| ` |y| ě
a

x2 ` y2 “ distppx, yq, p0, 0qq.

Therefore, the Lagrangian in this case is inf-sharp with constant 1. We also
illustrate the difference Hpx, yq ´ µdistppx, yq, p0, 0qq for µ “ 0.5, 0.9, 1 in
Figure 6.3.
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(a) (b) (c)

Figure 6.3: From left to right: contour plots of Hpx, yq ´ µdistppx, yq, p0, 0qq
at µ “ 0.5, 0.9, 1.

Example 21. We give one more example for a more complex function. Con-
sider the Lagrangian

Lpx, yq “ |x| ` |x2
´ 1| ` xy ´ |y| ´ |y2

´ 1|,

which has a saddle point at p0, 0q (see Figure 6.4). The Lagrangian Lpx, yq
is weakly convex in x and weakly concave in y.

We calculate the function Hpx, yq

Hpx, yq “ Lpx, 0q ´ Lp0, yq “ |x| ` |x2
´ 1| ` |y| ` |y2

´ 1| ´ 2

ě
a

x2 ` y2 ´ 2 “ distppx, yq, p0, 0qq ´ 2.

This implies that Lagrangian is not inf-sharp with constant 1. In fact, it is
locally inf-sharp with constant µ ă 1. We illustrate the difference Hpx, yq ´
µdistppx, yq, p0, 0qq with µ “ 0.5, 0.9, 1 in Figure 6.5.

Notice that there are others points other than the saddle point that
Hpx, yq “ 0 e.g. Hp0, 1q “ Hp1, 1q “ Hp1, 0q “ 0.
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Figure 6.4: Lagrange function from Example 21.

(a) (b) (c)

Figure 6.5: From left to right: contour plots of Hpx, yq ´ µdistppx, yq, p0, 0qq
at µ “ 0.5, 0.9, 1.
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6.2 Convergence Analysis of the Primal-Dual

Algorithm for Weakly Convex Functions

In this section, we investigate the sequences generated by the primal-dual
Algorithm 5 for problem (6.1)

inf
xPX

fpxq ` gpLxq,

where f is proper lsc weakly convex function and g is proper lsc convex
defined on Hilbert spaces X and Y , respectively, and L : X Ñ Y is a
bounded linear operator with the adjoint operator L˚ : Y Ñ X.

Our standing assumption in this section is that dom f X dom g ˝ L ‰ H

and the set of saddle points S is nonempty.
For convex functions f and g, the analogous of Algorithm 5 has been

studied in [25]. In [51], the authors consider Algorithm 5 for convex case
with no relaxation (θ “ 0). They emphasize that the algorithm may diverge
even if the Lagrangian is convex-concave.

In our setting, under inf-sharpness condition defined in Definition 11,
we investigate the convergence of Algorithm 5 where function f is weakly
convex while g is convex (see Theorem 18). For weakly convex function f ,
we use proximal subdifferentials. It has been proved that for this special
class of functions, the proximal subdifferentials can be globalized (see [59,
Proposition 3.1]).

Definition 13. Let F : X Ñ p´8,`8s be a proper lsc ρ-weakly convex
function and x P X. The proximal subgradient of F is an element u P X
satisfies the following inequality

p@z P Xq F pzq ´ F pxq ě xu, z ´ xy ´
ρ

2
}z ´ x}2.

We denote the collection of all proximal subgradients of the function F at
the point x as BρF pxq.
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6.2.1 Primal-Dual algorithm with Dual Update

We investigate the convergence of primal-dual Algorithm 5 by exploiting the
conjugate dual under the setting that the function f is ρ-weakly convex while
g is convex on their respective domains (see (6.3)). Recall that under our
standing assumption, we have dom f X dom g ˝ L ‰ H and the set of saddle
points S is nonempty.
Algorithm 5: Primal-Dual Algorithm
Initialize: x0 P dom f X dom g ˝ L and ȳ0 “ y0

Set: τ, σ ą 0, σρ ă 1, θ P r0, 1s,
?
στ}L} ă 1

Update:

yn`1 “ argminyPY g
˚
pyq `

1

2τ
}y ´ yn ´ τLxn}

2 (dual update)

ȳn`1 “ yn`1 ` θpyn`1 ´ ynq

xn`1 “ argminxPXfpxq `
1

2σ
}x´ xn ` σL

˚ȳn`1}
2 (primal update)

We remind that we consider the Lagrangian of the form Lpx, yq “ f pxq`

xLx, yy ´ g˚ pyq as in problem (6.11). In Algorithm 5, we have to solve
two minimization problems where the objectives are convex thanks to the
appropriate choice of stepsize σρ ă 1,

0 P B

ˆ

g˚ `
1

2τ
} ¨ ´yn ´ τLxn}

2

˙

pyn`1q,

0 P B

ˆ

f `
1

2σ
} ¨ ´xn ` σL

˚ȳn`1}
2

˙

pxn`1q,

where B is the subdifferential in the sense of convex analysis. We can apply
convex subdifferentials sum rule to the dual update as both functions are
convex [6, Corollary 16.48].

On the other hand, since f is weakly convex, we utilize the following sum
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rule for proximal subdifferentials for weakly convex function.

Theorem 17. [10, Theorem 2] Let X be a Hilbert space. For i “ 0, 1, let
function fi : X Ñ p´8,`8s be proper lower semicontinuous and ρi-weakly
convex on X with ρi ě 0. Then, for all x P dom f0 X dom f1 and for all
ε0, ε1 ě 0 we have

Bε0,ρ0f0pxq ` Bε1,ρ1f1pxq Ď Bε,ρpf0 ` f1qpxq (6.23)

for all ε ě ε0 ` ε1 and for all ρ ě ρ0 ` ρ1. The equality

Bε,ρ0`ρ1pf0 ` f1qpxq “
ď

ε0,ε1 | ε0`ε1ďε

Bε0,ρ0f0pxq ` Bε1,ρ1f1pxq (6.24)

holds when dom f0 X dom f1 contains a point at which either f0 ` ρ0{2} ¨ }
2

or f1p¨q ` ρ1{2} ¨ }
2 is continuous.

Using the above theorem with ε “ 0, we obtain

yn ´ yn`1

τ
` Lxn P Bg

˚
pyn`1q ,

xn ´ xn`1

σ
´ L˚ȳn`1 P Bρf pxn`1q . (6.25)

Let us give an estimate of the Lagrangian values for the iterates generated
by Algorithm 5.

Proposition 17. Let X, Y be Hilbert spaces, f : X Ñ p´8,`8s be proper
lsc ρ-weakly convex function and g : Y Ñ p´8,`8s be proper lsc convex
defined on Hilbert spaces X and Y , respectively, and L : X Ñ Y be a bounded
linear operator. Let pxnqnPN, pynqnPN be sequences generated by Algorithm 5.



6.2. CONVERGENCE ANALYSIS 151

Then for any px, yq P X ˆ Y , we have

L px, yn`1q ´ L pxn`1, yq

ě
1´

?
στ}L}

2τ
}y ´ yn`1}

2
´

1

2τ
}y ´ yn}

2
`

1´ θ
?
στ}L}

2τ
}yn ´ yn`1}

2

`
1´ σρ´ θ

?
στ}L}

2σ
}x´ xn`1}

2
´

1

2σ
}x´ xn}

2
`

1´
?
στ}L}

2σ
}xn ´ xn`1}

2 .

(6.26)

Proof. From the update of Algorithm 5 and (6.25), by definitions of subdif-
ferentials, we have

p@x P Xq fpxq ´ fpxn`1q ě
1

σ
xxn ´ xn`1, x´ xn`1y ´ xL

˚ȳn`1, x´ xn`1y

´
ρ

2
}x´ xn`1}

2,

p@y P Y q g˚pyq ´ g˚pyn`1q ě
1

τ
xyn ´ yn`1, y ´ yn`1y ` xLxn, y ´ yn`1y,

Summing the above inequalities and taking into account the Lagrangian given
in (6.11), we have

L px, yn`1q ´ L pxn`1, yq

ě

Ayn ´ yn`1

τ
, y ´ yn`1

E

` xLxn, y ´ yn`1y `

Axn ´ xn`1

σ
, x´ xn`1

E

´ xL˚ȳn`1, x´ xn`1y ´
ρ

2
}x´ xn`1}

2
` xLx, yn`1y ´ xLxn`1, yy

“

Ayn ´ yn`1

τ
, y ´ yn`1

E

`

Axn ´ xn`1

σ
, x´ xn`1

E

´
ρ

2
}x´ xn`1}

2

` xLpxn ´ xn`1q, y ´ yn`1y ` xLpx´ xn`1q, yn`1 ´ ȳn`1y. (6.27)
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For the last line of (6.27), we have

xLpxn ´ xn`1q, y ´ yn`1y ` xLpx´ xn`1q, yn`1 ´ ȳn`1y

“xL pxn ´ xn`1q , y ´ yn`1y ` θxL px´ xn`1q , yn ´ yn`1y

ě ´
?
στ}L}

ˆ

}xn ´ xn`1}
2

2σ
`
}y ´ yn`1}

2

2τ
` θ

}x´ xn`1}
2

2σ
` θ

}yn ´ yn`1}
2

2τ

˙

.

Inequality (6.27) becomes

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

`

}y ´ yn`1}
2
´ }y ´ yn}

2
` }yn ´ yn`1}

2
˘

´
ρ

2
}x´ xn`1}

2

`
1

2σ

`

}x´ xn`1}
2
´ }x´ xn}

2
` }xn ´ xn`1}

2
˘

´
?
στ}L}

ˆ

}xn ´ xn`1}
2

2σ
`
}y ´ yn`1}

2

2τ
` θ

}x´ xn`1}
2

2σ
` θ

}yn ´ yn`1}
2

2τ

˙

“
1´

?
στ}L}

2τ
}y ´ yn`1}

2
´

1

2τ
}y ´ yn}

2
`

1´ θ
?
στ}L}

2τ
}yn ´ yn`1}

2

`
1´ σρ´ θ

?
στ}L}

2σ
}x´ xn`1}

2
´

1

2σ
}x´ xn}

2
`

1´
?
στ}L}

2σ
}xn ´ xn`1}

2 ,

which is (6.26).

Estimation (6.26) is not enough to obtain convergence of Algorithm 5.
This is where we utilize inf-sharpness assumption in the sense of Definition
12 to analyze the convergence of Algorithm 5.

We show that, if pxn`1, yn`1q are closed enough to the solution set S then
we have decreasing property for the distance function of pxn, ynq to the set
S.

Proposition 18. Let X and Y be Hilbert, f : X Ñ p´8,`8s be a proper
lsc ρ-weakly convex function, g : Y Ñ p´8,`8s be proper lsc convex and
L : X Ñ Y be a bounded linear operator. Let pxnqnPN, pynqnPN be the sequences
generated by Algorithm 5. Let us assume that the stepsizes τ, σ satisfy the
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inequality σρ ` θ
?
στ}L} ă 1, where θ P r0, 1s, and the Lagrangian is inf-

sharp in the sense of Definition 12 with respect to the set of saddle point
S ‰ H. At iteration n P N, if

distppxn, ynq, Sq ď
µ

max
 

1
2σ
, 1

2τ

(

´ A
, (6.28)

then
distppxn`1, yn`1q, Sq ď

µ

max
 

1
2σ
, 1

2τ

(

´ A
,

where A :“ min
!

1´
?
στ}L}
2τ

, 1´σρ´θ
?
στ}L}

2σ

)

. Moreover,

dist2ppxn, ynq, Sq ě dist2ppxn`1, yn`1q, Sq. (6.29)

Proof. Let us prove (6.29) first. By (6.26) from Proposition 17, for any
px, yq P X ˆ Y , we have

L px, yn`1q ´ L pxn`1, yq `
1

2σ
}x´ xn}

2
`

1

2τ
}y ´ yn}

2

ě
1´

?
στ}L}

2τ
}y ´ yn`1}

2
`

1´ θ
?
στ}L}

2τ
}yn ´ yn`1}

2

`
1´ σρ´ θ

?
στ}L}

2σ
}x´ xn`1}

2
`

1´
?
στ}L}

2σ
}xn ´ xn`1}

2

ě
1´

?
στ}L}

2τ
}y ´ yn`1}

2
`

1´ σρ´ θ
?
στ}L}

2σ
}x´ xn`1}

2

ěA inf
px,yqPS

}x´ xn`1}
2
` }y ´ yn`1}

2
“ Adist2

ppxn`1, yn`1q, Sq, (6.30)

where A :“ min
!

1´
?
στ}L}
2τ

, 1´σρ´θ
?
στ}L}

2σ

)

ą 0 thanks to the assumption on
the stepsizes. The last inequality in (6.30) holds as we can take any px, yq P S.
Let us take infimum on both sides of (6.30) with respect to px, yq P S, combine
with the distance function (6.18)

inf
px,yqPS

}x´ xn}
2
` }y ´ yn}

2
“ dist2

ppxn, ynq, Sq.
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We obtain

max

"

1

2σ
,

1

2τ

*

dist2
ppxn, ynq, Sq

ě Adist2
ppxn`1, yn`1q, Sq ` inf

px,yqPS
tL pxn`1, yq ´ L px, yn`1qu . (6.31)

We apply sharpness assumption to (6.31) and obtain

max

"

1

2σ
,

1

2τ

*

dist2
ppxn, ynq, Sq ě Adist2

ppxn`1, yn`1q, Sq`µdistppxn`1, yn`1q, Sq.

(6.32)
To obtain (6.29), we need

Adist2
ppxn`1, yn`1q, Sq ` µdistppxn`1, yn`1q, Sq

ě max

"

1

2σ
,

1

2τ

*

dist2
ppxn`1, yn`1q, Sq,

which holds when

distppxn`1, yn`1q, Sq ď
µ

max
 

1
2σ
, 1

2τ

(

´ A
. (6.33)

The quantity on RHS of (6.33) is well-defined as

max

"

1

2σ
,

1

2τ

*

ě min

"

1

2σ
,

1

2τ

*

ą min

"

1´
?
στ}L}

2τ
,
1´ σρ´ θ

?
στ}L}

2σ

*

,

thanks to the assumptions on the stepsizes τ, σ. Next we will prove that for
any n P N

distppxn, ynq, Sq ď
µ

max
 

1
2σ
, 1

2τ

(

´ A
ñ distppxn`1, yn`1q, Sq ď

µ

max
 

1
2σ
, 1

2τ

(

´ A
.
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Let us start from (6.32)

max

"

1

2σ
,

1

2τ

*

µ2

`

max
 

1
2σ
, 1

2τ

(

´ A
˘2

ě max

"

1

2σ
,

1

2τ

*

dist2
ppxn, ynq, Sq

ě Adist2
ppxn`1, yn`1q, Sq ` µdistppxn`1, yn`1q, Sq. (6.34)

Inequality (6.34) becomes a quadratic inequality with respect to distppxn`1, yn`1q, Sq.
The quadratic equation taken from (6.34) has two distinct solutions. This
implies that

0 ď distppxn`1, yn`1q, Sq ď
µ

max
 

1
2σ
, 1

2τ

(

´ A
.

When inequality in (6.28) is strict, we obtain convergence to zero of the
distance function.

Corollary 4. Let X and Y be Hilbert, f : X Ñ p´8,`8s be a proper
lsc ρ-weakly convex function, g : Y Ñ p´8,`8s be proper lsc convex and
L : X Ñ Y be a bounded linear operator. Let pxnqnPN, pynqnPN be the sequences
generated by Algorithm 5. Let us assume that σρ ` θ

?
στ}L} ă 1 and the

Lagrangian is inf-sharp in the sense of Definition 12 with respect to the set
of saddle points S ‰ H. If the starting point px0, y0q satisfies

distppx0, y0q, Sq ă
µ

max
 

1
2σ
, 1

2τ

(

´ A
,

where A “ min
!

1´
?
στ}L}
2τ

, 1´σρ´θ
?
στ}L}

2σ

)

. Then distppxn, ynq, Sq tends to zero
as nÑ 8.

Proof. By assumption and Proposition 18, distppxn, ynq, Sq is non-increasing
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and
distppxn, ynq, Sq ă

µ

max
 

1
2σ
, 1

2τ

(

´ A
,

for all n P N. Moreover, we have
ˆ

A`
µ

distppx0, y0q, Sq

˙

dist2
ppxn`1, yn`1q, Sq

ď

ˆ

A`
µ

distppxn`1, yn`1q, Sq

˙

dist2
ppxn`1, yn`1q, Sq

ď max

"

1

2σ
,

1

2τ

*

dist2
ppxn, ynq, Sq. (6.35)

Inequality (6.35) implies that

dist2
ppxn`1, yn`1q, Sq ď pBq

n´1dist2
ppx0, y0q, Sq, (6.36)

where

B :“
max

 

1
2σ
, 1

2τ

(

A` µ
distppx0,y0q,Sq

.

By assumption on distppx0, y0q, Sq, we have 0 ă B ă 1 since

A`
µ

distppx0, y0q, Sq
ą max

"

1

2σ
,

1

2τ

*

.

As (6.36) holds for any n P N, we let nÑ 8 and we infer that

lim
nÑ8

distppxn, ynq, Sq “ 0.

Next, we prove the convergence of pxn, ynqnPN toward the set of saddle
points in S.

Theorem 18. Let X and Y be Hilbert, f : X Ñ p´8,`8s be a proper
lsc ρ-weakly convex function, g : Y Ñ p´8,`8s be proper lsc convex and
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L : X Ñ Y be a bounded linear operator. Let pxnqnPN, pynqnPN be the sequences
generated by Algorithm 5. Let us assume that the stepsizes τ, σ satisfy σρ`
θ
?
στ}L} ă 1, and the Lagrangian is inf-sharp in the sense of Definition 12

with respect to the set of saddle point S ‰ H. If the starting point px0, y0q

satisfies
distppx0, y0q, Sq ă

µ

max
 

1
2σ
, 1

2τ

(

´ A
,

where A “ min
!

1´
?
στ}L}
2τ

, 1´σρ´θ
?
στ}L}

2σ

)

. Then pxn, ynq converges to a saddle
point.

Proof. By (6.26) from Proposition 17 and the inf-sharpness of Lagrangian,
we have

max

"

1

2σ
,

1

2τ

*

dist2
ppxn, ynq, Sq

ě Adist2
ppxn`1, yn`1q, Sq ` µdistppxn`1, yn`1q, Sq.

`
1´ θ

?
στ}L}

2τ
}yn ´ yn`1}

2
`

1´
?
στ}L}

2σ
}xn ´ xn`1}

2

ě min

"

1´ θ
?
στ}L}

2τ
,
1´

?
στ}L}

2σ

*

}pxn, ynq ´ pxn`1, yn`1q}
2
XˆY . (6.37)

Taking square root on both sides of (6.37) and summing up till N P N,
combining with the result from Corollary 4, we obtain

C
N
ÿ

i“0

B
i´1
2 ě

N
ÿ

i“0

}pxi, yiq ´ pxi`1, yi`1q}XˆY , (6.38)

where

B “
max

 

1
2σ
, 1

2τ

(

A` µ
distppx0,y0q,Sq

, C :“

g

f

f

e

max
 

1
2σ
, 1

2τ

(

min
!

1´θ
?
στ}L}

2τ
, 1´

?
στ}L}
2σ

)distppx0, y0q, Sq.

We have 0 ă B ă 1 as follow from the proof of Corollary 4. Letting N Ñ 8,
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the LHS of (6.38) is summable which implies that

ÿ

i

}pxi, yiq ´ pxi`1, yi`1q}XˆY ă `8.

As X, Y are Hilbert, so is XˆY . By [14, Theorem 1], pxn, ynqnPN is Cauchy ,
so it converges. Combining this with the result obtained in Corollary 4 which
is distppxn, ynq, Sq Ñ 0 as nÑ 8, pxn, ynqnPN must converge to a saddle point
in S.

6.2.2 Primal-Dual algorithm with primal update first

In this subsection, we consider Algorithm 6 which differs from Algorithm 5 by
updating the primal variable xn first instead of yn. We show the convergence
results similar to Proposition 18 and Theorem 18 of the previous subsection
with some differences concerning the assumption on the stepsizes τ, σ ą 0.
Algorithm 6: Primal-Dual Algorithm with primal update first
Initialize: x0 P dom f X dom g ˝ L and x̄0 “ x0

Set: τ, σ ą 0, σρ ă 1, θ P r0, 1s,
?
στ}L} ă 1

Update:

xn`1 “ argminxPXfpxq `
1

2σ
}x´ xn ` τL

˚yn}
2

x̄n`1 “ xn`1 ` θpxn`1 ´ xnq

yn`1 “ argminyPY g
˚
pyq `

1

2τ
}y ´ yn ´ τLx̄n`1}

2

Analogously to Proposition 17, we start by analyzing the behavior of the
Lagrangian values given as in problem (6.11).

Proposition 19. Let X, Y be Hilbert spaces, f : X Ñ p´8,`8s be proper
lsc ρ-weakly convex function and g : Y Ñ p´8,`8s be proper lsc convex
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defined on Hilbert spaces X and Y , respectively, and L : X Ñ Y be a bounded
linear operator. Let pxnqnPN, pynqnPN be sequences generated by Algorithm 6.
Then for any px, yq P X ˆ Y , we have

L px, yn`1q ´ L pxn`1, yq

ě
1´ θ

?
στ}L}

2τ
}y ´ yn`1}

2
´

1

2τ
}y ´ yn}

2
`

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`
1´ σρ´

?
στ}L}

2σ
}x´ xn`1}

2
´

1

2σ
}x´ xn}

2
`

1´ θ
?
στ}L}

2σ
}xn ´ xn`1}

2 .

(6.39)

Proof. We proceed similar to the proof of Proposition 17 and obtain the
following

L px, yn`1q ´ L pxn`1, yq

ě

Ayn ´ yn`1

τ
, y ´ yn`1

E

` xLx̄n`1, y ´ yn`1y `

Axn ´ xn`1

σ
, x´ xn`1

E

´ xL˚yn, x´ xn`1y ´
ρ

2
}x´ xn`1}

2
` xLx, yn`1y ´ xLxn`1, yy

“

Ayn ´ yn`1

τ
, y ´ yn`1

E

`

Axn ´ xn`1

σ
, x´ xn`1

E

´
ρ

2
}x´ xn`1}

2

` xLpx̄n`1 ´ xn`1q, y ´ yn`1y ` xLpx´ xn`1q, yn`1 ´ yny. (6.40)

For the last terms of (6.40), we have

xLpx̄n`1 ´ xn`1q, y ´ yn`1y ` xLpx´ xn`1q, yn`1 ´ yny

“θxL pxn`1 ´ xnq , y ´ yn`1y ` xL px´ xn`1q , yn`1 ´ yny

ě ´
?
στ}L}

ˆ

θ
}xn ´ xn`1}

2

2σ
` θ

}y ´ yn`1}
2

2τ
`
}x´ xn`1}

2

2σ
`
}yn ´ yn`1}

2

2τ

˙

.
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Inequality (6.40) becomes

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

`

}y ´ yn`1}
2
´ }y ´ yn}

2
` }yn ´ yn`1}

2
˘

´
ρ

2
}x´ xn`1}

2

`
1

2σ

`

}x´ xn`1}
2
´ }x´ xn}

2
` }xn ´ xn`1}

2
˘

´
?
στ}L}

ˆ

θ
}xn ´ xn`1}

2

2σ
` θ

}y ´ yn`1}
2

2τ
`
}x´ xn`1}

2

2σ
`
}yn ´ yn`1}

2

2τ

˙

“
1´ θ

?
στ}L}

2τ
}y ´ yn`1}

2
´

1

2τ
}y ´ yn}

2
`

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`
1´ σρ´

?
στ}L}

2σ
}x´ xn`1}

2
´

1

2σ
}x´ xn}

2
`

1´ θ
?
στ}L}

2σ
}xn ´ xn`1}

2 ,

which is (6.39).

As we can see, the difference between Proposition 17 and Proposition 19
is position of θ which appears in the term }y´ yn`1}

2 instead of }x´ xn`1}
2.

This will cause a small change in the bound of distppxn, ynq, Sq as we see in
the next result.

Proposition 20. Let X and Y be Hilbert, f : X Ñ p´8,`8s be a proper
lsc ρ-weakly convex function, g : Y Ñ p´8,`8s be proper lsc convex and
L : X Ñ Y be a bounded linear operator. Let pxnqnPN, pynqnPN be the sequences
generated by Algorithm 6. Let us assume that the stepsizes τ, σ satisfy σρ`
?
στ}L} ă 1 and the Lagrangian is inf-sharp in the sense of Definition 12

with respect to the set of saddle points S ‰ H. At iteration n P N, if

distppxn, ynq, Sq ď
µ

max
 

1
2σ
, 1

2τ

(

´ A1

, (6.41)

then
distppxn`1, yn`1q, Sq ď

µ

max
 

1
2σ
, 1

2τ

(

´ A1

,



6.2. CONVERGENCE ANALYSIS 161

where A1 :“ min
!

1´θ
?
στ}L}

2τ
, 1´σρ´

?
στ}L}

2σ

)

. Moreover,

dist2ppxn, ynq, Sq ě dist2ppxn`1, yn`1q, Sq. (6.42)

As a consequence, if the initials px0, y0q satisfy

distppx0, y0q, Sq ă
µ

max
 

1
2σ
, 1

2τ

(

´ A1

.

Then distppxn, ynq, Sq tends to zero as nÑ 8.

The proof of Proposition 20 follows the same lines as the proof of Propo-
sition 18 and Corollary 4 so we will not give it here. As pdistppxn, ynq, SqqnPN
with pxnqnPN, pynqnPN generated by Algorithm 6 behaves in the same way as
in the case of Algorithm 5, so is the convergence of pxn, ynqnPN.

Theorem 19. Let X and Y be Hilbert, f : X Ñ p´8,`8s be a proper
lsc ρ-weakly convex function, g : Y Ñ p´8,`8s be proper lsc convex and
L : X Ñ Y be a bounded linear operator. Let pxnqnPN, pynqnPN be the sequences
generated by Algorithm 6. Let us assume that the stepsizes τ, σ satisfy σρ`
?
στ}L} ă 1 and the Lagrangian is inf-sharp in the sense of Definition 12

with respect to the set of saddle point S ‰ H. If the starting point px0, y0q

satisfies
distppx0, y0q, Sq ă

µ

max
 

1
2σ
, 1

2τ

(

´ A1

, (6.43)

where A1 “ min
!

1´θ
?
στ}L}

2τ
, 1´σρ´

?
στ}L}

2σ

)

. Then pxn, ynq converges to a sad-
dle point.

The condition (6.43) gives us the radius of an open ball around the set S
such that Algorithm 6 converges to a saddle point provided we start inside
the ball. When starting outside the ball, the sequences can converges to other
points but the saddle point. We will observe this behavior in the numerical
example below.
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6.3 Primal-Dual algorithm using ΦR
lsc-prox

In this section, we apply our newly defined ΦR
lsc-proximal operator (5.4) to

propose a primal-dual algorithm and investigate its convergence. We con-
sider the primal problem (6.1) and its Lagrange dual (6.11), where g : Y Ñ

p´8,`8s is proper lsc convex, f : X Ñ p´8,`8s is ΦR
lsc-convex and

L : X Ñ Y is a bounded linear operator. Recall that px̂, ŷq P X ˆ Y is
a saddle point of Lagrangian in (6.11) if the following are satisfied

p@px, yq P X ˆ Y q Lpx, ŷq ě Lpx̂, ŷq ě Lpx̂, yq.

Applying this definition to the Lagrangian in (6.11), we have

p@x P Xq fpxq ´ fpx̂q ě ´xŷ, Lpx´ x̂qy,

p@y P Y q g˚pyq ´ g˚pŷq ě xLx̂, Lpy ´ ŷqy.

We can rewrite the above inequalities in the form of subdifferentials

Lx̂ P Bg˚pŷq,

p0,´L˚ŷq P BRlscfpx̂q. (6.44)

This is known as KKT condition for the Lagrangian primal-dual problems
(6.11).

In Algorithm 7, we use the update inspired by Chambolle-Pock Algorithm
[25, Algorithm 1]. For this case, we take θ “ 1. By replacing the primal
update of [25, Algorithm 1] with ΦR

lsc-proximal update below, we call this
new algorithm ΦR

lsc-Chambolle-Pock Algorithm and show that we can obtain
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convergence without relying on sharpness condition.

Algorithm 7: ΦR
lsc-Chambolle-Pock Algorithm

Initialize: Choose τ, σ ą 0, px0, y0q P X ˆ Y and x̄0 “ x0

Update: For n P N,

• yn`1 “ argmin
yPY

g˚pyq ` 1
2τ
}y ´ yn ´ τLx̄n}

2

• We update the primal step as follow:

� Pick
´

an, p
1
γ
` 2anqxn

¯

P Jγpxnq according to (5.1)

� Pick xn`1 P argmin
zPX

fpzq ` xL˚yn`1, zy `
´

1
2γ
` an

¯

}z ´ xn}
2

• x̄n`1 “ 2xn`1 ´ xn

According formula (5.4), the ΦR
lsc-proximal operator is defined as

proxlsc,R
γf pxq :“

`

Jγ ` B
R
lscf

˘´1
Jγpxq,

which we use to update our primal variable pxnqnPN. We present our main
results in the next theorem.

Theorem 20. Let f : X Ñ p´8,`8s be a proper ΦR
lsc-convex, g : Y Ñ

p´8,`8s be a proper lsc convex function and L : X Ñ Y be a bounded
linear operator. Let pxnqnPN, pynqnPN, px̄nqnPN and panqnPN be the sequences
generated by Algorithm 7. Assume that τσ}L}2 ă 1 and 1` 2σan ą

?
στ}L}

for all n P N, then we have
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(i) For any px, yq P X ˆ Y ,

N
ÿ

n“0

L px, yn`1q ´ L pxn`1, yq

ě
1´

?
στ}L}

2τ
}y ´ yN`1}

2
´

1

2τ
}y ´ y0}

2

`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x´ x0}
2, (6.45)

where Lpx, yq “ fpxq ` xLx, yy ´ g˚pyq is the Lagrangian.

(ii) The sequences pxn, ynqnPN are bounded.

(iii) If X, Y are finite dimensional and panqnPN converges, then pxn, ynqnPN
converges to a saddle point in the sense of (6.44).

Proof. From the update of Algorithm 7, we have

yn ´ yn`1

τ
` Lx̄n P Bg

˚
pyn`1q ,

φn ´ φn`1 P B
R
lscpf ` xL

˚yn`1, ¨yqpxn`1q. (6.46)

In the same way as in Proposition 17, we obtain an estimation analogous to
(6.27),

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

“

}y ´ yn`1}
2
` }yn ´ yn`1}

2
´ }y ´ yn}

2
‰

`

ˆ

1

2σ
` an`1

˙

}x´ xn`1}
2
`

ˆ

1

2σ
` an

˙

`

}xn ´ xn`1}
2
´ }x´ xn}

2
˘

` xLx̄n, y ´ yn`1y ´ xyn`1, Lpx´ xn`1qy ` xyn`1, Lxy ´ xy, Lxn`1y. (6.47)
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By using x̄n “ 2xn ´ xn´1 in the last line of (6.47),

xLx̄n, y ´ yn`1y ´ xyn`1, Lpx´ xn`1qy ` xyn`1, Lxy ´ xy, Lxn`1y

“xLp2xn ´ xn´1 ´ xn`1q, y ´ yn`1y

“xLpxn ´ xn`1q, y ´ yn`1y ´ xLpxn´1 ´ xnq, y ´ yny ` xLpxn ´ xn´1q, yn ´ yn`1y

ďxLpxn ´ xn`1q, y ´ yn`1y ´ xLpxn´1 ´ xnq, y ´ yny

`

?
στ}L}

2τ
}yn ´ yn`1}

2
`

?
στ}L}

2σ
}xn ´ xn´1}

2. (6.48)

Plugging (6.48) back into (6.47),

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

“

}y ´ yn`1}
2
´ }y ´ yn}

2
‰

`
1´

?
στ}L}

2τ
}yn ´ yn`1}

2

`

ˆ

1

2σ
` an`1

˙

}x´ xn`1}
2
´

ˆ

1

2σ
` an

˙

}x´ xn}
2

` xLpxn ´ xn`1q, y ´ yn`1y ´ xLpxn´1 ´ xnq, y ´ yny

`

ˆ

1

2σ
` an

˙

}xn ´ xn`1}
2
´

?
στ}L}

2σ
}xn ´ xn´1}

2. (6.49)

Summing (6.49) to N P N, and we obtain

N
ÿ

n“0

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

“

}y ´ yN`1}
2
´ }y ´ y0}

2
‰

`

N
ÿ

n“0

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x´ x0}
2

`

ˆ

1

2σ
` aN

˙

}xN ´ xN`1}
2
`

N´1
ÿ

n“0

ˆ

1´
?
στ}L}

2σ
` an´1

˙

}xn ´ xn´1}
2

` xLpxN ´ xN`1q, y ´ yN`1y. (6.50)
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We separate the inner product term on RHS of (6.50) using Young’s inequal-
ity

xLpxN ´ xN`1q, y ´ yN`1y ď

?
στ}L}

2τ
}y ´ yN`1}

2
`

?
στ}L}

2σ
}xN ´ xN`1}

2.

Hence, we have

N
ÿ

n“0

L px, yn`1q ´ L pxn`1, yq

ě
1´

?
στ}L}

2τ
}y ´ yN`1}

2
´

1

2τ
}y ´ y0}

2
`

N
ÿ

n“0

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x´ x0}
2

`

N
ÿ

n“0

ˆ

1´
?
στ}L}

2σ
` an

˙

}xn ´ xn`1}
2. (6.51)

By assumption,
?
στ}L} ă 1 and 1` 2σan ą

?
στ}L} for all n P N, we have

N
ÿ

n“0

L px, yn`1q ´ L pxn`1, yq ě
1´

?
στ}L}

2τ
}y ´ yN`1}

2
´

1

2τ
}y ´ y0}

2

`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x´ x0}
2,

which is (6.45). Since (6.45) holds for all px, yq P X ˆ Y , we can take
px, yq “ px˚, y˚q as the saddle point. By (6.13), we have

0 ě
N
ÿ

n“0

L px˚, yn`1q ´ L pxn`1, y
˚
q

ě
1´

?
στ}L}

2τ
}y˚ ´ yN`1}

2
´

1

2τ
}y˚ ´ y0}

2

`

ˆ

1

2σ
` aN`1

˙

}x˚ ´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x˚ ´ x0}
2.
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This implies that pxnqnPN, pynqnPN are bounded.
Let X, Y be finite dimensional. In view of the above, let pxnkqkPN, pynkqkPN

be the subsequences of pxnqnPN, pynqnPN which converge to x and y, respec-
tively. By (6.51), with px, yq “ px˚, y˚q as a saddle point, we have

0 ě
N
ÿ

n“0

L px˚, yn`1q ´ L pxn`1, y
˚
q

ě
1´

?
στ}L}

2τ
}y˚ ´ yN`1}

2
´

1

2τ
}y˚ ´ y0}

2
`

N
ÿ

n“0

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`

ˆ

1

2σ
` aN`1

˙

}x˚ ´ xN`1}
2
´

ˆ

1

2σ
` a0

˙

}x˚ ´ x0}
2

`

N
ÿ

n“0

ˆ

1´
?
στ}L}

2σ
` an

˙

}xn ´ xn`1}
2

ě

N
ÿ

n“0

1´
?
στ}L}

2τ
}yn ´ yn`1}

2
`

N
ÿ

n“0

ˆ

1´
?
στ}L}

2σ
` an

˙

}xn ´ xn`1}
2

´
1

2τ
}y˚ ´ y0}

2
´

ˆ

1

2σ
` a0

˙

}x˚ ´ x0}
2.

Letting N Ñ 8, we have the two sums above are finite. This means

}yn ´ yn`1}
2
Ñ 0,

ˆ

1´
?
στ}L}

2σ
` an

˙

}xn ´ xn`1}
2
Ñ 0.

By assumption, 1` 2σan ą
?
στ}L} for all n P N and panqnPN converges,

we infer
lim
nÑ8

}xn ´ xn`1} “ lim
nÑ8

}yn ´ yn`1} “ 0.

Then xnk`1 Ñ x and ynk`1 Ñ y as well. Now we want to prove that px, yq
is a saddle point. By (6.46), we have, for every y P Y ,

g˚pyq ´ g˚pynk`1q ě x
ynk ´ ynk`1

τ
` Lx̄nk .y ´ ynk`1y.

Since g˚ is lsc convex [6, Proposition 13.13], letting k Ñ 8, we have, for
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every y P Y ,

g˚pyq ´ g˚pyq ě lim inf
kÑ8

g˚pyq ´ g˚pynk`1q

ě lim inf
kÑ8

x
ynk ´ ynk`1

τ
` Lx̄nk .y ´ ynk`1y

“ xLx, y ´ yy. (6.52)

Similarly for lsc f , by (6.51), for every x P X,

fpxq ´ fpxnk`1q ě pφnk ´ φnk`1qpxq ´ pφnk ´ φnk`1qpxnk`1q

´ xL˚yn`1, x´ xnk`1y

“

ˆ

1

2σ
` ank`1

˙

}x´ xnk`1}
2
´

ˆ

1

2σ
` ank

˙

}x´ xnk}
2

`

ˆ

1

2σ
` ank

˙

}xnk`1 ´ xnk}
2
´ xL˚ynk`1, x´ xnk`1y,

where φn “ pan, p1{σ ` 2anqxnq P ΦR
lsc, the second equality can be followed

as in the proof of Proposition 12 for (5.25).
Letting k Ñ 8 and note that panqnPN converges, we obtain

fpxq ´ fpxq ě lim inf
kÑ8

fpxq ´ fpxnk`1q

ě lim inf
kÑ8

„ˆ

1

2σ
` ank`1

˙

}x´ xnk`1}
2
´

ˆ

1

2σ
` ank

˙

}x´ xnk}
2

`

ˆ

1

2σ
` ank

˙

}xnk`1 ´ xnk}
2
´ xL˚ynk`1, x´ xnk`1y,



ě ´xL˚y, x´ xy. (6.53)

As (6.53) and (6.52) hold for all px, yq P XˆY , this means that px, yq satisfies
the KKT condition (6.44) and so it is a saddle point.

Next, we prove that the sequence pxn, ynqnPN converges to px, yq. Let us
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consider the sum of (6.49) from nk to N ą nk with px, yq “ px, yq and obtain

0 ě
N
ÿ

n“nk

L px, yn`1q ´ L pxn`1, yq

ě
1

2τ

“

}y ´ yN`1}
2
´ }y ´ ynk}

2
‰

`

N
ÿ

n“nk

1´
?
στ}L}

2τ
}yn ´ yn`1}

2

`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2
´

ˆ

1

2σ
` ank

˙

}x´ xnk}
2

`

ˆ

1

2σ
` aN

˙

}xN ´ xN`1}
2
`

N´1
ÿ

n“nk

ˆ

1´
?
στ}L}

2σ
` an´1

˙

}xn ´ xn´1}
2

` xLpxN ´ xN`1q, y ´ yN`1y ´ xLpxnk´1 ´ xnkq, y ´ ynky.

As 1` 2σan ą 0 for all n P N, we have

1

2τ
}y ´ ynk}

2
`

ˆ

1

2σ
` ank

˙

}x´ xnk}
2

ě
1

2τ
}y ´ yN`1}

2
`

ˆ

1

2σ
` aN`1

˙

}x´ xN`1}
2

` xLpxN ´ xN`1q, y ´ yN`1y ´ xLpxnk´1 ´ xnkq, y ´ ynky. (6.54)

Letting k Ñ 8, N Ñ 8, the LHS and inner product terms of (6.54) go to
zero, which implies xN`1 Ñ x and yN`1 Ñ y. Hence, the whole sequences
pxnqnPN and pynqnPN converge to x and y, respectively.

Remark 22. While we only obtain convergence in finite dimensional case,
the results in Theorem 20 (iii) are obtained for a large class of functions which
are nonconvex. For instance, in contrast to Algorithm 5 and Algorithm 6, we
do not assume any sharpness condition to derive convergence as in Theorem
18 and Theorem 19. One important reason of this fact is that we have
calculated ΦR

lsc-proximal operator (5.4), while requiring panqnPN converges in
order to obtain convergence of the constructed sequences to a saddle point.
Nonetheless, we do not need to rely on a stronger assumption such as inf-
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sharpness like in the previous section.

6.4 Numerical Examples

We demonstrate the performance of Algorithm 5 with several examples.

Example 22. We recall Lagrangian in Example 20

Lpx, yq “ |x| ` xy ´ |y|.

The respective primal and dual problems for this Lagrangian are

inf
´1ďxď1

|x|, sup
´1ďyď1

´|y|.

Setting: We set τ “ 0.25, σ “ 0.75, θ “ 1, maximum number of iteration
N “ 2001. We randomized the starting point in the interval r´10, 10s.
For each step, we calculate the proximal operator of the absolute function
fpxq “ |x| which has an explicit form,

proxγf px0q “

$

’

’

’

&

’

’

’

%

x0 ´ γ x0 ě γ,

x0 ` γ x0 ď ´γ,

0 ´γ ă x0 ă γ.

We plot the distance at each iteration to the saddle point and the primal,
dual iterate in Figure 6.6. This is a special case because by the nature of
proximal operator for f , which return zero whenever the iterate is closed
enough. That is why just after a few iterations, both primal and dual iterate
take zero value.

Example 23. We consider the Lagrangian

Lpx, yq “ |x| ` |x2
´ 2| ` xy ´ |y| ´ |y2

´ 2|,
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(a) (b)

Figure 6.6: Example 22. From left to right: distance to the solution; primal-
dual iterates.

which has a similar form as in Example 21. It also has one saddle point
at p0, 0q. We run Algorithm 5 for this Lagrangian in two cases: inside and
outside the region mentioned in Theorem 18. To compute the primal and
dual update of Algorithm 5, we use Scipy package in Python to approximate
the proximal operator in each step.

Setting: We set τ “ 0.25, σ “ 0.35, θ “ 1 and we take sharpness constant
µ “ 0.9. The weakly convex modulus ρ “ 2 so the quantity

µ

max
 

1
2σ
, 1

2τ

(

´ A
« 0.3199, (6.55)

where A “ min
!

1´
?
στ}L}
2τ

, 1´σρ´θ
?
στ}L}

2σ

)

« 0.00599. For the first case, we
randomize the starting points px0, y0q P r´0.3199, 0.3199s2 and for the second
case, r´10, 10s2. We plot the distance of the iterate to the saddle point and
primal/ dual iterate in Figure 6.7 for the first case and Figure 6.8 for the
second case. Notice the differences in two figures as the sequences converge
to different points from the saddle point in the second case.

For ΦR
lsc-Chambolle-Pock Algorithm 7, we give two illustrative examples.
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(a) (b)

Figure 6.7: Example 23 first case. From left to right: distance to the solution;
primal-dual iterates.

(a) (b)

Figure 6.8: Example 23 second case. From left to right: distance to the
solution; primal-dual iterates.
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Figure 6.9: Objective function in Example 24.

Example 24. Consider the following problem in the real line

min
xPR

2|x2
´ 1| `

x2

4
. (6.56)

We can treat this problem as a composite minimization (6.1) with fpxq “
2|x2´ 1|, gpyq “ y2 and L “ 1{2 is the scaling factor. The objective function
is illustrated in figure 6.9. It is easy to identify the minimizers which is
x “ ˘1. Thanks to the structure of function g, we can calculate g˚ which is

g˚pyq “
y2

4
.
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Hence, the updates in Algorithm 7 looks like this

yn`1 “ argmin
yPY

y2

4
`

1

2τ
py ´ yn ´ τLx̄nq

2,

xn`1 P proxlsc,R
σpf`xL˚yn`1,¨y

pxnq,

x̄n`1 “ 2xn`1 ´ xn.

The stepsizes τ, σ ą 0 are chosen such that τσ}L}2 ă 1. We can write the
dual update explicitly as

yn`1 “
2pyn ` τLxnq

τ ` 2
.

While for the primal update, from Theorem 11,

xn`1 P argmin
xPR

2|x2
´ 1| ` yn`1Lx`

ˆ

1

2σ
` an

˙

px´ xnq
2,

where an ě ´ 1
2σ

will be chosen later.

Setting: We take τ “ 0.25, σ “ 0.75 and fix the number of iteration N “

2001. The parameter a0 “ 0.1 and updating rule will be

an`1 “ an ` 0.1.

For starting points, px0, y0q will be randomized uniformly in r´10, 10s. To
find xn`1, we use approximation method BFGS which is available in Scipy
package (Python). For illustration, we plot the following: the objective func-
tion value, the distance of the primal iterate to the solution and the behavior
of the dual iterate (see figure 6.10).

Example 25 (Binary tomography). Binary Tomography (BT) is a special
case of Discrete Tomography (DT) which aims at reconstructing binary im-
ages starting from a limited number of their projections [84, 61]. The image
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(a) (b) (c)

Figure 6.10: From left to right: distance from the iterate to the minimizer;
distance to the optimal value; primal and dual iterates.

x P Rn is represented as a grid of n “ n1ˆn2 pixels taking values xj P t´1, 1u

for j “ 1, . . . , n. The projections yi for i “ 1, . . . ,m are linear combinations
of the pixels along m directions. The linear transformation from image to
projections is modelled as

y “ Ax` ω, (6.57)

where xj denotes the value of the image in the j-th cell, yi is the weighted
sum of the image along the i-th ray, the element Ai,j of matrix A P Rmˆn is
proportional to the length of the i-th ray in the j-th cell and finally ω P Rn is
an additive noise with Gaussian distribution and standard deviation σ ą 0.
In general, the projection matrix A has a low rank, meaning that rankpAq ă

mintn,mu [61]. We model the problem as

minimize
xPRn,xiPt´1,1u

}Ax´ y}22
2

. (6.58)

Instead of considering the binary variable x, we can turn problem (6.58) into
a continuous one by adding the function F : Rn Ñ R defined as

F pxq “
n
ÿ

i“1

|x2
i ´ 1|, (6.59)

which is separable as the sum of functions fipxq “ |x2
i ´ 1|. Observe that F
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is a weakly convex function with the set of minimisers

SF “ tx “ px1, . . . , xnq P Rn
|xi P t´1, 1u for i “ 1, . . . , nu “ t´1, 1un,

and can be seen as a non-smooth counterpart to the function x ÞÑ
řn
i“1 x

2
i pxi ´ 1q2,

x P Rn, proposed in [94] to promote binary integer solutions (with values in
t0, 1un) in Markov Random Field approaches. To the best of our knowledge,
this is the first work where function F is used in such a context.

Problem (6.58) transforms into

minimize
xPRn

}Ax´ y}22
2

` F pxq. (6.60)

We can write the objective function of (6.60) in the form of composite func-
tions F pxq`GpAxq and implement ΦR

lsc-Chambolle-Pock Algorithm 7 to solve
this problem.

The function G : Rm Ñ R is Gpzq “ }z´y}2

2
which has the conjugate

G˚pvq “
}v}2

2
` xv, yy,

and we can write the dual update similar to the previous examples, which is

vn`1 “
vn ` τpAxn ´ yq

τ ` 1
.

For the primal step, it can be calculated as a proximal step as we mention
in Algorithm 1 from Chapter 5. Specifically, since the function F is weakly
convex, we can obtain an explicit form of convex proximal operator for each
component of F i.e. the function Fpxq “ |x2 ´ 1| (see [11, Remark 8]). For



6.4. NUMERICAL EXAMPLES 177

α ą 0, y P R, we have

p@y P Rq proxαFpyq “

$

’

’

’

&

’

’

’

%

y
1`2α

if |y| ą 1` 2α,

y
1´2α

if |y| ă 1´ 2α,

y
|y|

otherwise.

(6.61)

Remark 23. The model in (6.58) (for appropriate choices of matrix A P

Rmˆn, vector y P Rm and possible additional convex constraints) could be
applied to other Binary Quadratic Programs (a special class of QCQP prob-
lems having the equality constraint x2

i “ 1 for every i P t1, . . . , nu ) arising
in Computer Vision, such as Graph Bisection, Graph Matching and Image
Co-Segmentation (see [91, Table 2] and the references therein).

Setting: For ΦR
lsc-Chambolle-Pock Algorithm, we fix the number of iter-

ation to 500, stepsizes τ “ σ “ 0.9
}A}

to ensure that τσ}A}2 ă 1. For the
parameter an, we start with a0 “ 100 and updating an`1 “ an ´

1
n2 .

Numerical tests For our simulations we used the MATLAB codes and
data from [61, 60]. We reproduced the same synthetic setting and test from
simple to complex images: Consider multiples phantoms (Apple, Bird, Lizard,
Octopus, Spring, Horse, Pocket Watch and Blood Vessels ), corresponding to
binary images of size 64 x 64 pixels. Operator A models an X-ray tomo-
graphic scan with 64 detectors and a parallel beam acquisition geometry
with four angles (0°, 50°, 100°, 150°). We set σ “ 0.01 for the additive
noise. Figure 6.11 illustrates, from left to right, the original image and the
reconstructions obtained with the Least Squares QR method (LSQR), with
the Truncated Least Squares QR method (TLSQR), with the DUAL method
proposed in [61] and finally our proposed Algorithm 7 applied to (6.60),
which we refer to as ΦR

lsc-Chambolle-Pock method (ΦR
lsc-CP). All methods

are initialised with a vector of zeros.



6.4. NUMERICAL EXAMPLES 178

ORIG LSQR TLSQR DUAL ΦR
lsc-CP

Figure 6.11: Comparisons between different solutions. From left to right:
original image, least squares solution, thresholded least squares solution, so-
lution obtained with the dual method proposed in [61], solution obtained
with our model.



Chapter 7

Conclusion and Future Work

The thesis investigates the class of abstract convex functions which are mi-
norized by elementary functions with specific structure Φ. We point out that
a proper lsc convex function is also abstract convex with respect to the class
of affine function. More generally, the function is also abstract convex when
the class of elementary functions is quadratic (ΦR

lsc). The class of ΦR
lsc-convex

functions also consists of strongly convex and weakly convex functions.
Together with abstract convexity, one can define abstract conjugate and

abstract subdifferentials which take on similar forms as in classical convex
conjugate and convex subdifferentials. With these powerful tools, we success-
fully construct an abstract conjugate dual problem to the general composite
minimization problem where the objective functions are nonconvex. By using
abstract subdifferentials, we prove zero duality where the primal and dual
problems have the same value. We move one step further by establishing
conditions which strong duality is obtained.

On the other hand, conjugate dual problem can be written as Lagrange
dual problem. We then determine Lagrangian and define Lagrange primal
problem and state the connection to the composite minimisation problem.
By making use of "intersection property", we manage to prove Lagrange zero
duality gap and also conjugate zero duality gap from Lagrange duality.
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The second part of this work is about algorithms. The final goal is to
have a primal-dual algorithm for solving the composite minimisation problem
through abstract conjugate dual. Instead of considering a general abstract
function, we limit ourselves to the class of ΦR

lsc as elementary functions. This
helps us define ΦR

lsc-proximal operator and propose ΦR
lsc-proximal based algo-

rithms such as ΦR
lsc-proximal point, ΦR

lsc-Forward-Backward or ΦR
lsc-Projected

Subgradient for several types of minimisation problems. We also give a de-
tailed convergence analysis of these algorithms and remarks the similarities
to the one in convex analysis.

For primal-dual algorithm, we manage to apply the new ΦR
lsc-proximal

operator to conjugate primal-dual problems where one function is convex
and other is ΦR

lsc-convex. Since ΦR
lsc-convex functions are related to weakly

convex, we turn our attention to conjugated primal-dual problems where
one function is convex and other is weakly convex. We propose different
types of primal-dual updates and investigate their convergence. To obtain
convergence, we assume that the Lagrangian is sharp with respect to the set
of saddle points. Otherwise, if the primal objective function is sharp to its
solutions, then primal-dual algorithm converges under certain assumptions.

During and after this work, there are several questions which I cannot
answer or have not gone into it. These questions can serve as starting points
for future discussions.

(i) Subddiferentials sum rule: We want to find conditions which ab-
stract subdifferentials of sum of functions can be expressed as the sum
of subdifferentials of each function. From the observation of zero dual-
ity gap i.e. Theorem 4 and Corollary 2, there is a connection between
conjugate duality and subdifferentials sum rule. It is a difficult prob-
lem if we consider two different functions with two different classes of
elementary functions.

(ii) Abstract convex set: Even though we investigate conjugate duality
and Lagrange duality using abstract convexity, we only use abstract
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conjugate and abstract subdifferentials for functions. We have not
touch the concept of abstract convex set and topological space in the
presence of abstract convexity. This will help us develop a complete
understanding of abstract convexity and the differences to the classical
convexity.

(iii) Gradient/ subgradient algorithms for abstract convex func-
tion: With the definition of abstract subdifferentials, one can think
of subgradient methods to solve minimization problem. However, ab-
stract subgradient is considered as a function, how can we make a
subgradient update? We know that an abstract subgradient is a mi-
norized function, then how can we define a direction toward minimizer
using abstract subgradient?

(iv) ΦR
lsc-proximal algorithms: As we see in Example 16, ΦR

lsc-Projected
subgradient algorithm can terminate early. Similar situations can oc-
cur when the function is not convex. Hence, we want to find conditions
which help us overcome this problem and make the algorithm run in-
definitely.

(v) General abstract proximal operator: We successfully define an
abstract proximal operator and design proximal based algorithms for
abstract convex functions. However, this is for only a specific class of
elementary functions ΦR

lsc. The next step would be to define an abstract
proximal operator which can work on arbitrary class Φ and study its
differences to the classical one in convex analysis.
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