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Abstract

In this thesis, we investigate a class of nonconvex functions with special
structure, which we call abstract convex functions. They are defined on the
basis of generalized Fenchel conjugation and bi-conjugation with arbitrary
coupling functions (or elementary functions). When the coupling functions
are affine, we recover the original convex functions.

Abstract convex functions are accompanied by abstract conjugate and
abstract subdifferentials which are global. Consequently, duality theory for
minimization of abstract convex functions is not the classical one, in gen-
eral, it is not related directly to the dual space. This fact is at the core of
our studies of conjugate and Lagrange dualities for minimization problems
involving abstract convex functions, which is the first task of the thesis.

While the theory of abstract convexity has been developing since the
ninetieth, there is a lack of algorithms and real-life applications of abstract
convex functions. One reason is the non-linearity of elementary functions
which makes it difficult to design practically workable algorithms and inves-
tigate their convergence. The second task of this thesis is to generalize and
adapt some of the algorithmic ideas functioning efficiently in the context of
convex optimization to a specific class of abstract convex functions which we
call ®F -convex.

Finally, we connect the first and the second part of our results to pro-

R
lsc

pose @7 -primal-dual algorithm which exploits the idea of Chambolle-Pock

algorithm.
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Chapter 1
Introduction

Over the last sixty years, convexity has become an essential part of the devel-
opment of optimization and variational analysis. With the surge of computa-
tional power, interests in machine learning and data science have risen, which
makes convexity the backbone of many theories and applications. There ex-
isted many attempts to go beyond convexity by investigating functions like
strongly convex [90], quasi-convex, pseudo-convex, strongly para-convex and
para-convex [78], delta-convex [55], approximately convex [71] etc.

Abstract convexity encompasses many of the above-mentioned classes of
functions. Abstract convexity, presented in the monographs of Rubinov [82],
Pallaschke and Rolewicz [72] is based on the idea of bringing convexity outside
the range of linearity, by introducing the nonlinear environment where a
function becomes an upper envelope of a subset of functions with specific
rules. The term “abstract convexity” was used by Rubinov [82] to describe

functions which are upper envelopes of a given class of function @, i.e.

f(z) = sup{o(z) : X =R, ¢ <[},

ped

where X is a nonempty set. On the other hand, Rolewicz suggested the

terminology "convexity without linearity" in [72].



Consequently, the concept of abstract convexity works well with classical
convex functions. As the supremum operation is retained, many global prop-
erties of convex analysis are still in effect for abstract convexity. Till now,
the books of Pallaschke and Rolewicz [72], and the monograph of Singer
[85] gathered many results about abstract convexity, especially about con-
jugation, subdifferential, and duality. They also have historical results of
the main ideas of abstract convexity and its applications. In [82], Rubi-
nov presented basic notions of abstract convexity and applications to global
optimization problems.

It has been fifty years since the theory of abstract convexity started. It
has made great progress in many disciplines with applications in both theory
and computation. In [83], the authors investigated the class of increasing
star-shaped functions and constructed an algorithm to solve the global opti-
mization problem using abstract convexity. They also generalized the cutting
plane algorithm for nonconvex global minimization problems [83, 2]. While
in [22, 43, 44|, a general version of monotone operator is developed based on
abstract convexity.

In this work, we aim at using abstract convexity in order to solve the

following composite minimization problem,

inf f(x) + (L), (cp)

where X and Y are the domain sets (spaces) of the functions f and g, re-
spectively, the operator L : X — Y. The composite optimization problem
is taken as our main interest as it appears as optimization model in many
data analysis problems and image processing e.g. [18]. This problem has
been studied: convex setting in Hilbert space [6], from the point of view of
variational analysis in finite dimensional setting [77]. Composite problems
can also be considered as regularized problems by treating f(z) as a data
fidelity term and g(Lz) as a penalty term. Such problems are known as total

variation model in image deblurring and denoising [8].



Duality By exploiting properties of the underlying concepts of abstract
convexity, namely, abstract conjugate and abstract subdifferentials, we inves-
tigate optimality conditions of (CP) via suitably formulated dual problem.
By constructing a conjugated dual problem of (CP), we investigate optimal
conditions for both the primal and dual problems which leads us to obtain
zero duality gap and even strong duality.

Several efforts have been made for the last twenty years to investigate du-
alities for optimization problems within the framework of abstract convexity.
In [56], strong duality is proved for infimal convolution of Fenchel’s duality.
In [21], zero duality gap and exact multiplier of augmented Lagrangian are
investigated by using the framework of abstract convexity. While in |86,
87| necessary and sufficient conditions are given to achieve minimax equal-
ity from a general Lagrangian using the definition of abstract convexity. In
the works of Dolgopolik [40], Gorokhovik and Tykoun [50, 49|, the authors
applied abstract convexity to approximate the class of nonsmooth functions
and formulate necessary optimal conditions for global nonsmooth nonconvex
problem. The authors in [19] investigated the problem of minimizing the
finite sum of arbitrary functions and provided conditions for zero duality gap
through infimal convolution dual. On the other hand, in [12], the problem
of zero duality gap is studied with the help of perturbation function.

In the first part of the thesis, entitled Duality for Composite Abstract
Convex Optimization Problems, we define conjugate and Lagrange dual
for problem (CP) and provide necessary and sufficient conditions for zero
duality gap. We also investigate conditions for strong duality for (CP). In
our approach, we generalize the results from [12] by combining our optimality
conditions and intersection property to derive Lagrange zero duality gap. Our
motivation for studying this problem comes from the fact that nonconvex
regularizers, such as ¢y, ¢, (0 < p < 1), smoothly clipped absolute deviation
(SCAD) and minimax concave penalty (MCP), have been gaining a lot of

attention and significant improvement over convex regularizers recently [57,



92, 96, 58].

Algorithms While there are plenty of works on abstract convexity, not
many works are devoted to algorithms for optimization problems involving
abstract convex functions. One reason may come from the fact that ele-
mentary functions are essentially nonlinear and do not belong to the dual
space like gradient or subgradient in convex analysis. Therefore, it is diffi-
cult to design a gradient descent algorithm using abstract subdifferentials.
On the other hand, convexity plays an important role in the convergence
of many algorithms. For example, a lower semicontinuous convex function
is also weakly lower semicontinuous, which implies the equivalence between
weak convergence and strong convergence of the sequence through the func-
tion. Even though gradient descent algorithm is popular, there are many
restrictions to ensure convergence (smoothness, stepsize, etc.). Therefore, in
convex analysis, proximal-based algorithms work well for nonsmooth func-
tions and even nonconvex functions with special structures. In particular,
many primal-dual algorithms are proximal-based.

In the second part of the thesis, entitled Algorithms for Compos-

R

e-Convex Functions, we aim

ite Optimization Problems involving ¢
at introducing an abstract convex proximal operator with abstract subdif-
ferentials, formulating and investigating the convergence of: Proximal point
algorithm, Forward-Backward algorithm, Projected Subgradient and Primal-
Dual algorithm by using this abstract proximal operator.

We focus on the class of @ -convex functions. The elements ¢ of the

R

s are quadratic functions defined on Hilbert space X i.e.

class @
o(x) == —alz|? + (u,2) + ¢,

where u € X, a,c € R. The main advantage of choosing this class is that the

iterative schemes we propose are practically realizable, i.e. we can calculate

R -
lsc

efficiently ®F -subdifferentials and ®F -conjugate. The framework of ®

lsc



convexity includes the class of so-called weakly convex functions (semiconvex,
see e.g. |23, Chapter 2|) which appear naturally in optimization models
related to applications such as source localization, |7], phase retrieval, [65],

and discrete tomography [84, 61| or distributed network optimization [31].

R

se-Proximal mapping defined and investigated, we

Once we have the ®

R

lse-proximal point algorithm and extend it to splitting

are able to propose ®

algorithms like forward-backward or projected subgradient algorithm and

R

Le-convex functions.

primal-dual algorithm for (CP) problem with ¢



Chapter 2
Structure of Thesis

The thesis is divided into two parts: Duality for Composite Abstract
Convex Optimization Problems (Chapter 3 and Chapter 4) and Algo-
rithms for Composite Optimization Problems involving ®F -Convex
Functions (Chapter 5 and Chapter 6).

In Part I, we start by recalling the concept of abstract convex function

R

lse-convex and

and its properties. We will focus more on the specific class ®
weakly convex functions. These are presented in Chapter 3.

Chapter 4 contains the main results of Part I: in Section 4.1, we introduce
the conjugate dual for the composite minimization problem (CP) within the
framework of abstract convexity. We provide some examples. In Section 4.2,
we prove Theorem 3 and 4 containing sufficient and necessary conditions for
zero duality gap for problem (CP) and its conjugate dual. In Section 4.3,
we investigate strong duality for (CP) and its conjugate dual in Theorem
6. Lastly, we discuss the relationship between conjugate dual and Lagrange
dual and discuss about Lagrange zero duality gap in Theorem 9.

In Part II, in Chapter 5, for the class of ®F -convex functions, we con-
struct ®F -proximal operator (Section 5.1), formulate and investigate the

R

ls.-broximal point algorithm in Section 5.2 (Theorem 13). In

R
lsc

convergence of ®

Section 5.3, we propose ®;. -Forward-Backward algorithm and analyse their



convergence. In Section 5.4, we discuss about ®F _-Projected Subgradient .
In the last chapter of Part II, Chapter 6, we introduce primal-dual al-
gorithm for weakly convex functions. We also propose and investigate the
convergence of @ -primal-dual algorithm based on Chambolle-Pock algo-
rithm.
Finally, we summarize our work and give some possible directions for

future research in Chapter 7.
(i) The basis of Chapter 3 and 4 comes from the following paper:

e Ewa Bednarczuk and The Hung Tran. “Duality for composite
optimization problem within the framework of abstract convexity”.
In: Optimization 72.1 (2023), pp. 37-80

(ii) Chapter 5 is the main work of the preprint:

e Dirk Lorenz, Ewa Bednarczuk, and The Hung Tran. “Proximal
Algorithms for a class of abstract convex functions”. In: arXww
preprint arXiv:2402.17072 (2024)

(iii) Chapter 6: the basic ideas come from the following works:

e Ewa Bednarczuk et al. “Calculus rules for proximal e-subdifferentials
and inexact proximity operators for weakly convex functions”. In:
2023 European Control Conference (ECC). IEEE. 2023, pp. 1-8

e Ewa Bednarczuk et al. “Convergence analysis of an inexact Forward-
Backward algorithm for problems involving weakly convex func-
tions”. In: arXiv preprint arXiv:2303.14021 (2023)
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Chapter 3
Abstract Convexity

In this chapter, we present the concept of abstract convex function and its
properties, together with abstract conjugate and abstract subdifferentials.

This will serve as a foundation for subsequent chapters below. In Section 3.2,

R
lsc

-subdifferentials. Finally, in Section 3.3, we state some properties

we pay more attention to the class of ®;; -convex functions with some exam-

R
lsc

ples of &
of weakly convex function and connection between abstract subdifferentials

and proximal subdifferentials of this type of functions.

3.1 Abstract Convex Functions

Let X be a nonempty set. A function f : X — (—o0,+00] is proper if its
domain, denoted by dom f = {x € X : f (z) < +o0} is nonempty.

Let @ := {¢: X — R} be a collection of real-valued functions, closed
under addition of a constant. The support set of f with respect to ® is
defined as

suppg [ = {p € ®: f(2) = ¢ (z) (Vo e X)}.

For f,g: X — (-0, +o], we write f < g < f(x) <g(z) forall z € X.

Elements of ® are called elementary functions.
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Definition 1. [82, 72| A function f : X — (—o0, +0] is ®-convex if

f(zx)= sup ¢(z), Vo e X. (3.1)

$Eesuppg, f
A function f is ®-convex at xg € X if f(20) = SUDgesupp, s @ (T0)-

Note that when a function f : X — (—o0, 4] is ®-convex, then supp f

is nonempty, since by convention, f = —oo0.

Definition 2. [82, 72| A ®-conjugate f*: ® — (—o0, +0] of f is defined as

fo (¢) :==sup{¢ () — f (2)} . (3.2)

reX

Analogously, we define ®-biconjugate f**: X — (—o0, + 0] of function f as
o (z) :=sup {¢(z) — f5(d)}. (3.3)
ped

As in convex analysis, the following result holds.

Theorem 1. [82, 72] A function f : X — (—o0, +0] is ®-convez if and only
if
flz) = f3*(x), Yr e X. (3.4)

In view of this theorem, f is ®-convex at a point xg € X if f3*(z¢) =

f (o).
Example 1. Let X be a Banach space with the topological dual X* and

Doy :={0: X >R | ¢(z) ={u,z) + c,ue X*,ceR}. (3.5)

If a function f : X — (=00, +0] is $eopp-convex, then it is proper, convex
and lower semi-continuous. When X is a locally convex space, [45], then f

is ®.,n,-convex if and only if f is proper, convex and lower semi-continuous.
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Definition 3. [82, 72| Let X be a nonempty set and f : X — (—o0,+00].
A P-subgradient of f at a point x € dom f is an elementary function ¢ € ®
satisfying

f)—fx)=o(y)—¢(x), VyeX (3.6)

The collection of all $-subgradients of f at x is called the ®-subdifferentials
of f at x and is denoted by Js f (),

Oaf (z) :={ope@| (VWyeX) f(y)—f(x) = o (y) — o ()} (3.7)

Furthermore, for ¢ > 0, the ¢ — ®-subdifferentials of f at x € dom f,
Oc.0 f(x), is defined as

Oeof(z) i ={o0e® | f(y)—f(z) 20 (y) —d(z) —c, VyeX} (3.8

an elements of 0. ¢ f(x) are called (e, ®)-subgradients of f at x € dom f.

Clearly, 0 f(x¢) is a set-valued mapping dpf : X = ® and dom dg f =
{r e X :0af(x) # &}. For ¢ € @, we define (Opf) ' (¢) = {r € X : ¢ €
Op f(x)}. Trivially, if x ¢ dom f then d¢ f(x) = &. For an ®-convex function
f and zg € dom f, dgf(xg) # & if there exists ¢ € ®,¢ < f and ¢(xg) =
f(xo). Moreover, f is ®-convex if and only if dom f = [)__,dom 0. ¢ f while
dom 0 f < dom f [19, Proposition 2.7].

Additional facts and results of e-® subdifferentials can be found in [56,

22]. The following properties follow directly from the definitions.

e>0

Proposition 1. Let X be a nonempty set and f : X — (—o0, +0].

(i) For all x € dom f and € = 0, an element ¢ € ® is a (&, P)-subgradient
of f at x if and only if

f(@) + f5(9) < o(x) +e. (3.9)

(i) dom f* = (.o Ocaf (X).
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The proof for (i) can be found in [82, Proposition 7.10] and (ii) in [19,
Proposition 2.4].

3.2 @R -Convex Functions in Hilbert Space

lsc™

Let X be a Hilbert space with norm ||.|| and inner product ¢.,.). One impor-

tant instance of the class of elementary functions is the following
D ={o:p(x :—a||x||2+<u,a:>+cwherea,ceR,ueX}.

Notice that ®F_ includes the class of affine functions, so a proper lsc convex

function is ®} -convex. In fact, @} also contains the class of strongly convex,

Isc™ lsc

weakly convex functions (see |72, 82, 95]).

We also consider a subclass of R  defined as

lscy
toi=1{p:0(x) = —alz|® + {u,x) + c where ce R,u e X}, (3.10)

by fixing the coefficient a € R. When a > 0, ®¢ _-convexity is equivalent to

lsc™
weak convexity (2a-weakly convex, also called 2a-semiconvex |23, Proposition
1.1.3] ), if a < 0, ®f,_-convexity is equivalent to strong convexity (2a-strongly
convex) (see (95, 90]). By [6, Corollary 11.17], any &

a < 0, is supercoercive and has a unique minimiser. Another subclass of ®}

i.~convex function,

lsc

is, where one considers the coefficients a > 0 i.e.
7. :={¢:¢(x) = —a|z|* + (u,2) + c where a = 0,ce R,ue X},

which has been studied extensively in [82] and further investigated in [12].
@/

Since the classes O, P

lse) consist of continuous function. Any ®F -
convex is also lower semicontinuous. In fact, the class of ;. _-convex functions
has been proved to coincide with the set of all lower semi-continuous functions

minorized by a function from ®;_ on X [82, Proposition 6.3]. This fact
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motives the subscript Isc in ®f_ notation. Moreover, we show the following.

R -
lsc

Proposition 2. Let X be a Hilbert space, f : X — (—o0, +0] be proper ®
convex. If there exists ¢ € SUPPF [ with ay < 0 then lim|y|— 40 f(x) = +00

and there exists ¢ € ®Z_ such that f(y) = ¥(y) for all y € X, ie. f is

lsc
CI)Z

> .
Isc r..-convexr C CI)R -Conver 1s

-convex. Moreover, the converse inclusion ®j.. Isc

obvious.

Proof. By assumption, we know that

Fy) = o(y) = —aglyl® + (g, v) + ¢, (3.11)

for all y € X with a, < 0. By taking the limit both sides of (3.11) with

|ly|| — +oo, we have

lim  f(y) =

=
lyll—+o0 ly[|—-+c0

o(y) = +o0. (3.12)
The second assertion can be seen as

W) = o(y) = —agly|? + (ug, y) + co = (ug, y) + ¢y € O,

for all y € X, ®7 -convexity of f follows from [82, Proposition 6.3]. O

lsc

Example 2. An even degree polynomials with a positive leading coefficient

is coercive which has a global minimum. Moreover, it is differentiable so it

R

is continuous. Hence, by [82, Proposition 6.3], it is @7 ~convex so it is P,

by Proposition 2.

Recall that according to the general definition (Definition 1), a function
f:X > (-0, +0] is O

iL.-convex, if for every x € X, we have
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When a = 0 then we get the affine elementary functions as in Example 1, so

0

se-convex. While for other cases of a, it has

f is Isc proper convex iff f is ®
been discussed in (3.10).

In [82, Example 6.2], the set &7 ~convex functions coincides with the set of
all lower semi-continuous functions defined on X and minorized by a function

>
from @7,

also been investigated in [5| by approximating them with Moreau envelope

see [82, Proposition 6.3|. Quadratically minorized functions have

and Lasry-Lions double envelope. The starting point of numerous variants
of convex functions stems from the work of Hyers and Ulam [55|, where they
defined §-convex function for § > 0, next approximately convex functions
were investigated in e.g. [37, 71, 79] and the references therein. Rolewicz
has coined the term "paraconvexity", [78], by turning ¢ into a non-negative
function. The definitions of strong and weak convexity were also given in
[90] by Vial.

For the sake of completeness, we give a definition of abstract subdiffer-

R
lsc

entials with respect to the class ®;.. which fully agrees to the definition of

®-subdifferentials in Definition 3.

Definition 4. [72, 82| The ®F -subgradient of f at 2y € domf is an element
¢ € O such that

(Vye X) fy)—[f(z0) = ¢(y) — o (x0). (3.13)

The collection of all such ¢ satisfying (3.13) is called @} ~subdifferential and is
denoted by JF . f (o). We give an illustration of ®f _-subdifferentials in Figure

lsc lsc

a

i..-subdifferentials of

3.1. Analogously, we define @7 -subdifferentials and @
f and denote as d7_f and 0%, f, respectively. In particular, 0f,.f denotes the

lsc

subdifferentials in the sense of convex analysis.

R

se-convex functions coincides

R
lsc

> _
lsc

By Proposition 2, we see that the class of ¢
with the class of ®7 -convex functions. On the other hand, the set ®f_ is

larger than @7 which implies @} _-subdifferentials can be larger than ®
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subdifferentials. This is the reason why we decide to include the class ®f -

convex functions into our consideration in the sequel.

Subgradient of f(z) = |z* — 1

fix)

[
(5]

-3 -2 -1 1 1

Figure 3.1: ®F -Subgradients of f at different points (dotted lines). Observe

lsc
that the purple curve is the ®F _-subgradient of f at every point between —1
and 1.
Remark 1.

(i) From the definition of ®} -subdifferentials, the constant ¢ cancels in
(4). Therefore, for xy € dom f, ¢ € 0F_f(zo) and any real ¢ € R, the

function
¢(-) —c=—al - |* + u, ) € . f (o).

It is shown in [12] that the constant ¢ is not important in the study of

conjugate duality and can be neglected .
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(i)

(i)

(iv)

The above remark does not imply that the constant term is insignif-

R

icant. In fact, its purpose is to serve as a connection between ®;; -

R

s-subdifferentiability. Let us consider zy € dom f and

convexity and ®

¢ € Ofs.f(20)
(Vye X)  [f(y) = flzo) = ¢(y) — d(o)-

The function h(z) := ¢(z) — ¢(x) + f(xo) < f(z) for all x € X and
f(xg) = h(xg). Hence, h is a ®F -minorant of f, i.e. h € ®F_ with the

lsc lsc

constant term —al|zo|? + (u, z0) + f(x0).

We point out that the ®F -subdifferentiability of f on X implies ®F -
convexity of f on X but not conversely: Consider the function f(x) =

—|x, it is P} ~convex but its ¢ -subdifferentials is empty at x = 0.

In general, for any class ®, we have f € dg f(x) for all x € X if f € ®.
Even if f € ® is differentiable and ®-convex then dg is not unique
(in convex analysis, subdifferentials is unique and coincide with the

gradient when the function is differential and convex, see Lemma 6

below).

Since we mostly deal with ®F -subdifferentials, in the sequel, we identify

elements ¢ € ®_ with pairs (a,u) where a € R,u € X.

We demonstrate some examples of ®

R

Lse-subdifferentials which will be im-

portant in the following sections.

Example 3. Let X be Hilbert and v > 0 and consider the function g, (z) =

% |z|*. We calculate the ®F

-subgradient of g, at o € X. By definition,

lsc

¢ = (a,u) € 3;%.9-(x0) has to satisfy

9+(y) = 95(20) = 6(y) — d(w0),
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for all y € X. Simplifying both sides gives

(5 +0) I~ > (5 +a) laol? ~ w339

e If a =—1/(2v), then (u,y —x) < 0 for all y € X, by (3.14) u must be
zero. Hence, (—5=,0) € 0, gy(x) for all 2 € X.

27’

o If a > —1/(2v), from (3.14) we have, for any y € X (since we are in

Hilbert space X)
2
= i +a
2y

L
—+a
2y

This means u = ( + 2a> zo. In particular, df.g,(zo) = {¢ = (a,u) €

Qe u (% + 2a> To}.

o If a < —1/(2v), from (3.15) it should be

2

u u

1
7+2a

- - 3.15
Y % + 2a o ( )

2 2

U
+ 2a

u

Yye X —
(Vy ) %—1-2&

y_

)

1
5

which is impossible. Therefore, a cannot take any values less than —%.

Hence, the ®F -subddifferentials of g, at zy takes the form

Oiscdr (o) = {¢ e P ¢ = (a, G + Qa) :c0> , 2va > —1} . (3.16)

and similarly, we calculate

é’icgv (z9) = {(b € CPISC D= (a, (% + Qa) xo) ,a = 0} .

Notice that g, € 0.9, (xo) for any zo € X as g, = ( 3 0) e PR

lsc*
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Example 4. Let X be a Hilbert space. We calculate the inverse of ®F -
subdifferentials of g,, (}.g,) " : @, = X which will be useful in Chapter

lsc

5. Equivalently, (0f}.g,)7' : R x X = X, with dom(d}.g,)"! = {¢ € P :
(aﬁcg’»_l(qﬁ) # @}7

(0F9,) " (@) == {mo € X : ¢ € O gy (20)} -

Consider the following cases.

o If 2va < —1, then (8}%097)_1 (¢) = & as we need 2va > —1 as in
Example 3.

o If 2va > —1, for ¢ € %, g,(xo) must take the form ¢ = (a,u) =
<a, <% + 2a> x0>. We can find z( by letting u = (*ly + 2a> To 1.e.

__ 1
Ty = g u = u.
;+2a 1+ 2va

o Ifa= —%, then u must be zero and (—2%, 0) € 0.9, (z) for all z € X.

R

lses We have

In conclusion, for any ¢ € ®

{1;2/7(1“} if 2va > —1,

-1
(Oegy) (@) =1 x ifa=—%u=0, (3.17)
%) otherwise .

Observe that
¢ € Oeedy ((0e97) 1 (9)) (3.18)

for all ¢ € dom (d.g,)~". When a = —1/(27), u = 0, (3.18) holds because
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of Example 3 and Example 4. When ¢ = (a,u) € ®_ with 2ya > —1, then

aﬁcgﬁ ((aﬁcg’ﬂ_l(qﬁ)) B 525097 ( 3 )

1+ 2va
1+2 1
= Gbl € QZR;C : gbl = al)ﬁu , a1 2 — (-
1+ 2vya 27y

Since a; = —1/27, it is clear that ¢ lies inside the above set. Hence, (3.18)
holds.

Example 5. Let X = R", consider the function f(z) = {(x,Qx) where
@ € R™™ is a real symmetric matrix and Id is the identity matrix. We
compute the ®} -subdifferential of f at x € R". We need to find ¢ € ®}

lsc lsc

such that ¢ = (a,u) € o .f (). By definition of ®F -subdifferential of f at

lsc

xr, we have

(Vy e R"™) y, (Q + ald)y) —{x, (Q + ald) x) = {u,y —zy.  (3.19)

For any matrix A € R"*", the following identity holds

(y, Ayy — (w, Awy = (y — 2, Ay — x) + (y — v, Axy + (y, ATy — (x, Ax)
:<y—x,A(y—x)>+<y—x, (A+AT)m>,

where AT is the transpose of A. Since Q is real symmetric, we apply the
above identity for A = (Q + ald) which is also real symmetric i.e. AT = A.
Then inequality (3.19) becomes

(y—z,(Q+ald) (y—2z))y={u—2(Q+ald)z,y—x). (3.20)

We can diagonalize (Q + ald) into P(D + ald)PT with a diagonal matrix
D with the eigenvalues of () on the diagonal and P an orthogonal matrix

which contains the corresponding eigenvectors , which is known as Schur
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decomposition |48, Section 2.1.7]. Hence, we have

y—2,(Q+ald)(y—z))={y—2,P(D+ald) P (y—=x))
= (P (y—x),(D+ald) P (y—x)y. (3.21)

Plugging (3.21) back into (3.20), we obtain
(P'(y—z),(D+ald)P" (y—2))=u—2(Q+ald)z,y—z). (3.22)

As PP = Id is the identity matrix, by changing the variables 7 = PTy, 7 =
Pz, (3.22) turns into

G-7,(D+ald) (§—%)=>{(P'u—2(D+ald)T,j—T). (3.23)

Because (3.22) holds for all y € R™ and P is orthogonal, so (3.23) has to hold
for all 7 € R™.

As we are in R", by using standard inner product, we can write (3.23)

explicitly
2(di+ )G —T)* = Y (Plu—2(d; + a)T) (7 — 7o), (3.24)

i=1 i=1

where d; is the i-th eigenvalue of Q and P, is the i-th row of matrix PT.

e If there is 0 < j < n such that d; + a = 0 then we have, from (3.24)

“ _ _ PZ-TU — 2(dz + CL)T,’ 2

1#j=1
" (PTU - Q(dl + G)fi>2 T _ _
> : P. = Tj).
2-7;1 4(dz + a) +( J u)(yj w])

Note that all components of 7 are separable. This holds for all 7 € R”
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so we can choose J;, = 7;
(V7 €R) 0= (Plu)(F; — 7)),

which implies PjTu = (0. We can extended this to the case where there
are repeated eigenvalues i.e. d; +a =d;y1 +a=--- =d, +a =0 for

1<j<k<n

e Now we assume that d; + a # 0 for all ¢ = 1,...,n, we have

S . Plu—2(d;+a)m 5 (Plu—2(d; + a)7;)?
Sdera) 17,7 - PSR S (P )

i=1 P
(3.25)
If there is 1 < j < n such that d; +a <0 while i # j <n,d; +a >0

- _ PiTU —2(d; + a)7; ? (P]TU —2(d; + aﬁj)Q
S (di+a) [<yi—xi>— e I

itg=1 4(dJ + a)
- Tu —2(d; + a)7;)? _ Plu—2(d; + a)z; i
Z 4(d; + a) ~ () [(yj T 2(dj + a) ] '
(3.26)

Both sides are non-negative and as 7 is separable, we follow the same

argument as in the previous case to obtain, for all y; € R,

(PTu—2(d; + a)T;)? . Plu-2dj+ a5
T A(d +a) > ~ldyta) [(yﬂ‘ “E) T TR v a) ]

This implies d; +a = 0 or the above inequality cannot hold. Therefore,
we only need to consider d; +a > 0 for all 1 < < n. From (3.25), we
derive that RHS is zero which is P,Ju—2(d; +a)xi =0foralll <i<n.

Combining all the cases above, we obtain that (D + ald) is non-negative
semi-definite and PTu — 2(D + ald)T = 0. Hence, a has to take a value
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a > —min \y where \g are the eigenvalues of (). In conclusion,
Oppef () ={¢ = (a,u) € ®)%.: a > —minAg,u = 2(Q + ald) z} .

Example 6. Let us consider the indicator function of a nonempty set C' of
Hilbert space X,

0 xeC,
[ (@) =1 () =

+00  otherwise,

-subgradients of f at z € X. If z ¢ C then o f (2) = &,

and calculate R Isc

lsc

so we consider x € C. Let us take (a,u) € of . f(z)

(WyeX)  fly)=—a(lyl®—lz]*) +<uy—2).

When y ¢ C', the LHS becomes +o0 and the inequality if fulfilled for all a

and u. Hence, the above inequality reduces to
(VyeC) alyl” = (uwy) = alz]* = (u,z). (3.27)

e If a = 0 then we have (u,y —x) < 0 for all y € C, this means u belongs

to the normal cone of C' at x in the sense of convex analysis.

e If a > 0, we complete the square in (3.27) to obtain
u |2 u |2
- — = —— . 3.28
ol-zl Zele—5l (3:28)

Since a > 0 and this holds for all y € C', we can remove a and taking

the infimum with respect to y € C

u |12 u |2
ity =50l = o- gl
yeC 2a 2a
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This means that z is a projection of u/(2a) onto the set C.

e If a <0, then (3.28) changes sign when dividing by a
u |2 u ||2
—— | < e——] . 2
-zl <l (3:29)

This leads to = € argmax, Hy — %H
In conclusion, for x € C'
VyeC) (u,y—2)<0 a=0

Ortc () =3 ¢=(a,u)ed} {ze argmin,cc ||y — 5= | a>0

r € argmax, .|y — 5| a<0

Below, we show that there is a connection between 0.tc(z) and the
proximal normal cone [32, Chapter 1.1| which is defined as follows: For a

point z € C', the proximal normal cone to the set C' at x is the set
Ny(z,C) ={ve X :3t > 0,dist(z + tv,C) = t|v]}. (3.30)

Proposition 3. Let X be a Hilbert space. For every nonempty set C' < X
and v € C, if ¢ = (a,u) € O%

lsc

to(z) then
Vo(x) =u—2ax € Ny(x,C).

On the other hand, for any v € Ny(z,C) there exists ¢ € Op.ic(x) such that
Vo(z) =wv.

Proof. Let z € C and ¢ = (a,u) € % 1c(z). If a < 0, from (3.27) we have
for all y e C,

alyl® = Cwyy = alzl* —(u,2) = 0= ally —2f* > (u — 202,y — x). (3.31)
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The RHS can be further expressed

1
0> (u—2az,y —x) = 5 [Ju— 202" + y -2 = |y — 2 — (u—2a2) ],
(3.32)
and finally for all y € C,
ly — 2 — (u — 2a2)|? = ||u — 2az|* (3.33)

This means z is a projection of (x + u — 2ax) onto C' which means u — 2ax €
Ny(z,C) with ¢ = 1.

If @ > 0, then
u— 2ax 5 1 u—2az | u—2az |
= Yy—x)— |y — == —lly —x — 7
02 (U2 gl = ( e
or ) )
u— 2ax u— 2ax
- - = v S O .
-5 207l (wye o)
u—2azx

Thus, z is the projection of z +*5% onto C' which means u —2ax € N,(z, C)
with ¢ = 5-. In both cases, V¢(z) = u — 2az € N,(z, 0).
Conversely, let v € N,(x,C). There exists ¢t > 0 such that « € Proj.(z + tv)
or

(Vye ) |to]* <y — o —tu]?,

which can be expressed as

1, 9 x 1, 5 x
T ar n < o e Y
Iyl + w0+ gy < ol + v+ 50

which implies that ¢(-) = —g; |- [* +<{v +§,-) € Fec (@) and Vo(z) = v. O

From the definition of ®F -subdifferentials, it is obvious that ¢ = (0,0) €

% f(zo), if and only if x4 is a global minimizer of f (c.f. [82, Proposition

lsc

7.13]). In Example 3, the only case where (0,0) € 0F. g, (7o) is 7o = 0. In
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the sequel, we use the concept of ag-critical points as defined below.

Definition 5. Let f: X — (—o0, +o0], a point xy € X is ag-critical point if

(ao, 2apzo) € %, f(0), in other words
(Vo€ X) f(z) — f(wo) = —ag|lz — xof*. (3.34)

If ay > 0, then ag-criticality has been applied in [38, 11|, to analyze
algorithms involving the class of weakly convex functions.

If ap < 0, then (3.34) implies z, is the global minimizer of f.

3.3 Weakly Convex Functions

For the sake of completeness, we give the definition of weakly convex function

and its subdifferentials and connections to the ® _-convex functions.

Definition 6 (p-weak convezity). Let X be a Hilbert space. A function
h: X — (-0, +m0] is said to be p-weakly convex with p = 0 such that for
A € [0, 1] the following inequality holds:

(V(z,y) € X2) hhx+ (1 —Ny) < M) + (1= Nh(y) + A1 - A)ng —yl*.
(3.35)

We refer to p as the modulus of weak convexity of the function h.

This class of functions has been investigated e.g. [5, 59, 90]. Rockafellar
introduced and investigated a larger class of lower-C* functions (see |76,
Formula 1.6]). Weakly convex functions can be equivalently characterised in

the following manner.

Proposition 4 (|23, Proposition 1.1.3]). Let X be a Hilbert space. Function
h:X — (-, +m] is p-weakly convex if and only if h + || - | is a convex

function.
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The following proposition provides a characterisation of weak convexity

for Fréchet differentiable functions.

Proposition 5. Let X be a Hilbert space and let h : X — (—o0, 4] be
Fréchet differentiable on a convex set U < X. Then, the following are equiv-

alent:
(1) h is p-weakly convex on U;

(i1) for every x € U
(VyeX) h(y)=h(z)+(Vh(z) |y —z) - ng’ —yl* (3.36)

Proof. By Proposition 4 and |6, Proposition 17.7], for all x € U

(i) holds = (Vye X) h(y) + 5|y|> = h(z) + §lz|* +{Vh(z) + pz | y — )
= (VyeX) h(y) = h(x) +{(Vh(x) |y —x)—§z|* + {pz | y) -
= (VyeX) h(y) = h(x) +{Vh(z) |y —2)— Ly —z|?
< (i7) holds.

(3.37)
0

We report the following result, commonly known as Descent Lemma, that

allows to provide sufficient conditions for weak convexity.

Lemma 1 (|6, Lemma 2.64|). Let X be a Hilbert space, let U be a non-empty
open convex subset of X. Let h: U — R be a Fréchet differentiable function
such that Vh is Ly-Lipschitz continuous on U. Let x and y be in U. Then
the following holds:

(i) |h(x) = h(y) = (o = y|Vh(y)| < B —y[*.

(it) [z = y|Vh(z) = Vh(y))| < Lnfz -y

Slyl®
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As an immediate consequence of the Descent Lemma, we obtain the fol-

lowing proposition:

Proposition 6. Let X be a Hilbert space. Let h : X — R be a Fréchet
differentiable function such that Vh is Ly-Lipschitz continuous on X. Then

h is Lp-weakly convexr on X.

Proof. By Descent Lemma, for all z,y e X
——lz = yl* < hly) = h(z) =y — x| Vh(z)),

which, by Proposition 5, is equivalent to Lj-weak convexity of h on X. [
We define the global proximal subdifferential for weakly convex functions.

Definition 7 (Global proximal subdifferentials). Let X be a Hilbert space.
The global proximal subdifferentials of a function h : X — (—o0,4o0] at

xo € dom h for constant C' > 0 is defined as follows:
doh(zo) = {ve X | h(x) = h(zg) +{v | x—x0)—C|o—z0|?, Yz € X}. (3.38)

In view of (3.38), dph(x) denotes the subdifferential in the sense of convex

analysis.

By [59, Proposition 3.1|, for a proper Isc p-weakly convex function h, the
global proximal subdifferential 0,/2h(x0) defined by (3.38) coincides with the
set of local proximal subgradients which satisfy the proximal subgradient in-
equality (3.38) locally in a neighbourhood of . This important property is
called the globalisation property, see e.g. [56]. Moreover, when h is p-weakly
convex, by [59, Theorem 3.1, the proximal subdifferential 0,/ (z) coincides
with the Clarke subdifferential d.h(xo) (see also [4]). An extensive study of
local proximal subdifferentials in Hilbert spaces can be found in [32, Chapter
2| and in |77, 13].
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Proposition 7 ( [10, Proposition 2|). Let X be a Hilbert space and h :
X — (—o0,+00] be a proper lsc p-weakly convez function with p = 0. Then

dom d,/2h < dom h.

We show the relation between ®F -subdifferentials and proximal subdif-

lsc

ferentials in the following lemma.

Lemma 2. Let X be a Hilbert space, for a ®F -convex function f, let x €
dom f such that O, f(x) # &. Then we have

lsc

el (2) # D= | J{a} x duf(2) # @. (3.39)

az=0

Proof. Let ¢ = (a,u) € i

lsc

f(z), by the definition of ®F -subdifferentials
lsc

(Vye X) f(y) = f(@) = —allyl* = |2]*) + (w,y — @)
= (u—2ax,y — r)— aly — z|*. (3.40)

If a < 0 then ally — z]? < 0 so we can further estimate (3.40)
(Vy e X) f(y) = f(z) = (u—2az,y — @),

which implies that v — 2ax € dyf(z) and (0,u — 2ax) € |J gla} x 0uf(2).
Otherwise, for a > 0, we can deduce (a,u —2ax) € |, g{a} x 0o f(x) directly
from (3.40).

Conversely, if (a,w) € | J,g{a} x 0of(z) then

(Vye X) fly) — f(z) = (w,y —x) —aly — z|?
= —a(Jyl* = |z]?) + (w + 2az,y — z). (3.41)

This means (a,w + 2az) € ) f(z). O



Chapter 4

Duality within Abstract

Convexity Framework

This chapter presents the main results of Part I which are conjugate and La-
grange duality for composite minimization problem (CP) within the frame-

work of abstract convexity. It includes:

e Section 4.1: we construct conjugate dual problem (4.4) by using pertur-
bation function. We also give several examples of the dual problems in

Subsection 4.1.1, when the class of elementary functions are specified.

e Section 4.2: we give necessary and sufficient conditions for zero dual-
ity gap in Theorem 3 and its variant Theorem 4. In Corollary 1, we
provide sufficient and necessary conditions for zero duality gap when

considering special class of elementary functions ®¢ _ and ¥?_.

e Section 4.3: we investigate strong duality for conjugate dual (Theorem
6 and Corollary 2).

e Section 4.4: we relate the conjugate dual to Lagrange dual problem.

We combine the results in Section 4.2 and intersection property (see

29
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Theorem 8) to obtain zero duality gap characterization for Lagrange

dual problem (Theorem 9 and Corollary 3).

4.1 Construction of the conjugate dual

We consider the composite minimization problem
inf f (2) + g (L) (CP)
e

where X is a nonempty set and Y is a vector space, f : X — (—o0, +00],
g:Y — (—o,40] and L : X — Y is a mapping from X to Y. Note that
here we do not assume that L is linear and continuous. Let ® be a set of
elementary functions ¢ : X — R and let ¥ be a set of elementary functions
¥ Y — R. Assume that both classes are closed under addition of constants
and 0e ®,0e V.

We introduce the conjugate dual of (CP) by considering perturbed min-

imization problems of the form
in)f;f(x)Jrg(waLy), yey. (4.1)
e

Following the classical ideas coming from convex analysis, see e.g. [16, 15],

we calculate the conjugate of the function f: X x Y — (-0, +0], where

Blx,y) = f(z)+g(Lx+y), € X, yeY.

Note that, in the convex case, conjugation is taken with respect to linear
function, while here we are considering elementary functions ¢, v from given

classes ® and W, respectively, see e.g. [69].
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We define the conjugate of § with respect to the coupling function

c:OPxUIxXxY >R
(¢, 0,2, y) = d(z) + ¥(Lx +y) — (L) (4.2)

For other types of coupling functions defined on Cartesian products of ele-
mentary function sets, see e.g., [70].
The c-conjugate of 3, f¢: & x ¥ — (—a0, +0], is defined as

B¢, ) = supsup {c(o, ¥, x,y) — B(w,y)} . (4.3)

zeX yeY

The conjugate dual to problem (CP) is defined as

sup —3°(0,). (4.4)

Pev

Investigation of the relationship between (CP) and problem (4.4) is the main
focus of this chapter. To write (4.4) in a more explicit form, observe that the

objective function of (4.4) (the dual objective) is equal to

—B°(0,9) = —supsup {c(0,v,z,y) — B(z,y)}

= - su;;s:u; {U(Lx +y) —¥(La) - f(z) — g(Lz +y)}
= ~sup swp {v(2) —¥(Lx) — f(x) — g9(2)}

- s {-(Ea) ~ 7@ + (o) - 002}

= —sup{=¢(Lz) = f(@)} - g (V).
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Hence, the conjugate dual problem takes the form

sup —p(0,4) = Sup —sup {—=v(Lx) = f(2)} — gu(¥). (DCP)

Notice that we have kept the formulation of sup,.y {—1(Lx) — f(x)} in the
dual problem (DCP), since we do not know if ¢) o L belongs to the class @
in general. Below, we give some examples where we further investigate the

dual problem.

Example 7. In some cases, we can rewrite the conjugate dual (DCP) in an

equivalent and more convenient way.

o If for any ¢ € U, —ip o L € & (alternatively, we can assume that
oL e ®and & is symmetric i.e. —¢ € ® for all ¢ € P) we obtain

sup{—f(z) —¢(Lx)} = fs (o L), (4.6)

reX

and the conjugate dual problem (DCP) takes the form

sup —3°(0,¢) = sup — fg (=t o L) — g3 (1)) (4.7)

pew Pel

With the help of the operator L : X — Y we define another class of

elementary functions as follows
O, :={—tpoL: X >R, eV},
and the dual (4.7) can be written as

sup  —fg, (¢) — gu(¥). (4.8)
pedr,Ypev
P+1poL=0

e If ® is symmetric (—¢ € ® for all ¢ € ®), and for any ¢ € ¥, ¢ o L is



4.1.

CONJUGATE DUAL 33

d-convex, we have

U(Lx) = sup{¢(z) : ¢ € supp Yo L}.

The optimal value of the dual problem (DCP) (obtained with the help

of the coupling function ¢ from (4.2)) satisfies

sup ~5°(0.,44) = sup inf f (x) + 4 (L) — g ()

hew Yew T€
— sup { inf (f(x) +  sup ¢(a:)) = 93(1/))}
el | € ¢pesupp Yol

zsup sup {inf (£(2) + 0(e) — 5(0)

Ye¥ pesupp ol “TEX

= sup —f5(=9) —gu (V). (4.9)

peW pesupp Yol

Clearly, the ®-convexity of ¢ o L is more general than the condition

1o L € . However, assuming the latter, we obtain, from (DCP) i.e.

sup —3°(0,) = sup — fg (=1 o L) — gg,(1).

Pew Pew

If X =Y, ® =V are symmetric (—¢pe P forallpe ®),and L: X —> X
is such that ¢ o L € ®, for any ¢ € ¥ then

sup{—f(z) — ¢ (L)} = fg(=y o L),

zeX

and the conjugate dual (DCP) takes the form

sup —3°(0,¢)) = sup —fg (= o L) — g3 (¢). (4.10)

Per Pev

If L is the identity operator, then (CP) becomes the minimization prob-

lem

inf f(2) +g(x),
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for which the conjugate dual coincides with (4.10) has been discussed
in [12, 19].

4.1.1 Examples of Conjugate dual for specific classes
o, v

Now, we discuss the conjugate dual problem (DCP) when ®, ¥ are the sets

. . . . a b
of linear and quadratic functions i.e. ®eppny, Yeony and @7, U7,

given by (3.5)
and (3.10), respectively.

Example 8. Let X and Y be Banach spaces with the topological duals
X* Y* and their bilinear forms (-, -)x,{:, )y, respectively. Let L : X — Y
be a linear continuous operator with the conjugate L* : Y* — X*. We define

the sets ® and ¥ of elementary functions as follows.
(i) For the case of affine elementary functions, (cf. (3.5) above),

Prony ={0: X >R | ¢ () = (u,2)y +c,ue X*,ce R},
Ueony = {10 Y >R | Y (y) =v,y)y +d,veY* deR}.

We have ¢(Lz+y)—1(Lz) = ¢ (y) which leads to the coupling function
as defined in the convex case [15]. We have
sup{—f(z) — (L)} = sup{—f(z) = (v, Layy} — d

e

zeX
= sup{—f(z) — (L*v,z)x} — d.
xeX

Since L*v € X*, we have —1p o L € ®_,,, SO

sup{—f(z) = (L*v,z)x —d} = fg,, (—¥o L),

reX
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(i)

(iii)

and the dual problem

sup —0°(0,¢) = sup —fg, (—vol)—gy, (). (411
’MJG‘I’CO”U 'I,ZJE\I}CO'HA)

Note that the condition ¢ o L € ®,,,, is satisfied thanks to the form

of Deonvs Weonw, and (4.11) coincides with the classical Fenchel dual

investigated e.g. in [16, Chapter 1, Section 2|.

In the case of quadratic elementary functions (a,b € R, cf. formula

(3.10) above),

of, = {¢: X >R | ¢(z) = —a|z|x + (u2)x +c,ue X*,ceR},
(4.12)

U= {Y: Y >R | ¢ (y) = -blyls + v,y)y +dveY* deR},
(4.13)

a

i However, we have

one cannot express ¥ o L as a function in ¢

v (La) = —b|Laly + (v, Layy +d
—bla[7 + (L*0,2)x +d,

with |z|, = (L*Lx,x)x, [6]. Thus, the dual problem (DCP) takes the

form

sup —4°(0,4) = sup inf f (x) + o (Le) — gl (1)

pewl, pewy, veX
= sup inf f(z) — bl|z|3 + (L*v,z)y +d —ggp (V)
we\IJ?SC IEX lsc
E3
= sup — (f=b][7)g (=L, )y —d) — gy ().
ey, e -

(4.14)

In the construction of dual problem (4.4), the roles of ® and ¥ are
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not symmetric. We can see this by considering the following pair of

elementary functions,

o ={p: X >R | ¢(z) = —a||:l:||§(+<u,x>X—|—c,u€X*,ceR},
Uiy = {1 Y >R | Y (y) =, y)y +dveY* deR}.

In this case, since ¢ € ¥, is an affine function we have
—YoL(:) = (v, L)y —d=—(L*,)x —d:= () € D,

and the dual problem has the same form as (4.11)

sup —f3°(0,¢) = sup —fg. (—¥oL)—gy,, ().  (415)

’l,bE‘IlconU 'l/’ekpconu

However, when reversing the roles of ® and ¥ i.e. by taking

Doy :={0: X > R| ¢(x) ={u,2)y +c,ue X* ce R},
Vi i= {0 1Y >Rl (y) = =blyly + w.p)y +dveY™ bdeR}.

We cannot write the dual problem in the form of (4.11), but it is
b

lscy

possible to write, for any ¢ € ¥

Y(La) = =b|| Lz ||y + (v, La)y +d = ¢r(2) + ¥a(),

where ¢y (z) = —b||Lz||%,¥s(x) = (L*v,z)x + d and the dual problem
takes the form

sup  —p3°(0,¢) = sup = (f +1)g,  (—th2) — 9;;) ().
Yely,, Yely,, *

poL=11+2 poL=11+2
(4.16)

Unlike the dual problems, considered in |12, 19] where L = Id, the ap-
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pearance of general operators L in the minimization problem (CP) makes
it more difficult to present the dual problem without imposing additional

assumptions.

Remark 2. It is clear from the formula (4.5) and the above examples that the
presence of constants in the definition of elementary functions is inessential
in the c-conjugate of 5. Thus, in the sequel, we consider classes & and ¥
of functions in which constants are omitted. For the general consideration
related to this fact, see [82, formula 1.4.4].

4.2 Zero Duality Gap for Conjugate Dual

Having defined the dual problem (DCP), now, we discuss conditions for weak
duality and zero duality gap. As in (CP), we assume that the sets ® and
U of elementary functions are defined on X and Y, respectively, and both
contain zeros, i.e., 0 € ,0 € V.

Let X be a nonempty set and let Y be a vector space. Let L : X — Y
be a mapping from X to Y. The dual problem (DCP) can be equivalently

rewritten in the form

wal(DOP) 1= sup 40,9 = = nf {(f +40 L);0) + 93 W)} . (417)

For the problem (CP), we have
val(CP) := ig}f{f () +g(Lx)=—(f+goL)y(0). (4.18)
Weak duality, i.e. the inequality val(C'P) > val(DCP) means that

(f+90L)p(0) < inf (f+v0L)y(0)+g5 (V). (4.19)

inf
Pew

In fact, a more general inequality holds true.
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Theorem 2. For any ¢ € ®, it holds
(f +9°L)g(9) <;g£(f+¢oL)$(¢) +9v (V).
Proof. For any ¢ € ¥ and ¢ € ®, we have

(f+90L)y(¢) =supo(z) — f(z) — g (Lx)

=sup¢(z) — f(2) =g (L) + ¢ (L) — ¢ (Lx)
<ig§{¢(x)—f(x)—iﬁ(Lw)Higg{w (Lz) — g (Lx)}
S (f+yol)y(¢)+ sup {¥(y)—g(y)}

yeL(X)

< (f+doLl)g(e)+gu (V).

Since (f +go L)y (¢) is a lower bound of (f + ¢ o L)y (¢) + g5 (¢) for
arbitrary ¢ € U, we get

(F +90 L) (6) < inf (£ + 0 )5 () + 6§ (8)

which completes the proof. O]

By taking ¢ = 0 in the above theorem, we obtain the weak duality (4.19)
between (CP) and (DCP). Note that no additional assumptions are imposed
on the functions ¢ o L and ¢. However, when zero duality gap is considered,
we need to assume a relationship between ® and W.

The following theorem provides sufficient and necessary conditions for

zero duality gap for conjugate duality of problem (CP) and (DCP).

Theorem 3. Let X be a nonempty set and 'Y be a vector space. Let f : X —
(—o0,+o], g: Y — (—0,4x], and L : X — Y be a mapping. Assume that
dom g n L(dom f) # . Suppose 0 € ® and 0 € W. The following are
equivalent.
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(i) For every ¢ > 0, there exist x. € X,v¢. € 0-wg(Lx.) such that
(f + ¢E © L):;) (0) < _f(xa) - % (L335> te.

(it) —val(CP) = (f+g0°L)3(0) = infyey (f + 90 L)5 (0) + g3 (¥) =
—val(DCP) < +00.

Proof. (i) = (ii): Thanks to Theorem 2, we only need to prove that

i (F 400 L) (0) + g4 (4) < (f + 90 L)} (0) < +.

Let € > 0. From (i), there exist x. € X and 9. € 0. yg (Lz.) such that
(f + 0 L)g (0) < —f(xe) — e (Lae) + &
From the definition of infimum, we have

inf (f + 10 L)g(0) + gy () < (f + v 0 L)g (0) + g3 ()

Pew
< —f (@) = the (Lae) + gy (¥e) +e. (4.20)

By using inequality (3.9) applied to g and taking into account ¢. € 0. wg(Lx.),

we obtain

_f (Ie) - @Z)s (an) + géf (1/}6) tes _f (1’5) -9 (an) + 2¢ (4'21>
<(f+g0L)5(0)+ 2.

Finally, by using (4.20) and (4.21),

}ﬂlelg(erwoL)Z(UHgE(@b)<(f+goL)fp(0)+2€-

As both sides of the above inequality do not depend on x. or 1., we can let
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e — 0 and obtain zero duality gap

inf (f +v0L)g(0)+ gy () < (f+g0L)g(0).

PYev

From (4.20) and (4.21), we have
(f+g0L)y(0) < —f(zc) — g (La.) + 2e < +oo,

from the assumption of f and g. Thus (f + go L) (0) < +o0.
(ii) = (i): From the definition of supremum, for every € > 0 there exists

an z. € X such that
(f +90L)g(0) < —f(2c) — g (Lae) +e/2.
Also, there exists . € ¥ such that
(f +9:0L)g (0) + g3 (V) —2/2 < Inf (f +4 0 L)y (0) + g5 (¥).
Zero duality gap gives us
(f +¥:0L)g (0) + g3 (V) — /2 < —f (wc) — g (L) + /2.
After rearranging both sides, we get
[(f + v 0 L)g (0) + f (22) + = (Lae)] + [g5 (¥:) + g (Lae) — e (Lae)] < e.

By the definition of conjugate function, each of the two terms is non-negative,

and so each of them has to be smaller than €. Thus

(f+ve0L)y(0) < —f(2c) — e (L) + €
gy (V) + g (Lre) — e (La.) <,
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which implies that ¢. € 0. vg (Lx.). Hence, (i) holds. O

Notice that when f is improper, then condition (i) in Theorem 3 fails to

hold as we have

(f + e 0 L) (0) = sup—f(x) — u(La) = sup—o > —f(x) — v (L) + ¢ = =0

zeX reX

Remark 3. Observe that, in some cases, we cannot find ¢ € &, € ¥ such
that ¢ + ¢ = 0 (this latter condition is used in [19, Theorem 3.5]). In the
case X = Y, ® = U L is identity operator and ® is symmetric (for any
1 e &, —1) € @), the problem (CP) takes the form

inf f(z) + g(x).

For this problem, Theorem (3)-(i) means that, for every ¢ > 0, there exist
z. € X, 9. € 0-wg(x.) such that

(f +1e)g (0) < —f(ze) — e () + e,

which implies —t). € 0. f(z.). This means that 0 € (__,0-o(f + 9)(X),
which reduces to the condition (i) used in [19, Theorem 3.5] for proving zero
duality gap. However, it is worth mentioning that [19, Theorem 3.5| refers
to the minimization of the sum of finite number of functions. In the present
work, we only focus on problem (CP), while it is possible to generalize our

result to the sum of finite number of composite functions.

Condition (i) of Theorem 3, could be replaced by stronger conditions

which are easier to be checked, when we introduce the following assumption:
for given ¢p € ®, ¢ e U,

¢—1polLed. (4.22)

Note that condition (4.23) below will be used in the sequel to check zero
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duality gap.

Remark 4. When & is a convex cone, then (4.22) is satisfied when —ipo L €
rec ¢ where rec & = {p € F(X): ¢+ ® < ®} is the recession cone of ¢ and

F(X) is a linear space of all functions defined on X.

Theorem 4. Let f : X — (—w0,+o],g9 : Y — (-0, +00] be such that
dom g n L(dom f) # &. Let L : X — Y be a mapping from X into Y.
Suppose that 0 € ® and 0 € W. Consider the following conditions.

(i) For every ¢ > 0, there exist x. € X,¢. € O-af(z:),%: € 0-wg (Lx.)
such that

¢-(2) + ¥e(Lz) = —e  VzeX,
¢5($s) + 1/’5(11155) < e

(it) —val(CP) = (f+g0L)g(0) = infyew (f +¢0L)5(0) + g3 () =
—val(DCP) < +00.

We have (i) = (ii). If, for every e > 0, there exists 1. € ¥ such that
(F + 920 )3 (0) + g () /2 < inf (F + 90 L) (0) + 63 (),

and —p. o L € @, then (i) (ii).

Proof. (i) = (ii). For any ¢ € ¥

inf ((f +10L)g (0)+g5 () < (f +voL)g(0)+g5 ().

pev
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By using inequality (3.9), for ¢. € 0- wg(Lx.), ¢- € 0- 0 f(x.), we have

(f+1e0L)y (0) + g3 (V) < (f + 10 0 L)g (0) + 9. (L) — g (L) + €
= sup{—¢. (Lz) — f (x)} + . (Lz.) — g (Lxe) + ¢

reX

< [ (¢e) + e (L) — g (Lae) + 2¢

< ¢e (w2) — f(xe) + €+ ¢ (Lae) — g (L) + 2¢
e — f(x:) — g (L)

e+ (f+goL)y(0),

where in the third estimation, we use (4.23) to obtain f§(¢.).
By letting ¢ — 0 we obtain zero duality gap. We can use the same

argument as in Theorem 3 to prove that
(F +90 L)} (0) < +o0.
For (ii) = (i): We have
inf ((f+90L);(0) + g3 (1) = (f +90L); (0) <+,

so for every € > 0, there exists ¥. € ¥ such that

(f + 0 L)g (0) + g3 (Vo) —€/2 < (f + g0 L) (0),

and —. o L € ®. Moreover, there exists an x. € X such that

(f+goL)y(0)<e/2— f(x.)—g(Lx.).

Combining the two inequalities gives us

(f + b0 L) (0) + g% (¥o) + f (w2) + g (Lx.) < e.



4.2. ZERO DUALITY GAP 44

By adding and subtracting v, (Lz.), we get

[(f + 10 L)g (0) + f (we) + e (Lae) | + [g3 (ve) + g (L) — ve (L)) <e.

Since each term is nonnegative, we obtain

(f + 77Z)5 © L)Tb (0) + f (xa) + 1/]6 (an)
g\ﬂf/ (%) + g (an) - % (L.QTE) <L e

N

g,

Since —t). o L € ®, and thus (f + .0 L)g (0) = f&(—.oL). By the

above inequalities, 1. € 0. vg (Lx.) and

(f +eo L)fp (0) + f (@) + e (Lae) = fo (=0 L) + f(2c) + ¥(Lac) <,

which is equivalent to —t). o L € 0. ¢ f (z.). Hence, (i) is proved. O

The condition —. o L € ® is equivalent to (4.22) since ¢ € ¢ and P is
closed under addition. Moreover, to obtain the equivalence in Theorem 4,
we just need to assume that —). o L € ® because the other condition is the
property of infimum.

We close this section with existence of solution to problem (CP) and
(DCP) in the spirit of [19, Theorem 3.6].

Theorem 5. Let f : X — (—w0,+o],9 : Y — (—0w0,+00] be such that
dom g n L(dom f) # & and let L : X — Y be a mapping from X into Y.
Suppose that 0 € ®,0 € W and x € dom gn L (dom f). Consider the following

conditions.

(i) For all e > 0, there exist ¢. € 0-0f (), 1. € 0-wg (Lx) such that

¢-(2) + V. (Lz) = —e  forall z € X,
Qbs(-r) + @DE(LI) < E.
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(ii) —val(CP) = (f+g0L)3(0) = infyey (f + 40 L)5 (0) + g3 (¥) =
val(DCP) < +w and x is an optimal solution to (CP).

We have (i) = (i1). For every e > 0, if there exists 1. € ¥ such that

(f + 40 L)g (0)+gy (¥)—¢/2 < Inf (f+¢o L)g (0)+gy (¢) and —tp.oL € @,
(4.24)

then the two statements are equivalent.

Proof. The lines of the proof coincide with the ones of Theorem 4. We only
need to prove that x is an optimal solution to (CP). Now as (i) holds for all

e > 0, we have

nf (f+9oL)y(0)+ g% ) < (f+1he0L)s(0) + g§ ()
<3e— f(z) —g(Lx)

<3e+ (f+g0L);(0).

Letting ¢ — 0 in the above inequality as it holds for all ¢ > 0. We obtain
zero duality gap

inf ((f +v0L)g(0)+g5 (¥) = (f +g0L)(0).

Pew

Notice that
inf f(2) +g(Lz) = =(f + g0 L)3(0) = [ (z) + g (Lx).

As (f + go L)5(0) < 400, the primal problem (CP) is finite with = as an

optimal solution. O]

Remark 5. Let us observe that the condition (i) of Theorem 4.3 and The-

orem 4.4 can be replaced by the condition

¢e(z) +-(Lx) =0, VYeeX. (4.25)
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Indeed, if (4.25) holds, which means —t.0 L = ¢. € ®, then (4.23) and (4.22)

are satisfied.

4.2.1 Zero duality gap for specific classes ¢, ¥

and WP

Consider the classes of elementary functions @ Tsc

g defined in (4.12)
and (4.13) for a,b = 0. We let ¢ = d = 0 because they do not affect the dual
problem and the condition for zero duality gap. The dual problem (4.14)

takes the form

SLIIb) o (f —b HL|’§/)¢,? (_<L*U7 >) - gi;? ('QZ)) . (426)
’L/)E‘l/ sc sc sc
B =,y

We start with the following technical fact.

Proposition 8. Let X and Y be Hilbert spaces with inner products, {-,-)x
and {-, )y, respectively. Let L : X — Y be a continuous linear operator from
X toY, and f : X — (—o0,+00] be a weakly convex function with modulus

a. Then f(x) — b||Lx||? is weakly convex with modulus a + b”LH%(x,y)'

Proof. By Definition 6, a function f : X — (—o0,40o0] is weakly convex on
X with modulus a > 0 if f +a||z|%, is a convex function, or equivalently for

any x1,x2 € X and A € [0,1],
FO@+ (1= Naz) S A1) + (1= A) f(22) + aA(l = A) |1 — 2]}

Now we analyze the weak convexity of the function f(z) — b||Lz||?, where
b= 0. We have

IL(Azy + (1= N)xo)[[§ = [IALxy + (1 — A)Lasfy
= N||Lzy||3 + (1 — N)?||Las||3 + 2A(1 — N){Lay, Lzy)y
= M[Lz1 |5 + (1 = N[ Laa||§ — A(L = N)|| Ly — Lo}
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Denote x) := Azy 4+ (1 — X) 5 for X € [0, 1]. Therefore,

(@) = b Laxy < A(f (@1) = b Lan]y) + (1= A) (f (w2) — b Laaly)
F A (1= N) Ly — Lag|} +aX (1 — ) |21 — 22| -

As L is linear and continuous, we obtain

f2a) = blLasly <A (S (@1) = 0| Laay) + (1= X) (f (22) — b Las]y)
(@t BlILIZ ) A (L= A) [ = 2o

where ||L||zcxy) = supjy <1 |Lally. This means f(z) — bf|Lz|f3 is weakly

convex with modulus a + b[| L||7 x y- O
The following corollary follows from Theorem 4.

Corollary 1. Let X,Y be Hilbert spaces. Let f: X — (—o0,+x0], g: Y —
(=00, 4] and L : X — Y be a continuous linear operator. Assume that a <

0,b e R, ¢c =d = 0 in the definitions of the classes of elementary functions
O and Wb, ((4.12) and (4.13)), respectively, and dom g~ L (dom f) # &.

lsc lsc

The following are equivalent.
(i) For every e > 0, there exist z. € X,¢. € d.g g(Lz),
¢ € Oz (f—be HLH?,) (xe) such that

¢ (2) + Y (Lx) = —b|Lz|} — Vo e X,
¢o (2) + . (La.) < —b| L3 +¢,
where e (y) = —bly[3 + (v, vy
(ii) (f +goL)gs (0) = wigg (f—0b HL-H?/)Z;;C (=L, )x) + g4 () <

lsc

+o0, where Y(y) = =bl|y[3 + (v, y)y.
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Proof. Let ¢ > 0. By (i), there exist z. € X, € Oc wb g(Lz.),¢p. €
0o (f —De |Z-|3) (x.) such that for all x € X,

¢ (2) + ve (La) = —a|z||% + (ue, 2)x — bl La|[§ + {ve, Layy = b Lz} — e,
where u. € X,v. €Y, ie.,
—al|lz|% + (ue + L*vo,2)x +6 >0, VreX. (4.27)

Hence, it must be u. = —L*v.. Thus, for ¢. € . s (f + b||LHf,) (xe), we

can write

f (@) = blLacly + (F = BIL1Y)ge (60) < ¢x(2o) +¢
(f + ¢ o L)Zfsc (0) < _f (Ie> - ¢ (Lxe) + 357

which is similar to the proof of Theorem 3, so the assertion follows from
Theorem 3. O

Observe that the above corollary does not hold for ®j,. with a < 0 due
to formula (4.27).

We give simple examples illustrating Theorem 4.
Example 9.

o Let f(z) = (x+1)°,g(z) =422 L = Id and

® = {¢(z) = —az® + bz,a = 0,be R},
W= {y(2) = cx,ce R,

(cf. Remark 2).
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The conjugates of f and g are given as

b— 2
qu(éﬁ):%—l, a>0beR.
62
g\Il(w)_Ea CER

The e-subdifferentials of f and g at xy are given as

2
O f (z0) = {gb(m)=—ax2+b$:(a+1) (xo—%> <5,a>0,b€R},

Oewg (o) = {@D (x) = cx: <2x0 - 2)2 <eg,ce ]R} :

To verify condition (i) of Theorem 4, we find z. € R, 1. € 0. wg (xc), P- €
Oz f (x) such that

¢e () + e (1) = —e Vo eR,
(bs (xs) + 1/}5 (555) < €.

Now consider the first inequality
¢e () + e (2) = —az® + (b+ )z > —¢, VreR,

which gives a = 0,b + ¢ = 0, so the second inequality i.e. ¢, (z.) +
e () < g, holds for z. € R. Hence, Theorem 4-(i) holds.

Moreover, as 9. € 0-wg (x:), ¢- € O-af (x), we have

b—

[\

o

)2 < g,
(Qxa-i- ?

Bloe N

)és.

Let ¢ — 0, we obtain b = 2z¢ + 2,¢ = 8xg. Since b + ¢ = 0, we get
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Ty = —%. With zg, a, b, ¢ calculated above we get

inf f(2) + g(x) = £ (z0) + 9 (w0) = 5,

and

1 4

sup —(f +¢)3(0) — g3 (V) = —f3 (¢:) =95 (Vo) =1 - = =
Per

Hence, we achieve zero duality gap.

e Now we reverse the roles of ® and VU i.e.

b ={¢(x) =cr,ce R},
U ={¢(z) = —az® + br,a > 0,be R}.

Then the conjugates of f and g are

s =2
9y (V) = Tatd)

The e-subdifferentials of f and g are

asﬁbf(xs): {¢($)=CIEZ <x€_c_2> <5706R}7

2
2
65,\1/9(338):{¢($):—a$2+b$i($s— b >> < < ,a>0,beR}.

2(a+4 a+4
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We need to find z. € R, ¢. € 0. o f (2:) , e € O-wg (x) such that
¢£ (QL’) "‘% (.CE) > —¢€ V$ER>

¢s (xa) + ¢a (Ie) SE.

The first inequality, for all x € R,
be (7) + 1. () = —az® + (b+c)x = —e,

also implies @ = 0,0 + ¢ = 0, so the second inequality is automatically
satisfied. Repeating the same steps as before, we achieve zero duality
gap at value 4/5 which is the same in the previous case. However,
condition (4.22) does not hold for any ¥ € ¥ and 0, because there is
no ¢ € ® such that

¢(z) = —¢ (x) = ax® — b,
unless a = 0.

In some cases, if Theorem 4-(i) is not satisfied, we need to check for zero

duality gap in another way. Let us consider the following example.

Example 10. Let X = Y =R, f (z,y) = 322422, g (z) = — (z — 1)*, L (z,y) =

x — 1. The classes of elementary functions are defined as

O = {qb(a:,y) = —a(a:2+y2) + bix + by, a>0,bl,bgeR},
U ={¢(z) = —cx’ +dz, c>0,de R}

(cf. Remark 2).
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We have

b N b3
4(a+3) 4(a+2)

Jfa(9) =

¢ (v,y) = —a(2® +y?) + bz + bay,

2 2
s.t. (G+3)<$s—%> +(a+2)<y€—%) <e,
+0o0 O0<c<lorc=1,d+#2,
g‘ll(w): 1 C:]-)d:27

(d-2)?
ie—1 T 1 c>1,

asﬁbf (Isa ys) =

2
Y (x) = —ca?+dex (c—1) (xs—%) <ee>1,

55,\1/9 (a:a) =
Y(r)=—-2+22 c=1,d=2Vz..

One option is to find, for ¢ > 0, z.,y. € R,¢. € Ocof (e, y:), 0 €
Ocwg (L (2, y:)) such that

¢€ (%?J)"‘% (L($7y>) = —¢€ Va:,yeR,

(4.28)
¢6 (xsyys) + ¢€ (L ({L‘g, yg)) < €.

The first inequality is

¢e (2, y) + e (L (2,y) = —¢
—a (2® + y?) tbhr+by—cx—y)’ +dz—y) +e=0
—(a+c)(2®+y®) +2cxy+ (b +d)x+ (bo—d)y+¢e >0,
which givesus a = ¢ = 0, b, +d = by—d = 0, so the second inequality of (4.28)
holds for any x,y € R. However, there are no element in 0. yg (L (2., y.)) such
that ¢ = 0, and we cannot applied condition (i) of Corollary 4 to determine
zero duality gap.
One option is that instead of solving (4.28), we take 9. € 0. vg (L (2, y.))
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and calculate 0. ¢ (f 4+ 9. 0 L) (2, y.). We consider the simplest case where

Y. () = —2% + 22 and calculate

(f +¥.0L); (¢) = —(a+2)A>—(a+1) B>—2AB+ (b, — 2) A+ (by + 2) B,

abi—2a+b1—bo—4 B = aba+2a—b1 +2bs+6
2(a?+3a+1) 2(a®+3a+1)

whether 0 € 0. (f +1: 0 L) (z., y.) by checking the inequality

where A = , for @ = 0. We examine

(f + 90 L)g (0) + (f +1be 0 L) (e, :) <&
Substituting ¢ = 0 or a = by = by = 0, we have
222 + 2 4+ 2z, + 2 (z. —y.) + 5 < e

This inequality has solution x.,y. as the left hand side is a parabola with
minimum value —e. Thus, condition (i) of Theorem 3 is satisfied, and we

have zero duality gap for the conjugate duality.

Theorem 3 is more general than Theorem 4 but it requires more cal-
culations than the latter. Sometimes, it is more convenient to calculate
e-subdifferential of f and ¢ than e-subdifferential of (f + 1. o L) where

Ve € O wg(Lx.).

4.2.2 Moreau Envelope

In connection with Corollary 1, we are going to construct conjugate dual
problem for the following problem which can be viewed as generalized Moreau

envelope

, 1
exs(@0) = Il f(a) + o[ — o,
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where X is Hilbert and f : X — (—o0, +00] is proper ®-convex. We recall
the conjugate dual problem (DCP) where operator L = Id is identity

sup { —sup {(~0(2) ~ 1(2)) = G4.0)} = sup (7 + 013(0) - 5 (0.
Pevw zeX Pew

Since ¢ is Isc convex, we can consider two classes of elementary functions
U: affine and ®F_. We stress that the constant in elementary functions can
omitted when constructing conjugate dual as well as calculating the conjugate

function (see Remark 2), so we will not write the constant in the class W.

o U ={: X >R |vY(x)={yx),ye X}. We can identify 1) € ¥ with
ye X ie. ¥ = X. The VU-conjugate of g is

95(¥) = ga(y) = SlyI* + o, ).

The conjugate dual problem is

sup { = sup (o = z0.) = )} = Jui?}

yeX reX

If & = X, then the conjugate dual takes the form

g
sup —f(—y) = (zo,9) — 5 Jyl*
yeX

By Theorem 3, zero duality gap holds iff for every ¢ > 0, there exists
Ze, Y- € X such that

Ye € @\ya(%ﬂ —20[*)(z.) and Oe Ooe(f + (Ye, ) (xe).

As we know the explicit form of ¥, we solve for y. in the first term and

obtain
Te — o

g

Ye = ) f(l‘)—f(l‘g)2<y5,l‘—1}€>—€,
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for all z € X. z. can be found by solving the second inequality above.

o U =R

lsc

={¢=(a,u):¢(z) =—a |z|* + (u, ) where a € R,u e X}
The W-conjugate of g is

(1+ 2va) [@ — a|zo|? + {u, x0>] 2va > —1,

Ju(¥) = 4 =L |2 S .
+00 otherwise.

The conjugate dual problem is

sup { = sup {-0(0) - 7(0)) - 63(0) |

Pew reX

ul?

- sup {—sup{ax2—<u,x>—f<x>}—<1+2w>[ U ol + oy |}
(a,u)evw zeX

2va>—1

Again, if ® = OR

s then we can simplify the first term of the dual

problem

sup —far (—a,—u) — (1 + 2va)
(a,u)ev Lse
2va>—1

ul?
2

— alzol? + <u,xo>] .

Similarly, we have zero duality iff for every € > 0, there exists z. €
X, 1. € ¥ such that

b e am%n' —wo?)(@.) and 0 dp.(f + 02 (2.

We solve for 1), in the first term and obtain such that

T — X
¢€ = (CLE,US), 2’70«5 > _L Ue — 2a. = ~ .
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x. can be found by solving

f(x) - f(xa) > _¢e(x) - %(%) —¢€
= a.|v — x> + e — us, v —2.) — €

XTo — T
= aa||$*ffe||2 +< : 2

,l’*l’g>*€,

for all z € X.

e One specific case is ¥ = @, = {¢:¢(z) = —a |z|® + (u, ), ue X}
where a > 0 is fixed, then the conjugate of g is The U-conjugate of g is

gi(0) = (14 20) | 155~ afaal? + |

The conjugate dual problem is

sup { = sup (~0(2) - 1(2)} - g50)}

Pew zreX

~sup { —sup {alil? = a2~ F0)} ~ 1+ 210) | oL — affp + |}

ueX

If fis ®f

i-.-convex then we can simplify the first term of the dual prob-

lem

2
w
sup 3, (-1 = 1+ 270) | 25— afaal? + )
ue

4.3 Strong Duality for Conjugate Dual

In this section, we investigate strong duality for the conjugate dual (DCP),
i.e., we provide conditions for zero duality gap and the existence of solution
to the dual problem (DCP); the respective conditions are expressed in terms

of additivity of epigraphs of the conjugate functions.
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Definition 8. The epigraph of a function f : X — (-0, +o0] is a subset of
X x R defined as

epi fi={(x,r)e X xR : f(z) <r}. (4.29)

We have
epi fa :={(d,r) e ® xR : fi(op) <r}. (4.30)

In consequence, if (¢,r) € epi f§, then ¢ € dom f3. To investigate strong
duality, together with (4.22), we need the following condition: for a given
pePand P eV

o+1poLed. (4.31)

Remark 6. Note that (4.31) is satisfied when ¢ o L € lin ® where lin & is
the linear space generated by .

Theorem 6. Let X be a nonempty set and 'Y be a vector space. Let f : X —
(—o0, +0] and g : Y — (—c0, +0] be proper functions. Let ® and ¥ be sets
of elementary functions defined on X and Y, respectively. Let L : X —'Y be
a mapping from X toY. Assume that dom g n L (dom ) # & and consider

the following conditions.

(1) Every (¢,cs) € epi (f +go L)%, can be expressed as (¢, cy) = (¢ + 1 o
L,c, + cy), where (@, c,) € epi fg and (¢, cy) € epi gy,

(i) For any ¢ € ®, it holds (f +go L)y (¢) = infyew (f +o L)y (¢) +
g (¥) and the infimum is attained.

We have (i) = (ii). Moreover, for any ¢ € ®, if ¥ € U is a solution to the

problem

inf (f + 4o L)y (6) + 95 (¥), (4.32)

Pev

and conditions (4.31), (4.22) hold for ¢ and ¢, then (ii) = (i).
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Proof. (i) = (ii): If ¢ ¢ dom (f + g o L)%, then (f + go L)i(¢) = +00 and
(ii) holds. Consider the case ¢ € dom (f + go L)5. By Theorem 2, for every

¢ € &, we have
(F ol () <inf (F+ool;@)+ah(0).  (133)

We start by proving the opposite inequality. Since (gb, (f+goL)y (qb)) €
epi (f +goL)y, by (i), there exist (¢,cf) € epi fi and (Yo, ¢,) € epi g

such that

o(x) =¢(x)+1(Lx), VrelX,
(f+goL)y(9)=cs+cy

Thus
(f+goLl)y(9)=cr+ey

> fg (@) + 93 (¥o)
= sup {o () = f ()} + g5 (¥o)
= sup {¢ (x) — 2o (Lx) — f(2)} + 93 (Yo)

= (f+ oo L)y (d) + g3 (vo)
>1ipr€1£(f+woll)2(¢)+9$(¢)>

and we have (ii). The infimum is attained from the above inequality, as

450> op ey = (f+ g0 L)} (6) > (f +tho o L)} (8) + g (o)

>
>i2£(f+¢oL)$(¢)+g$(¢)

> (f+goL)y(9),

s0 1o € ¥ solves problem (4.32).



4.3. STRONG DUALITY 99

(ii) = (i): From (i), let (¢,c;) € epi f& and ¢ be a solution to the
problem (4.32) for ¢ € ®. As (f+ o L); (¢) + g (1) < +o0, we can find
¢y € R such that (¢, c,) € epi g. Moreover, from (4.31), ¢ +po L := ¢ € ®,

we have

cr+ ¢y = fa(0) + g5 (V)
= sup{ip (2) = (L) = f (@)} + g3 (¥)

= (f+voL)i(0) + 93 (¥)
> (f+g0oL)y ().

This means (¢, ¢y + ¢4) € epi (f + go L)j.
On the other hand, let (¢,7) € epi (f + go L);. We want to prove that
there exist (¢, cr) € epi f3 and (¢, ¢c,) € epi g3 such that

(¢,7) = (p+oL,cr+cy).

From (ii), for ¢ € ®, there exists 1) € ¥ such that v is the solution to the
problem (4.32) i.e.

(f+goL)y(d)=(f+voL), () +gs (V).

Therefore, we have

r=(f+goL)g (o)
= (f—I—wOL)

r (¢) +
r—gy () = sup{o(x) — (L
Condition (4.22) gives us ¢ := ¢ — 1) o L € ®. Then

r—gy (¥) =sup{o(z) — f(2)} = f3 (#).

reX
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Therefore, (go,r — 9% (zﬁ)) € epi f§ and (15
we can decompose (¢,7) into (gp,r - g% (QZ

(z/_;)) € epi gy, which means

and (&,gi{, (QZ)) Hence, the
proof is finished. O

: 9%
)

Remark 7.

e Observe that condition (ii) of Theorem 5.2 implies the strong duality
relationship between (CP) and (DCP), i.e. zero duality gap holds

—0al(CP) = (f + 90 L); (0) = inf

and the dual problem (DCP) is solvable.

e The assumption (i) in Theorem 6 does not coincide with the following

epi (f+goL)g =epi fg+epi(gol)s,

(see also |56, Theorem 3.1|), because we consider the set
B:={(¢YoL,r): (¢,r) €epi gj} instead of epi (go L)%, where (¢, r) €

epi gi. Then assumption (i) of Theorem 6 is

epi (f +goL)y =epi f3 + B,

whenever ¢ + 1) o L € ® holds true for any ¢ € dom g3, ¢ € dom f§.
Examples of classes of elementary functions, where condition ¢p+ol €

® is satisfied, can be found in Example 8-3.

Corollary 2. Let X be a nonempty set and Y be a vector space. Let f :
X - (—o,4x], g: Y - (-0, +x] and L : X — Y be a mapping from
X toY. Let &,V be sets of elementary functions on X and Y, respectively.
Assume that dom g n L (dom f) # . Let

(i) epi (f+goL)y = epifi+epi (goL)y,

(f + 40 L)g (0)+95 (¥) = —val(DCP),
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(ii) For ¢ € @, infyey (f + ¢ 0 L)y (¢) + g5 () = (f + g0 L)y (¢) and the
infimum is attained.

Consider the following conditions.

(i) For any pair (¢,r) € epi (go L)%, there exists v € WU such that ¢ < oL
and gy (6) <7 .

(1) There exists ¢ € ¥ such that g5 (¢) <0 and go L < 1o L.

(iii) For any pair (¢,r) € epi (f + go L)y and a given ¢ € U, there exist
01,092 € P such that o — oL = ¢1 and Yo L = ¢s.

(iv) & — O < D, for any 1,62 > 0 and a given 1p € U, there exist x., €
X, ¢e, € Ocp0 (g0 L) (22,) such that

(0 (L$52> - ¢€2 (ZE€2) t+é1 > Su)l?¢ (LZL’) - ¢62 (‘r) .
xe
If (a) or (b) hold, then (i) = (ii). If (c) or (d) hold for 1) € ¥ at which the
infimum in (i) is attained, then (i) = (i).
Proof. (i)= (ii): For any ¢ € @, (gb, (f+go L)fb (¢)) € epi (f+go L);.
There exist two pairs (¢1,¢1) € epi f& and (¢, c2) € epi (g o L)y such that
¢ =¢1+ ¢ and ¢1 + g = (f + go L)y (¢). Thanks to Theorem 2, for any

¢ € ®, we have

inf (f +voL)g(6)+gy (W)= (f+goL)g(d),

Pew

so we need to prove the reverse inequality. Consider

inf (f +1 0 L) (6) + 93 (V) < (f +1 0 L)g () + g5 (). (4.34)

Pew

Assume (a). We can find 1y € ¥ such that ¢y < ¢y o L and g3 (1) < co.
Note that

P1=¢—¢2=¢—1Ygo L.
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Hence,

inf (f +v0L)g () + 94 (V) < (f + o0 L)g () + g5 (Yo)

Pew
<sup{¢ (z) = f (x) = tho (La)} + c2

reX

<sup{oy (x) — f ()} + 2

reX
= f3 (1) + 2
Satea=(f+gol)y(9). (4.35)

Inequality (4.35) gives us

(f+90oL)3(¢) < (f+vooL)g (o) + g5 (o) < (f +g0L)g(h) <+,

and the infimum in (ii) is attained at .
Now let (b) hold. There exists ¢y € ¥ such that go L < 1)y o L and
g% (o) < 0. We have

Inf (f + ¢ 0 L)y (9) + 95 (¥) < (f + Yoo L)g (9) + g3 (Vo)
< sup {01 (z) = f(2)} + sup {p2(x) — v (L)}
< fo(ér) + Sup {pa2(2) — g (L)}

< fo(¢1) + (go L)g(92)
<cate=(f+gol)y(9), (4.36)

where we have used ¢ = ¢; + ¢- in the second inequality. The attainment of
the infimum of (ii) at ¢y € ¥ follows in the same way as in the proof with
condition (a).

(ii)=(i): Let (¢1,c1) € epi f&, (¢a,c2) € epi (g o L)y we have

crter = fa (o) +(goL)g(¢2) = (f+g0L)g (d1+62),
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80 (¢1 + ¢2,01 + c2) €epi (f + go L)y, which means

epi (f+goL)yDepi fi+epi (goL)y.

We want to prove the reverse inclusion. Take (¢,7) € epi (f + go L),. From

(i), there exists 1) € ¥ which is a solution to the problem,
Inf (f + 90 L) (8) + 95 (¥) = (f + 00 L)4 (6) + 63 (V)
=(f+gol)y(¢)<r (4.37)

We assume (c) holds. There exist ¢, ¢, € ® such that ¢ > ¢; + o L,
oL = ¢, so that (go L)%(¢) < gi (1) and

(f+9oL)y(9) = sup ¢ () — U (Lr) - f(z) = sup ¢y (v) — f () = fo(d0).
(4.38)
Combining this with (4.37) and (4.38), we obtain

fo (1) + (g0 L)g (¢2) < (f+1ZOL);(¢)+g$ (V) <r.

By taking (¢2, (go L)y ((bg)) € epi (go L)y, we can make (gbl, r—(goL)y (¢2)) €
epi fi. This means

<¢2> (g © L)Zkb (¢2)) + (¢17 r—= (g © L):; (¢2)) = (¢7 7’) .
Thus, we have
epi (f+goL)y <epi fo+epi (goL)y. (4.39)

Now, let (d) hold. Let 1) € ¥ be a solution to the infimum problem in

(ii). For every 1,69 > 0, there exist z., € X, ¢, € 0,0 (90 L) (z.,) such
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that
—sup {'& (L.T) - ¢€2 (.f)} > _'QZ (Lx@) + ¢52 (3:82) —£&1.

zeX

We have

(f +9oL):(d) =sup{¢(x)— f(z) — (L)}

> sup {9 (2) — g, (¥) = f (2)} —sup {¢ (Lx) = ¢c, (2)} .
(4.40)

As ¢ — ¢z, 1= e, € P, we can write sup,cy {¢ (‘I) — ey (.I‘) - f(l’)} =
fa (¢s,). Since g3 (1) = ¢ (y) — g (y) for any y € Y, we can set y = La,.
Combining this with (4.40) gives us

(f+doL)y(9)+g5 (¥) > fa (o) — ¥ (Lae,) + 62, (22,) — 21 + O (La,)
> f;; (@52) + ¢62 (1752) ) (Lxez) — €1
> f;; (9062) + (go L)?I;( 62) — &1 — &2,

as ¢e, € Ocy09 (Lx.,). From (4.37), we have

r>(f+dolL), (8)+gs (V)
> f3 (pey) + (90 L)g (¢2,) — 2 — 1.

We obtain (pe,, 7 + €1+ €2 — (90 L)g (¢=,)) € epi fg and (¢ey, (90 L) (¢2,))
epi (go L)y. This means epi (f +go L)y < epi f& +epi (go L)y, so we
have (4.39). O

Remark 8.

e In Theorem 6 and Corollary 2, to obtain condition (ii), the assumptions
mostly rely on g and the set of elementary functions W. Thus, with ap-
propriate choices of ¥, we can guarantee the attainment of the infimum

in (ii). The motivation comes from the fact that in the construction of

-9 (Ll’52>

€
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the conjugate dual, we perturb g but not f.

e If 0 € @, then the condition ® — ® < & implies symmetry of the set ®.

Because we can take 0 — ¢ € ® for any ¢ € P.

e It is true that epi f* = supp f. To see this, let us take (¢,7) € epi f*,
then ¢(z) —r < f(x) for all z € X. As ® is closed under addition

of constant, we have ¢ —r € ® and ¢ — r € supp f. Conversely, if

¢ € supp f then (¢,0) € epi f* (see [56]).

e Corollary 2-(i) is closed to the additivity of the support of the conjugate
in [56, Theorem 5.1]

suppg (f + g o L) = supp ¢f +supp 4(go L),

while in general, [56, Proposition 2.2|, we have

suppg(f + g o L) = cog (supp 4 f +supp ¢(go L)),

where cogp A is the ®-convex hull of A < ® i.e.

copA = supp ¢fa, where f4(x) =supo(z), VreX.
PpeA

e In the classical convex analysis, when X and Y are separated locally
convex spaces. For lower semicontinuous proper convex functions f, g
and a continuous linear mapping L, [16, Theorem 14.1], condition en-
suring strong duality are expressed with the help of regularity condition
(RC)? as defined in [16, Chapter 4, Section 14] while in Theorem 6 and
Corollary 2, we are using assumptions related to the additivity of epi-
graph of the conjugate. We refer the reader to Section 16 in [16] for
the discussion of relationship between different regularity conditions

ensuring strong duality.
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We give an example of a convex problem satisfying the assumption (i) of

Theorem 6.

Example 11. Let X = R? and the functions f (z,y) = 2? + y?,g(x) =
222 L (z,y) = v +y and

o7, = {(b(x,y) = —q (1:2—1—3/2) +b1x+b2y,a>0,b1,bgeR},
U = {1 (x) =cr,ceR}.

Condition (4.31), ¢ + 1 o L € &, always holds for all ¢ € ®,¢ € ¥ (see
Example 8-3). Let us denote

oz, y) = —a(x® + y?) + biw + bay,a = 0,
o(z,y) = —al(x2 + yz) + by + by, aq =0,
U(x) = cx.

We want to calculate

4b1by — (3 + CL) (b% + bg)
4(4-(3+a)?)

bi1 + biy

.\ X (g,

4 (Cll + 1)

2

(1, c3) € epi g(“l,@qpe\ll,% < c3.

= C1,

(¢p,c1) €epi (f+goL)y<a=0,

(90702) € epl f; < ap = Oa

Let us take (¢, c1) € epi (f + go L)y then we want decompose ¢ = ¢ + 1o L
and ¢; = ¢y + c3 where (¢, c3) € epi f§ and (¥, c3) € epi gi. We have the

following system

a = ag,
C+bll = bl,
C+b12 = bg.

We can choose ¢ = ¢3 = 0,a = a1 = 0,by = by so by = by = by = byo
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and ¢; = co. Taking o) = 1 = ¢; and assumption (i) of Theorem 6 is
satisfied. Thus, we have strong duality for conjugate duality. Notice that if

® is composed of affine functions only, we arrive at the same conclusion.

4.4 Lagrange Duality

4.4.1 Construction of Lagrangian Primal-Dual Problems

Of equal importance beside conjugate dual is Lagrange dual. Results from
[12] give a connection between the Conjugate Duality and Lagrange Duality.
For other construction of Lagrangian dual proposed recently, see e.g. [20]
and the references therein.

In this Subsection, we point out the relationship between conjugate dual
and Lagrange dual problems. We give new results for zero duality gap for
Lagrange dual of composite problems. To construct Lagrangian dual, we

introduce the Lagrangian function £ : X x ¥ — (—o0, + 0] as follow

L(z,) = f(x) + P(Lx) — g3 (¥), (4.41)

where U is a set of elementary functions defined on Y. In the case VU is
a convex set then L£(z,) is concave with respect to ¢ € ¥ thanks to the

property of conjugate function. The Lagrangian dual is

val(LD) := sup inf L(x,v) = sup inf f(z) + Y (Lx) — g5, (¢), (LD)

pel zeX pel reX

and the corresponding Lagrangian primal

val(LP) := inf sup L(x, ) = inf sup f(z) + ¥(Lz) — g3, (¢). (LP)

zeX pel zeX pel

Notice that Lagrange dual (LD) is actually the conjugate dual (DCP) by

expressing the conjugate of function f. Let us state the weak duality for
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Lagrangian duality.

Theorem 7. Let f : X — (-0, +x0], g:Y — (—00,40] and L : X - Y
be a mapping. Let &,V be sets of elementary functions defined on X and Y,
respectively. It holds

sup inf L(x, ) < inf sup L(z, ).
Pel zeX reX el
This result holds true for any functions not necessarily of the form (4.41).
First we notice that Lagrangian primal (LP) is not equivalent to the com-

posite problem (CP) as

inf sup f(z) + ¢ (Lx) — g5(¢) = inf f(x) + supy(Lz) — gy (¥)

reX pel xeX pel
= inf f(z) + g3" (L)
zeX

< inf f(2) + g(La).

Even though the Lagrange dual and conjugate dual are the same, the pri-
mal problems are different. Since our main focus is (CP), we discuss the
assumptions which make these two primal problems equivalent. Clearly, we

can assume
inf f(z) + g3 (Lz) = inf f(x) + g(Lz). (4.42)
zeX reX

Usually, in the classical convex approach, g is Isc and convex iff g3* = g so
condition (4.42) holds. Generally, we obtain (4.42) whenever g is W-convex

[12, Proposition 5.1]. Conversely, we have the following.

Proposition 9. Let f : X — (-0, 4], g: Y — (-0, +©] where X is a
nonempty set and Y is a vector space. Let L : X — 'Y be a mapping. Let &, ¥
be the sets of elementary functions defined on X andY , respectively. Assume

(4.42) holds. If the primal problem is solvable at xy then g is ¥-conver at
Ll’o.
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Proof. By assumption, We have

inf f(2) + g (Lx) = f(z0) + g (Lao) -

From (4.42) we have

f (w0) + g (Lg) < inf [ (&) + g3 (L) < f (w0) + g3 (Lao)

which implies g (Lzo) < ¢5* (Lzo). From the definition of biconjugate func-
tion, g5* < g, so we have g (Lxzg) = g3 (Lzg). Thus, g is ¥-convex at
LfL’(). O

4.4.2 Lagrange Zero Duality Gap

In the present subsection, we discuss zero duality gap for Lagrange duality.
We follow the result of [12] and exploit the intersection property to prove
zero duality gap. In our context, Theorem 6.1 in [12]| takes the following

form.

Theorem 8. (Theorem 6.1 [12]) Let X =Y be a vector space, ® be a convex
set of elementary functions defined on X. Let L(x,) be Lagrangian given
by (4.41) with L = Id. Then the following are equivalent.

(i) For every a < infyex Supyeq £ (7,7), there exists 11,1y € ® and ¢, €
supp L (-, 11) , o € supp L (-,103) such that ¢1, ¢o have the intersection
property at level «; i.e., for all t € [0,1]

[to1 + (1 = 1) b2 < a]n[¢r < a] = F or [tg1 + (1 —1) ¢2 < a]n[¢2 < o] = &,
where [y < a] :={re X : ¢ (z) < a}.
(i4) val(LP) = val(DCP) i.e. infocx supyeq £ (,9) = supyeq infrex £ (2,1) .

The proof can be found in [87].
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Remark 9. In the case where for every a < infiex sup ey £(7,%), we have
1 = 1y, i.e. @1, P belong to the same support set supp L (+,17) for some
11 € U, the assumption of concavity of the Lagrangian can be removed. (cf.

[86]).
For convenience, we state a result from [12].

Lemma 3. (Lemma 6.2 [12]) Let X be a set, a« € R and let ¢1,¢9 : X — R.
Two functions ¢1, ¢o have the intersection property at level o if and only if
there exists ty € [0, 1] such that topy (x) + (1 —to) P2 (x) = o for all x € X.

Observe that in Theorem 6.3, the class of elementary functions ® is arbi-
trary. Below, we relate the intersection property to the lower semi-continuity
of the optimal value function, V, in the case where elementary functions sat-
isfy additional conditions. For other results along this line, see e.g. [81,
54].

Let us define the optimal value function V : Y — [—00, +00) as follow

V(y) := inf p(z,y), (4.43)

zeX

where the function ( is defined at the beginning of Section 4.1. Similar to
(4.42), we also define the following condition for any y € Y’

inf f(z) + gy (La +y) = inf f(z) + g(La +y). (4.44)

A function V : Y — [—o0, +00) is lower semi-continuous at a point yy € Y, if

for every € > 0, there exists a neighborhood W (yy) such that
V(y) > Vi) —¢e, VyeW(y). (4.45)

The following theorem below connects Theorem 3, the intersection prop-

erty and the lower semi-continuity of the objective function at yq = 0.
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Theorem 9. Let f: X — (—o0,+x], g: Y — (—0,4x]. Let L: X - Y
be a mapping from X toY with dom g n L (dom f) # . Let ®, U be sets
of elementary functions defined on X andY, respectively. Let L(xz,v) be the
Lagrangian defined in (4.41). Assume ¥ is convez, 0 € ® and inf,cx f(z) +
g(Lx) < 4+00. Consider the following.

(i) For every € > 0, there exist x. € X and 1. € 0. vy (Lx.) such that
0€ o (f +¢:0L) ().

(i) For every a < infeex supyeq £ (x,v), there exists ¢1,¢2 € @, 1,105 €
U, @1 € suppLl (,11) , o € suppL (,12) such that the intersection prop-
erty holds for ¢1, @2 at level a.

(iii) The function V is lower semi-continuous at 0.

We have (i)=(ii). If condition (4.42) holds, then (ii)<(i). Moreover, if
(4.42) holds and ¥ is composed of lower semi-continuous functions, then
(11)=>(iii). (i11)=>(ii) when V is a collection of continuous functions and
(4.44) holds.

Proof. (i) = (ii): For every o € R, let o < infyex supyeq £(2,¢). For
every ¢ > 0, we can find z. € X and ¢. € 0.wg(Lx.) such that 0 €
56,‘I> (f + ¢6 © L) <$6)7

(Vze X) f(2)+v:(L2) = f(x) + ¢ (Lxe) — €. (4.46)

We also have 9. € 0. vg (Lz.) so g(Lz.) + g5 (¢.) < ¢.(Lz.) + €. Putting
this into (4.46),

f(2) + e (L2) = f(2) + e (Lae) — ¢
= f ($6) +9 (Lxs) + giIkl (ws) - 287
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SO

L(z,0:) = f(2)+ 0 (Lz) — gy (W) = [ (x2) + g (Lx.) — 2e. (4.47)

As € > 0 is arbitrary, we choose ¢ = (f(x.) + g(Lz.) — a)/2 > 0 so that
L(z,9.) > a. Pick ¢; € ® and ¢; € ¥ such that ¢; € supp L (-,71). By
choosing ¢y = o € &, we have ¢, € supp L (+,1.). From Lemma 3 with ¢t = 1

we have

5(3715%4-(1—15)%) :‘C(vaa) >ta+(1—t)¢1(x) = Q,

so the intersection property holds for ¢1, ¢ at level a. As « is arbitrary, we
have (ii).
(ii) = (i): As (4.42) holds, we have val(C'P) = val(LP). From the primal

problem (CP), for every € > 0, there exists an z. € X such that

;g)f(f (x) + g (Lx) > f(z:) + g (Lx.) —e.

Denoting « := val(CP) — ¢, we have a < val (CP). There exist ¢1,¢s € @
and 1,19 € W such that ¢; € supp L(-,91),¢2 € supp L(-, 1) and the
intersection property holds at level a. Lemma 3 gives us a ty € [0,1] such
that

t0¢1 ([L’) + (1 — to) ¢2 (.Z') = a, Vore X. (448)

Because ¢ € suppL (+,11) , ¢2 € suppL (-, ¢9), we have
L(z, 1) = ¢1(x) and L(2,4¢s) = ¢ (z), VreX.

As VU is a convex set, toihy + (1 — tg) 1o € W. Moreover, L (z,) is concave in
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the second variable, i.e. for all t € [0,1] and 91,15 € ¥

L(x, iy + (1 —1t)h2) = f(2) + thy (L) + (1 =) ¢ (L) — gy (thr + (1 — 1) o)
= t[f(x) + 1 (Lx) — g5 (Po)] + (1= 0) [f (x) + ¥o (L) — g3 (¢2)]

where the inequality holds due to the concavity of —gj,. Combining inequality
(4.49) with (4.48), we get

L (I,to@bl + (1 — to) 1/]2) = toﬁ (l’,’l?bl) + (1 — to) L (I,@/Jl)
= t0¢1 (33) + (1 — to) ¢2 (.CE) = o
=val(CP) — ¢

= inf £ (2) +g(La) — ¢
> f(xe) + g (Lae) — 2¢.

We obtain
L(z,toty + (1 —to)1he) > f(x:) + g (La.) —2e, VreX

By denoting ¢ = toi + (1 — tg) 12, we get

L(z,9) = f(2) + v (La) = g5 (¥) > f(ze) + g (Lae) — 2. (4.50)
Rearranging both sides, we obtain
f (flf) - f ($5) > _i} (LZE) +9g (an) + g; (JJ) — 2e.

We have g(Lz) + g& () = (Lz) for all x € X and 1) € ¥. From the previous
inequality,

f (ZL‘) - f (J:a) > *7[) (Ll‘) + QZJ (an) — 2e.
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Because, in general, —i) o L does not belong to ®, we cannot claim that
—o L€ dyaf (x.), but we have

f(@) + 4 (L) = f(ze) =¥ (Lae) > —2e,

which means 0 € 02 ¢ (f +1o L) (x¢). On the other hand, from (4.50), for

any x € X, we have

f (SL‘) + 1/_} (Lil?) - g; (QE) > f (xe) +9 (Lxe) — 2.

By choosing x = x., we can write

15 (Lxs) - g$ (1;) =>4 (Lxs) - 257

or

¥ (Lz.) + 2 > g (La.) + g5 (V) -

This gives 1 € 0. g (Lz.). Thus, (i) holds.

(ii)= (iii): As the intersection property holds for every a € R, for every
e > 0, we can take a, = infiex supyeq £ (2,9) — /2 = V(0) — /2. Now
we can find ¢y, ¢p € ©,11, 1y € W such that ¢y (1) < L(-,¢1), 02 < L+, 1)
for all x € X, and ¢, ¢o satisfy the intersection property at level a.. Using
Lemma 3, there exists g € [0, 1] such that for all z € X,

Qe < tOCbl ({L‘) + (1 - tO) ¢2 (%) < tOE ("L‘a ¢1) + (1 - to) L (x)¢2)
< ;C (l’,to'(/)l + (]_ — to) ’QDQ) . (451)
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On the other hand, we have

L(x,) = f(z)+¢(Lx) — gy (¥)
= Zi/gf;f(x) +9 ) +v¢(Lx) - (y)

< f(x)+g(Lr+y)+ ¢ (Lr) = (Le +y),

where z € X,y € Y. Denoting 1y = tot); + (1 — ) 12 € ¥, as ¥ is a convex
set, (4.51) gives us

< f(x) + g (Lx +y) + o (Lx) — o (Lx + y)
a. + o (Lx +y) — 1y (Ll“) < f(x)+g(Llx+y),

for any x € X,y € Y. Since 1y € ¥ is lower semi-continuous, the function
¥y (y) = o (L + y) is also lower semi-continuous for all y € Y. There exists
a neighborhood W (0) < Y such that

b (y) = 2 (0) — /2, Yy e W(0).

Thus,
f()+g(LI+y) aa+¢az() 77/}90() (1—6/2

for all y € W (0). The inequality holds for all z € X, we can take the infimum

with respect to x € X on both sides and obtain

V(y)=inf f(x)+g(Lx+y)=a.—c/2=V(0) —e¢,

zeX

for all y € W (0). Hence, V (y) is lower semi-continuous at y = 0.

(iii)=(ii): Conversely, for every a € R, a < infpex supyey L(2,7) = V(0),
we choose 3¢ = V(0) — a > 0. There exists a neighborhood W (0) < Y such
that

V(0)—e<V(y), VYyeW(0).
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Now considering

[ (x) + 93" (L +y) =iggf(w)+w(m+y)—9$(¢)~

We can find ¢, € ¥ such that

f@)+93" (Lx+y) < f(x) + ¢ (L +y) — gy (¥e) +€
< f (%) = gy (Ye) + e (Lx) + 22, Vye Wi(0).

In the last inequality, we can find a neighborhood Wi(0) < Y such that .
is continuous at 0. Hence, for all y € W7(0) n W(0), we have

V(0) —e < V(y) = inf f () + 93" (L +y)

<sup f(z) —gy (V) + ¢ (Le+y), VYeeX

Pew
< f(@) =gy () + ¥ (Lo +y) +¢
< f(x) = 93 (W) + ¥e (La) + 26, Vy e Wi(0)
= L(x,1:) + 2e.

Finally, « = V(0) — 3e < L(z,1.) for all x € X, we can take ¢ = a € ® and

¢ € supp L (+,1.). Then ¢ has the intersection property at level o with any
¢1 € supp L (-, 1), for ¢p € . O

Now we can state zero duality gap for Lagrange dual problem.

Proposition 10. Let f : X — (-0, +w0],9:Y — (—00,4+x]. Let L: X —
Y be a mapping from X toY with dom g L (dom f) # . Let &,V be sets
of elementary functions defined on X and Y, respectively. Let L(xz,v) be the
Lagrangian defined by (4.41). Assume VU is convez, 0 € ® and (4.42) holds.
We further assume inf,cx f(x)+ g(Lz) < +00. The following are equivalent.

(i) For every a < infucx supyeq £ (7,%), there exists 11,1, € ¥ and o €
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supp L (-,101) , 2 € supp L (-,13) such that ¢1, ¢o have the intersection

property at level .

(i1) ;g}f(f(x) + g(Lz) = inf sup £ (z,¢) = sup inf L (z,9) < +00.

X e el TeX

Proof. By applying Theorem 9 and Theorem 3, we obtain the assertion. [J
Remark 10.

e In order to work with the intersection property, we need to find ¥, 15 €
W and ¢ € supp L (-,91), ¢z € L (+,92). Because a < inf,ex supyeq £ (7,7),
so a € supp L (-,¢) for any ¢p € W. We can set ¢; = o € @, and
the intersection property always holds for any ¢y € supp L (-, 1), as

[0 <a] = .

e Let U be symmetric, and for every € > 0, there exist z € X, 0oL € ®
for ¢y € U, such that ¢y o L € 0. o f (Z). We have, for all y € X

Fy) = F(x) = b1 (Ly) =1 (L) —¢
fy) =1 (Ly) — g3 (=) = f(2) — ¢ (LT) — gy (=) —
ﬁ( ) = L(Z, =) -

so T is a e-approximate solution to the problem inf,cx £ (x, —11).

We can replace assumption (4.42) with a stronger one by the following

lemma.

Lemma 4. Assume inf,cx f(x) + g(Lz) < +o0 and let L(x,v) be the La-
grangian function given by (4.41). Then condition (4.42) i.e.,

inf f(x) + g(L) = inf f(z) + 63" (L),

zeX

holds if and only if for every e = 0, there exists x. € X such that

inf sup L(z,¢) > f(z.) + g(Lz.) —e. (4.52)

reX el
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Proof. If condition (4.42) holds i.e.,

inf f(2) + g(Le) = inf f(x) + g3 (L),

then for every € > 0, one can find an z. € X such that inf,cx f(z)+ g(Lx) >
f(z:) + g(Lz.) — €. Hence,

inf sup L(z, ) = inf f(x) + 93" (Lz) > f(z.) + g(Lxe) — €.
zeX el zeX

Conversely, assume that

inf sup L(z,¢) > f(z.) + g(Lz.) —e.
zeX pel

We have

inf sup L(x,v) > f(xe) + g(Lx.) —e = inf f(x) + g(Lx) — .
T€X el reX

Recall that,

inf sup L(z,v) = inf f(x) + g3*(Lx).
zeX el reX

Because g(Lx) = ¢3*(Lx) for all x € X, we can write

inf f(z) + g(Lz) = inf f(z) + g3* (L) = inf f(x) +g(Lx) — e

Both sides do not depend on ¢, we can let ¢ — 0 and get the equality. O

In fact, condition (4.52) is stronger than intersection property, as we can

see in the corollary below.

Corollary 3. Let f : X — (—w0,+®],9 : Y — (—00,4+x0] and let L :
X — Y be a mapping from X to Y with dom g n L(dom f) # . Let
O, U be sets of elementary functions defined on X and Y, respectively. Let
the Lagrangian function be defined by (4.41). Assume ¥ is convez, 0 € ®,
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inf,ex f(z) + g(Lx) < +00. The following are equivalent.

(i) For every € > 0, there exists x. € X, 1. € ¥ such that in)f(ﬁ(a:,we) >
e
f(xa) + g(an) — &

(ii) For every € > 0, there exist x. € X and 1. € 0. vg (Lx.) such that
0€0ea(f+1e0L) ().

(i5i) inf f(x) + g(Lx) = inf sup L (z,v) = sup inf L (z,v) < +o0.
zeX zeX pel pel zeX

Proof. Thanks to Theorem 3, Theorem 9 and Proposition 10, we have (ii)<
(iii). We only need to prove (i)<(ii).

(i) = (ii): For every € > 0 and every z € X, we have
L(x,1.) = m12)f(£(sv, Ye) = f(ze) + g(Lx.) —e.
While L(z,1:) = f(x) + ¢=(Lz) — g3 (¢:), we have
F@) + gu(La) — gh(62) > fae) + g(La) — e (453)
Let z = z. and we obtain
e(Lae) — g3 () = g(Lxe) — ¢,
50 ¥ € 0. wg(Lz.). On the other hand, by using the property of ®-conjugate,
(Vo e X) g(Lx) + g3 (¢e) = ¢e(Lx).
By putting this in (4.53), we have 0 € 0. o(f + 9. o L)(x.). Hence, we prove
(ii).

(ii) = (i): For every ¢ > 0, there exist z. € X, 9. € 0-wg(Lx.) and
0€ Oc0(f+:0L)(z.), ie. forall ze X,

f(2) +¥e(Lz) = f(a:) — ¥=(La.) = —e.
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Because 9. € 0. wg(Lz.), using inequality (3.9) we get,

f(2) +e(L2) = () = Pe(Laz) — €
> gy (ve) + (L) — 2.

Thus

L(z,0:) = f(2) + ¢e(L2) — g3(¥e) = f(xe) + g(Lac) — 2¢.

The right-hand side does not depend on z € X, taking the infimum with

respect to z € X gives us

ig)f(’ﬁ(z,@ba) > f(xe) + g(Lx.) — 2e.

We have proved (i). O

Remark 11. Our idea in Corollary 3 is to make a connection between La-
grange duality and Conjugate duality. In statement (i.), we ensure that the
Lagrange primal and the primal coincide, and the Lagrange primal has to be
bounded below by the e-solution to the primal problem. Thus z. and v, in

(i.) become the same x. and 1. in statement (ii.).

Having the class ¥ of elementary functions, we recall the notion of X-
convexity in |72, Proposition 1.2.3|, by using formula ¢(z) = z(¢) for x €
X,¢p € . Together with the intersection property, we can prove Lagrange

zero duality gap as follow.

Proposition 11. Assume that for every a € R,a < inf,ex f (z) + ¢ (Lx),
there exist 1 € supp g,x9 € X, such that f(xg) < o < Y(Lxg). If zp€ A =
{re X : Lxesupp g5} # &, then we have val(LP) = val(LD).

Proof. Let xq € A, € supp g be such that

f(o) < @ < Y(Lao).



4.4. LAGRANGE DUALITY 81

Then ¢} (¢) < 0. On the other hand, xy € A means

(Vo € W) Y(Lxy) < g3 (v) < Zlelg@/) (Lzo) — g (¢) < 0.

Moreover, ¥ (Lzg) = « and

a< inf f(z) + ¢ (Lz)
< nf £ (@) + ¢ (Lo) = gy (¥), a5 gy (v) <0

< sup in)f(f (z) + 9 (Lx) — gy (V) .
e T€

On the other hand,

a = f () = ilelgf (o) + 1 (Lxo) — gy ()

> inf sup f (z) + ¢ (Lz) — g3 (¥) .

reX pel

Combining the two above inequalities, we obtain

sup inf f () + ¢ (Lx) — gy () = nf sup f (z) + ¢ (Lx) — gy () -

pel reX zeX pel
]

Remark 12. In Proposition 11, we can replace the assumption xy € A with
g(Lxg) < 0, for zp € X. Then zero duality gap holds between (CP) and
(LD). Because, for ¢ € supp g and ¢y = a = f(xg), we have

sup inf f (x) + ¢ (Lx) — gy () = inf f (2) + o (Lx) = gy (v0)

PheW zeX
= ;lefl)f(f (z) + %o (Lz), as gy (o) <0
>a = f(xg) = flzo) + g(Lxo)
> inf f(z) + g(Lz).

1
xe
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We complete this Section with two examples illustrating Proposition 11.

Example 12. Consider the functions f (z) = 32% — 3z — 10, g (z) = —22% +
x—8and L = Id. Let

QD:\IJZ{1/)(20)=—ax2+bx+c,a20,b,ceR},

is our sets of elementary functions. We want to find supp g, i.e. the set of
all ¢ € ¥ such that
Y(z)<g(x) VreR.

This gives us ¢ € ¥ where a > 2,¢ < —ﬁa__b);) —8or v (x) =—22%+x—8.

Consider a > 2, for every a € R such that

c—10 ifa=3,b=3,c< -9,
a<inff(2)+v (@)=~ _q04c if2<a<3c< L g,
—00 if a > 3.

We need to find zq such that f (z¢) < o <9 (x¢), we can let a = inf, f (z)+

¥ (). There are two cases

e a =c— 10 or @ < —19, we cannot find zy such that f (z9) < —19 as
fmin = _%

o o = —ilzgff) — 10 + ¢, we have to solve f(xg) < a < (o) for xy. We

arrive at the following system

b—3)?
—a$2+bx+c>—ﬁ—10+c7
b—3)°
> _gp_10< 073
3x° — 3x 0 1(3=a) 0+c,
1 )2
2<a<3,c<—¢—8.

4(a—2)
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By direct calculations, there are no solution a, b, ¢, x for the above sys-

tem of inequalities.

For ¢ (z) = —2x? + x — 8, and this turns into

inf f (2) +g(2) = a=inf f(z) +¢(2) < 311pinﬂgf(x) +y (),

zeR ey T€
which is zero duality gap.

Example 13. Now consider the functions f (z) = 223210, ¢ (z) = 2v+1

with L = Id, and the set of elementary functions is
¢ =V = {¢y(x) =ar+b, where a,beR}.
Calculating v € supp ¢ gives us a = 2 and b < 1. Now we find

21
a=inf f(z)+¢(r) =infz® —2—-10+b=—— +b.
xeR xeR 2

We also calculate

gy (Y) =sup¢ (z) —g(z) =b—1,

reX

for b < 1. Observe that

sup inf f(z) +¢(v) —gh ()= sup infaz®—a2—-10+b—b+1

e supp g TEX ye supp g TEX
= sup infz?—2z-9
e supp g T€X
=infa? -2 —9=inf f(2) +g (),
reX zeR
while

sup inf f (z) + ¢ () — gy (¢) < sup inf f(2) + ¢ (z) — gg (V).

e supp ngX pel reX
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Thus we have zero duality gap.



Part 11

Algorithms for Composite
Optimization Problems involving

@%% C-ConveX Functions

85



Chapter 5
(I)%%C—PI‘OXimal Algorithms

R

Le-convex function. Our aim is to

In this chapter, we consider the class ®
design proximal-based algorithms using ®F -subdifferentials and discuss con-

vergence of these algorithms. The outline of of this chapter is as follow:

R
lsc

-proximal operator using ®%  duality

e Section 5.1: We construct ® lsc

map (Definition 9) and present its properties (Theorem 10 and 11).

e Section 5.2: First, we give a general auxiliary convergence result which
can be applied throughout this chapter (Theorem 12). Then we propose
R -proximal point algorithm and provide convergence results (Theo-
rem 13).

R

1se-Forward-Backward algorithm and provide

e Section 5.3: We propose ¢

convergence analysis (Theorem 15).

R

e Section 5.4: We propose and provide convergence results for ®;; -

Projected Subgradient algorithm (Proposition 16 and Theorem 16).

e Section 5.5: We illustrate ®F _-proximal point algorithm and ®} _-projected

subgradient algorithm with some numerical examples.

86
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5.1 @%C-Proximal Operator

Let X be a Hilbert space. In this section, we introduce the proximal operator
related to the class @} -convex functions. Observe that @ -subdifferentials
lie in the set ®F_ which is not a subset of X. Therefore, we need a mapping

which can serve as a link between X and ®) . In analogy to the classical

lsc*

constructions we consider the function g, from Example 3.

Definition 9. Let v > 0 and g,(z) = %HxHQ, we define ®F -duality map
J,: X = OF, as

) 1
I (2) i= Rg () = R, <5|w|2> |

~ ~1. R
Its inverse J = : Oy,

= X is
JH9) = (seg,) " (9).

The explicit forms of .J, and .J!(¢) are calculated in Example 3.

J,(x) = {gb = (a,u) e O}, : ¢ = (a, (% + Qa) :v) , 2va = —1} . (5.1)

{ ¥ u} if 2va > —1

14+2va
(1) () = () (au) = {we X: 4 X ifa=—2£u=0
(%) otherwise

When v = 1 and ® = @}, then J; = 0p, (3] - |*) which is the classical

lsc lsc
duality mapping known in |73, Example 2.26].
We consider the problem

min f(z), (5.2)

zeX
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where f : X — (—o0,+0o0] which is proper ®F -convex. Finding a global

solution to (5.2) means that we need to find xy € dom f such that

(0,0) € e f (z0) (5.3)
see [82, Proposition 7.13]. By using Definition 9, we define ®F _-proximal
operator, prox}ys;i’]R : X = X (set-valued map)

SC -1
proxlvf’R(:c) = (J, + 05 f) Jy(2). (5.4)

The concept of proxljﬁ’R is related to the concept of resolvent operator which
is defined for classical convex subdifferentials as (Id + ¢, f)~!. When f is

lsc

convex, this is also known as proximity operator

: 1 2
prox. (o) = arg Izrél)?f (z) + > |z — o] (5.5)

Remark 13. When reduced to convex analysis, the mapping J, is actually
the gradient of the norm square function which is single-valued and this
implies the equivalence between optimality condition (5.3) and the fixed point
of the proximal operator |6, Proposition 12.29]. While in the weakly convex
case, we have 0. f(x) as the subdifferentials with fixed a. Then the fixed
point of proximal operator is equivalent to a-critical point of f [10, Corollary
1].

For the class of ® -convex functions, we show that the global minimizers

lsc

of f are related to fixed points of the ®F -proximal operator of f.

Theorem 10. Let X be a Hilbert space. Let f : X — (—oo, +o0] be a proper
(I)]R

lse-CoOnves function.

o [fxq is a global minimizer of (5.2), then xq is a fized point of proxf;’R.

o [fuye proxlj’;’R(xo), then xq is a critical point in the sense of Definition

5. Additionally, if either
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(i) (=1/27,0) € O5.(f + 51 - [*)(xo0), or
(“) 01,92 € J’y<x0)a 1 — P2 = (al — Q2, U1 — U2) € a?icf(fo),al < ao,

then xq is a global minimizer of f.

Proof. Let o be a global minimizer of f. Then z, satisfies (5.3), as (0,0) €
6}50]0(1’0), and
¢ € Opsof (20) + J5 (o),

for any ¢ € J, (o). This means that

zo€ (OFf +J,) 7 (0) < (GRof + 1) Ty (o). (5.6)

Isc,R
Therefore, gy € prox ;™ (o).

On the other hand, let us assume that zy is a fixed point of proxf;’R.

From (5.6), there exists ¢; € J,(x¢) such that

1 € Opef (w0) + T, (o) (5.7)

If 1 = (—%, 0) then xg is a minimizer of f as

1
(—%,0) € Oaef (o) + T, (20) S O (f + gH [*) (o).

If o1 = (aq, (% + 2a1)x0), a1 > —1/27, by (5.7), there exist ¢, € J,(z9) and
¢3 € OF . .f(x0) such that ¢y = ¢o + ¢3 or

$1— @2 = @3 € aﬁcf(%)'

As @9 € J,(x0), P2 = (as, (% + 2ay)xg) for ay,ay such that 2yas > —1. By the
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definition of ®F -subdifferentials, for all y € X,

Fy) = fzo) = (d1 — d2)(y) — (¢1 — ¢2)(wo)

2 T 2 l a1 )ro — l as | — X
> —(ay —az) (Jyl* = ol )+<(7+2 1)Zo (7+2 2)T0, Y — To)
= —(ar — az) (Jyl® = |zo[?) + 2(a1 — as){xo,y — x0)
= (az — a1) |y — zo|*, (5.8)

the right hand side is non-negative if as > aq, which implies that z( is a
minimizer of f. From (5.8), in general, we have z is (a2 — a;)-critical point

of f. m
The next result characterizes the elements of @} -proximal map.

Theorem 11. Let X be a Hilbert space and f : X — (—o0,4+0] be a proper
(I)R

Lse-Cconvex function. Let xo € dom f,v > 0. Then

1 1
T € proxf;’R(xo) < Jdag = “3 s.t. T € arg rzrég? [f(z) + (5 + a0> |z — x0|2] :

(5.9)

Proof. Let x € prOXIVS;’R(xO). By definition, there exists ¢g € J,(z¢) such that

€ (J; + 0f) " (o).

By (3.16), there exists ay = —1/2v such that ¢y := (ao,(% + 2a0)x0> €
J(x¢) which satisfies

( (% ; 2a0> ) e OF f(x) + Jo(x) < OF.(f + %r @),
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Hence, by the definition of ®F -subdifferential, for all y € X

f(w) + %w — f(a) - %W > —ao ([l — |2]?) + (% ¥ 2a0) (o0 y— 2.

(5.10)

After simplifying all the quadratic terms in (5.10), we obtain

1) =50 = = (5 + a0 ) Iy =l = (4200 ) oy =y + (£ 4 200) oy = )

1 1
>— =+ ao> ly —z|* + <— + 2a0> {wg —z,y —x). (5.11)
(27 gl

By writing the inner product in terms of the norms, we have
1 2 2
fy) = fz) = 9y T [lzo —=[* =y — 2ol] ,
which results in
2y

1
x € argmin f(y) + (— + a0> ly — o). (5.12)
yeX
Conversely, let us assume (5.12). Then for all y € X
1 2 2
fy) = fl@) = { 57 + a0 [lzo — z[* = |y — 20| *]
1
=—|= 2 —z|? — 42 — ). (5.13
(55 +00) (2 = e12) + (3 4+ 200) ooy = 03, (519
This is equivalent to

( o+ 2ao>xo) c b, (f bl u?) (@).
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To finish the proof, we need to prove

R LR 2) = (OR .
B (14 51 P) (@) = @B + 1))

We only have to prove that
B (14 1) (@) = @R + 1))

Let us take (a,u) € OF, (f—i— Q%YH : HQ) (x), so (a + %,u) e 0f.f(z) and

(—%, 0) € J,(z) from Example 3. Hence, we conclude the proof. O

Remark 14. When considering p-weakly convex function f, we can use
proximal subdifferentials (Definition 7) instead of @} _-subdifferentials. Then

J,(z) = 0,(5=|z||*) = £ as the function is differentiable convex. Therefore,
Y P\ 2~ 0%

To— T

x € proxf;’R(:po) = (Jy, + 0,1) " () = € 0,f(x).
By [10, Proposition 5] with ¢ = 0, we have
. 1 9 To— T
veagmip | £(2) + -l 2| = 2L e 0,0(0),

and the equivalence holds when 2vp < 1.

Assertion (5.9) shows that for every v > 0, the proximal operator prox.;

from (5.5) is an element of ®F -proximal operator of f.

Example 14. We consider the function f : R — R, f(z) = |z| + 2? which is

2-strongly convex. We calculate the elements of proxl;‘;’R(x) for any x € R.

Firstly, we compute dr, f ().

lsc

e When x = 0, we need to find (a,u) € ¥, such that

lsc

(Vy € R) ly| +v* = —ay® + uy. (5.14)
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We divide into three cases of y € R. When y = 0, (5.14) holds for all
(a,u) € O

lsc*

When y > 0, we have
(a+1)y+1—u=0,

for a = —1 and u < 1. When y < 0, we have

(a+1)y—(1+u) <0,

fora > —1 and u > —1. Hence, 0% .f (0) = {(a,u) :a > -1, -1 <u < 1}.

e When x > 0, we have
(Vy € R) y|+y*—z—2">—a(y®*—2*) +uly—=). (5.15)
When y = 0, we simplify (5.15)
(a+1) (y2—x2) >(u—1)(y—x).

If a = —1 then u = 1, otherwise, we have

(a+1)|y—x—

u—1—2(a+1)gc]2> [u—1—2(a+1)x]27
2(a+1) 4(a+1)

which implies @ > —1 and v = 1+ 2 (a + 1) z. When y < 0, we have
(a+1)(y*—2*) = (u+1)(y—z).
Since y — x # 0, we can further have

(a+1)(y+2x)<(u+1).
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Asy <0, weneed a > —1 and u > —1 + (a + 1) z. Hence, for z > 0,

O f(@)={(a,u) :a=>-1,u=1+2(a+1)z}.

e When x < 0, similar to the previous case, we obtain

onf(xr)={(a,u):a>-1,u=—-1+2(a+1)z}.

In conclusion,

a>—-1l,u=-14+2(a+1)z whenxz <0

e () = < (a,u) € B, : az>—-l,u=1+2(a+1)x  whenxz >0
a>-1,-1<u<l when z = 0
(5.16)

Let us take xy € X, for a given (ag,uo) € J, (x9), = € proxf;’R (r9) means

there exists (a,u) € J, () such that
(ap — a,up — u) € pof ().
By (5.16), we consider the following cases
e If z < 0 then a has to satisfy ag —a > —1 and
u—u=—-1+2(a—a+1)z.
We substitute ug and v from Example 3, and arrive at

(% +2a0) zo+ 1

(% +2a0 + 1>

Tr =
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o If z > 0, we also have a satisfies ap — a = —1 and

(*ly +2a0) zo— 1

(% 4 a0 + 1)

€Tr =

e [fr=0thenl <wug—u<1or

1+ 2vay 1+ 2vaq

Notice that when 2yay = —1 then uy = 0 which also satisfies the above

inequality.

Hence, we have

142 1
% when (% + 2a0> To < —1, 2vag = —1,
=
Isc,R 1.9 1
ProXyS]C” (z9) = ((VLZZZTQ when (% + 2a0> o > 1, 2vag = —1,
vy
0 otherwise.

5.2 ®F -Proximal Point Algorithm

5.2.1 Auxiliary Convergence Results

This subsection presents the auxiliary convergence results which will be used

R

1se-proximal point algorithm introduced in Section

in convergence proofs of ¢
5.2 and ®F

1se-forward-backward algorithm introduced in Section 5.3. These

auxiliary results are based on Fejér and quasi-Fejér monotonicity of the iter-
ate (cf. |6, Chapter 5]|).

Lemma 5 (Lemma 3.1, [35]). Let x € (0,1], (@n)nen, (Bn)nens (En)nen be

non-negative sequences with ». _ €, < +00 such that

neN

Opi1 < X — B + En. (5.17)
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Then

(1) (n)nen is bounded and converges.
(1) (Bn)nen is summable.
(i1i) If x <1 then (c,)nen is summable.

Theorem 12. Let h: X — (—o0, 40| be a proper ®F -convex function. Let

(2),.on e a sequence in dom h, (0, )nen, (Bn)nen be positive sequences on the
real line. Assuming the following holds for alln € N

Uni1]2* = 2o | < anlz* — 20]* = Balwn — Tosa |, (5.18)

for some z* € S = argmin h # . The following holds
(i) (o, |z* — x”HZ)neN converges.
(it) (andist® (z,, S))

ey 18 decreasing and converges.

(i11) Y, cn Bulltn—Tn1|? < +0. If0 < B < B, foralln € N then Y, .y |xn—
$n+1H2 < +00.

(i) If X w1/ B < 400 then Y, |20 — Tpia| < +c0.
If v, is non-decreasing then

(v) (|z* - anZ)neN converges.

(vi) (dist® (z,, S))neN is decreasing and converges.

Proof. We can consider ay|z* — x,]? as &, and B,|z, — 2,41 as f, and

apply Lemma 5 with ¢, = 0,y = 1 to arrive at (i) and by Lemma 5-(ii)

Z 5onn - $n+1H2 < +00.

neN
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It follows from (5.18) for all n € N, we have
1|77 = T [* < 2™ — . (5.19)

As a,, does not depend on z* € S for all n € N, (ii) holds by taking the
infimum with respect to * € S on both sides of (5.19).
From (5.18), we know that

it z™ — xn+1H2 + B, — anH < Qpyrf® — xn+1H2 + BTy — xn+1H2

< apllz™ — an27
which is
Blan — Znn]® < anlz* — z0)? — ansa|2* — 2 |*.

Summing the above inequality from n = 0 to N € N we get

BZH%—%HHQ aollz™ — zol* — anya| 2 — wnia]? < aofa™ — @,

and letting NV go to infinity, we have (iii). To show (iv), we infer from (5.18),

Q1

Bn

[0 = znia| < [ 7 l2" =] < 2% —an ]| < 4 [S2a* = o]l (5.20)

ﬁn Bn

Thanks to the assumption that >
Let us assume that «,, is non-decreasing, since «, > 0, we can divide
both sides of (5.19) by .1 to obtain

neN \ﬁ < +0, ||z, — Tpy1| is summable.

Op

|2* =z |* < J&* — @a* < 2" — 2] *. (5.21)

n+1

This proves (v) and also (vi).
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5.2.2 OF -Proximal Point Algorithm

Let X be a Hilbert space, we assume that the function f : X — (o0, 4+00] is

R

e-convex, for all x € dom f. Let us further assume f has a global

proper ¢
minimizer i.e. S = argmin,y f(z) is non-empty. We aim to solve

min f(z) (5.22)

reX

We introduce ®F -proximal point Algorithm (®F _-PPA), starting with

lsc

xo € dom f and stepsize v > 0, is defined as follows

Tpy1 € proxf;i’R(xn) = (Jy + 8}%&}”)_1 Iy (). (OF -PPA)

lsc

According to (5.4), the following condition must be satisfied for the iteration
scheme (®F_-PPA) to be well-defined,

lsc

(VneN) J, (z,) nran (J, + 0. f) # &. (5.23)

lsc

Consider the situation where a is fixed and 2ya > —1. Then ¢,, = (a,u,) €
Jy(x,) and ¢ni1 = (a, upy1) € Jy(Tnt1). If for all n e N,

¢n_¢n+1 = <0a un_un-‘rl) = <Oa (% + 20,) Ty — (% + 2&) $n+1) € 82%0‘]0(17”4_1),
(5.24)

(the second equality come from Example 3), then

1
(; + 2&) (xn - zn-i—l) € aﬁscf(xn-&-l)?

where 0°

1wef 1S a subgradient of f in the sense of convex analysis.

Remark 15. When f is p-weakly convex, we can use proximal subdifferen-
tials (Definition 7) instead of @} -subdifferentials and .J,(x) = &p(%HxHQ) =

lsc
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% as it is differentiable convex. Then, for n € N,

St € (Fy o 00) ) = € 0y f ),

which is exactly the iteration of proximal point method for weakly function
f |53, Section 5.

Taking into account the content of Theorem 11, we can propose a realiz-
able version of (@} -PPA) in Algorithm 1 to solve problem (5.22).

Algorithm 1: ®% -Proximal Point Algorithm

lsc

(i) Initialize: v > 0, zo € dom f
(ii) For n > 0, update
e Pick (an, (% + 2&n)xn) € J,(z,) according to (5.1)

® 1,1 €argmin f(z)+ <% + an> Iz — x|
zeX

Remark 16. Finding z,,; above reduces to finding solution of a separate
minimization problem. The complexity of this problem depends upon the
properties of function f. It is not our aim here to discuss particular compu-
tational aspects of Algorithm 1. Instead, we are investigating the convergence

properties of Algorithm 1.

We start with the result related to monotonicity of the objective function.

R
lsc

Proposition 12. Let f : X — (—o0,+w]| be a proper, @} -convex func-

tion, and (5.23) hold. Let (n),cy @nd (an)nen be sequences generated by
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(®F -PPA) with v > 0. Then it holds for all y € X that

F0) — flen) (% N ) (lmsr — 2l — ly — 2al?)

1
+ (5 + an+1) Hy - .Tn+1||2 . (525)

In particular, (f(x,))nen is decreasing.

Proof. By (5.23), the sequence (x,)neny is well-defined, ie. there exist

<an, (*ly + 2an> xn> € J, (x,) and (anH, (% + 2an+1> an) € Jy (xn41) such
that

1 1
(an7 <§ + 2an> xn) - <an+17 (; + 2an+1> xn+1> € a?icf (InJrl) ) (526>

R -
lsc

with the conditions 2va, > —1 and 2va,,; = —1. By definition of ®

subgradient of f at x,,;, we have

(YyeX) fy)—f(@n1) = = (an—ansr) (JyI° = |znsa]”)

1
+ <_ (xn - $n+1) + 2 (anmn - an+1xn+1) y Y — xn+1>

f)/
1
= ; <xn — Tn+1, Y — wn+1> + 2<anxn — Op41Tn41,Y — wn+1>
— (an = an1) (Jyl” = [nsa]?) (5.27)

The last two terms on the right hand side can be simplified to

2 <anxn — An41Tn+1,Y — xn+1> - (an - an-ﬁ-l) (Hy”2 - HJ;n+1||2)

=20, {Tn = Tpi1,Y — Tny1) + (Anp1 — an) |y — xn+1H2 . (5.28)
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Plugging (5.28) back into (5.27) we obtain

1
) = Flom) > (; ; 2an) (o= Tnsts§ = Tnsn) + (anst — an) [y — usa

1 9 1 2
= 2_ +an + ape1 — ap Hy - anrlH Tz +ay Hanrl - fﬂnH
¥ 27y
1 2
- = + n - 4n
(5 +on) Iy =
1 1
= (5 + 0 ) =l = (5 40 ) Iy =l
(Lva) 2 (5.20)
- an xn - xn ) .
2y +1

which proves (5.25). By taking y = x,,, we obtain

1
.f (l'n) - f (l’n+1) = (; + Apy1 + CLn) ||1’n — $”+1H2 >0,

as %4—&”“ +a, = 0 from the conditions of a,, and a,;1. Therefore, (f (z,))nen

is decreasing. O

Proposition 12 provides a description of the behavior of the objective
function at each iterate. In the following result, the role of coefficients a,, in
the convergence results is investigated. Depending on the subdifferentials of
f, the behavior of (a,)nen can be divided into two cases. Below, we present

the main convergence result of (®F_-PPA).

lsc

Theorem 13. Let f : X — (—oo, 4] be a proper ®F -convex function
with the set S = argmin, .y f(x) nonempty. Assuming (5.23) holds. Let
(2n) ey s (@n)nen be sequences generated by (®f -PPA) with v > 0, then the

following hold.

(i) If there exists ng € N such that % +apy = 0, Tpyt1 s a global minimizer

of f.
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(1) If% +a, > 0 for alln € N, we have lim,,_,o f(z,) = f(z*), where z* €
S. The assertions (i)-(iv) of Theorem 12 hold with o, = B, = % + an,

with n € N. Moreover, if (an)nen is non-decreasing, then we also have
(v)-(vi) of Theorem 12 i.e.

(v) (Hx* - $n||2)neN converges.

(vi) (dist2 (Zn, S))neN is decreasing and converges.

Proof. Thanks to assumption (5.23), (2,)nen is well-defined. In case (1),
there exists an ng € N such that % + an, = 0, then at iteration ny + 1, by

Proposition 12,

1 2
(e X)  J0) = ) > (5 + s ) Iy = gl 0. (530
This means x,,+1 is the global minimizer, so we can stop the algorithm after
ng + 1 steps no matter if (% + apy+1) €quals to zero or not.

In case (i), from inequality (5.25) in Proposition 12, by taking y = z* €

S, we obtain

0 f(2%) — f (ts1) > (g+) 2% — | — (5 +an) l2* — P

1

i (ﬁ ’ an) Hanrl - anQ <5'31>
which coincides with Theorem 12 inequality (5.18) for «, = £, = % +
a, > 0 for all n € N. Notice that the monotonicity of «, depends on the
monotonicity of a,. When (a,,)nen is non-decreasing, Theorem 12-(v,vi) hold
for the function h = f.

For the limit of the objective function, using the second inequality of
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(5.31) and Theorem 12-(i), we can skip the last term to arrive at

1 2 1 2
F(2%) = f (@ns) > (—+an 1) 2% — 2| — (—+an) 2t — .
+ 2y + + 5

Taking the limit on both sides, by Theorem 12-(i), the right hand side con-
verges to zero while the left hand side is non-positive, which implies that

lim f(zn1) = f(27).

n—0o0

]

Remark 17. The @ -subdifferentials of f influence the behavior of (a,)nen
in (®F -PPA). If for any (a,u) € or.f(z), a > 0 for all x € dom f, then by
(5.26), at each iteration, we must have a, — a,+1 > 0 S0 (ay)nen is decreasing
and consequently «, is decreasing. Then the assertions (v,vi,vii) of Theorem
13 will not be met. For example, the function f(x) = —2? has o} f(z) =

{(a,u) e @} :a>1,u=2(a—1)z} for all z € R.

If v, is bounded from below by a positive constant in (@} -PPA), then
Theorem 12-(iii) implies |z, — x,41/? is summable and (z,,)ey is bounded.
To see that (x,)nen 18 bounded, let us fix z* € S and let A < «, for all
n € N for some constant A > 0. By contradiction, assume that (x,)ney is

unbounded i.e. there exists a subsequence (x,, )ken such that
AR? < ap, |7, — 2*|?, Yk € N.

By Theorem 12-(i), (a, |z, — 2*||*)nen converges. Let & = lim,, o o |2, —
x*||, then

|AR? — 6] < |, |n, — z*|? — 3], VkeN.

The left hand side tends to infinity while the right hand side goes to zero

which leads to a contradiction.
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Since x, is bounded, there exists a weakly convergent subsequence of

(Zn)nen. However, we do not know if a weak limit point of (x,)nen lies in

R -
lsc

S. This is because we only know that the function f is Isc, thanks to ®
convexity which does not mean that f is weak lsc as, in general, it is not

convex.

Remark 18. Theorem 13-(i) provides a stopping criterion for (@ -PPA).
As stated in Theorem 10, a minimizer is also a fixed point of the ®¥ -proximal
operator. However, as the ®F -proximal operator is a set-valued operator, it

can return a fixed point and not a solution (see Theorem 10).

Example 15. Let f : R" — R be a proper lsc p-weakly convex. We analyse
Algorithm 1 with a,,n € N and stepsize v > 0 chosen such that

% +ap > g. (5.33)
Let us observe that the only constraint on a, is provided by the J, in (5.1)
which is 2ya, = —1. This is satisfied when we choose a,, according to (5.33).
Moreover, (5.33) ensures us the uniqueness of z,,; in the algorithm. By
Theorem 12, by choosing (3, = % + a,, formula (5.18) is satisfied in view of
Proposition 12. Hence, by Theorem 12, ((1/27 + a,)||z* — x,,|*)nen converges
for any z* € S. In consequence, (x,)nen is bounded for a suitable choice of
a, (for example, a, is lower bounded). Hence, (z,)nen contains a conver-
gent subsequence (z,, )ren With the limit z. By the lower semi-continuity of
f, we have f(z) = inf f(z) which proves that for suitable choice of v and
a,, the sequence (z,)neny generated by Algorithm 1 contains a subsequence

converging to a global solution.
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5.3 R -Forward Backward Algorithm

lsc

R

lsc.-broximal operator in (5.4), now we go a

Inspired by the construction of ®
step further by considering the problem

mip f(z) + 9(),

which can be approached by finding a point xg € X such that

(0,0) € (Oef + 1) (w0) € pe(f + 9)(0), (5.34)

R
lsc

where the functions f, g : X — (—o0, +o0] are proper ®;; _-convex and dom fn
dom g # J. Moreover, let us assume that the set S = argmin, (f + ¢)(x)
is non-empty.
For any zy € dom f n dom g, we define the following update
~1
Toi1 € (Jy + Oncf) (Jy — Opaeg) () - (O} -FB)

lsc lsc

To ensure that the iterate in (®F _-FB) is well-defined, we assume the follow-

ing condition
(VneN) (J, — 05.9) (zn) nran (J, + 0. f) # &. (5.35)

We refer to algorithm (@} -FB) as @}

lsc lsc

-Forward-Backward Algorithm.

Similar to Theorem 11, one can interpret (®F -FB) as follow.

Theorem 14. Let X be a Hilbert space and f,g: X — (—o0, 40| be proper
q@ﬂk

lsc

-convez functions. Let x¢ € dom f,~v > 0. If

ve (Jy+ 0" (Jy— F.9) (z0), (5.36)
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then there exists (ao, (1/v+2ao)x0) € J,(20) and (ad,ud) € 0)%,9(xo) such that

1
x € argmin f(y) + {ud — 2adxo,y) + (— +ag — ag) ly — 20
yeX 27y

Proof. Let (5.36) hold, it means there exist

<a0, (% ; 2a0)x0> e J. (o), (a, (% + 2a)a:) e J.(2), (a9 uf) € 0% g(zo),

such that

<a0, (% + 2a0)x0) - (a, (% + 2a)x> ~ (af,ul) € F f(a).

(DR

Lse-subdifferentials gives us, for all y € X,

fly) — f(=)
> — (a0 — a — ad) (Jyl? - =) + <<§ 1 2a9)z0 <§ +2)z — ud,y — )
— —(a—a—af)y—z*+ <<§ + 2a0) (20 — %) — 1§ + 208w,y — 7

1 1
_ (5 ra+ ) ly— a2+ (5 " ) [l — 2l = |y — o]

+ agzo — ug, y — x) + 2a5{r — x0,y — 1)

1 1
_ (% i ) ly— 2| + (% ey ) llzo — I — |y — xo)7]

— (uf — 2afo,y — ).

As <a, (}Y + 2a)x> e J,(x), we have 2ya > —1 which infers

) - flz) > — (% tao— ) [y — zol? + |20 — 2]

— (ug — 2a§wo, y — ).
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or

1
x € argmin f(y) + {uf — 2adxo,y) + (— +ag — ag> ly — 2o
yeX 2"}/

O

From Theorem 14, we propose Algorithm 2 which is one way to implement

(OF -FB).

lsc

Algorithm 2: ®} -Forward-Backward Algorithm

lsc

(i) Initialize: v > 0, z € dom f and
(a0, (2 + 2a0)0) € J, (w0), (a8, uf) € OR.g(a0)
(ii) For n > 0, update
e Pick (an, (% + Qan)xn> e Jy(xn), (ad,ud) € & _g(x,)

n»-'n

e 1,1 €argmin f(z)+ (ul —2alx,, z) + <% + ap, — a%) Iz — zn|?
zeX

We start with the following technical fact.

Proposition 13. Let g : X — (—oo, 4] be proper ®F -conver. If
(Jy — OFeg) < dom J1, then

(J’Y + 8?:{;&78)71 (‘]’Y - a}Ecg) < (‘]’Y + a}R‘;cf)il ‘]’Y‘]’y_l (‘]’Y - a?icg)
= proxf;’R(J_l (Jy = 0se9))- (5.37)

~

Proof. Let x € dom f ndom g take ¢ € (JaY — 8}%69) (). Then by assumption,
¢ € dom J* which implies ¢ € J,J;"(¢) and

pe JyJ () — 0eg) ().
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Then it is obvious that

(‘]’Y + ﬂicf)_l (‘]’Y - aﬁcg) < (‘]’Y + a?icf)_l JW‘]W_l (J’Y - aEcg) .
[

Let us consider the function g to be Fréchet differentiable on the whole
domain with Lipschitz continuous gradient with Lipschitz constant L, > 0.
We have an interesting relationship between ®F -subdifferentials and gradient

of g.

Lemma 6. Let g : X — (—o0, +0] be Fréchet-differentiable on X with Lips-
chitz continuous gradient with Lipschitz constant Ly > 0. Then 0)%,g(x) # &
for all x € X. Moreover, for x € X, any (a,u) € o5.g(x) satisfies a + % >0
and v — 2ax = Vg(x).

Proof. By |88, Proposition 3.6] and [11, Proposition 2] which infers 0} g(x) #
& for all z € X. By Proposition 2, 7, < ®F , so 0 g(x) # & forall z € X.
For the second assertion, let x € X. Since g is Fréchet-differentiable at z € X

with Lipschitz continuous gradient, we have, for all y e X

oy —af? + (Vgla),y — 2 > gly) — g(), (5.38)

which is the well-known descent Lemma |6, Lemma 2.64].

On the other hand, by taking (a,u) € dF.g(z), we have

(VyeX)  gly)—g@)=—a(ly|> = |=?) + (u,y — ). (5.39)

Combining (5.39), (5.38) and separating = and v,

L L
(79 + a) ly|?+{Vg(x)—Lyx—u,y) > (79 + a> |z[?+{Vg(x)— L,x—u,x).
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As this holds for all y € X, x is the global minimizer of the function
Ly 2
hz) = {5 +a) =l +<Vola) = Lz —u, 2),
which is quadratic. This implies that % +a >0 and
Vh(z) =0 < u—2ax = Vg(x).

Since (a,u) € d}.g(z) is taken arbitrarily, the above inequality holds for all

the elements in J% g(z). O

With the result obtained in Lemma 6, we can improve Algorithm 2 with

the following Algorithm 3.

Algorithm 3: ®F -Forward-Backward Algorithm with ¢ as in

Lemma 6

(i) Initialize: v > 0, 2y € dom f and
a0, ( + 2a0)0 ) € J, (w0), (a, u§) € OF g(x0)
(ii) For n > 0, update
e Pick <an, (% + 2an)xn> e Jy(xn), (ad,ud) € O _g(z,)

n»-'n

o 1,1 €argmin f(z2) +{(Vyg(z,),z) + <% + a, — a%) Iz — zn|?
zeX

Below, we give the estimation for the behavior of the objective functions
for (O -FB).

lsc

Proposition 14. Let f : X — (—c0,+o0] be a proper ®F -convex function
and g : X — (=00, 4] be a proper Fréchet differentiable on X with Lips-
chitz continuous gradient Ly > 0. Let (5.35) hold and (z,,),,c
generated by (OF -FB) with stepsize v > 0. For ally € X and n € N, we

be a sequence
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have

(4 9)W) — (F + 9)(ens) (% " ) Iy — |’ (% ; ) Iy — 2l

1 L
+<—+an—az—79

- VI =, 640

where (am <% + 2an> xn) € ny (xn>; <an+1’ <% + 2an+1) 17n+1> € Jw (In-&-l);

and (ad,ud) € % _g(x,). Moreover, Z'f% + ap + app1 = ad + %, then (f +

9)(@n) = (f + 9)(@ns1).

Proof. By the definition of the updated in (®F_-FB), there exist
<an, <%+2an) xn> e Jy(z,), <an+1, <%+2an+1> an) € J,(zn41) and

(ag,ug) € O g(x,) with ag + %2 > 0 such that

n-n

1 1
(an, <; + 2an) xn) — (anH, (; + 2an+1) xn+1) —(a?,ul) € 6§cf(xn+1).

(5.41)
Using the definition of ®F -subdifferentials of f, we have, for all y € X

lsc

f (y) - f (xn-&-l) = — (an - afl - an+1) (”yH2 - Hxn-&-1H2)

1 1
+ <(— + 2an) Ty —ud — <— + 2an+1) Tnt1,Y — xn+1>-
g g

We proceed similarly as in Proposition 12 to obtain

1 1
f (y) - f (In+1) = (% + an+1> Hy - In-ﬁ-lHQ - <% + an) Hy - anz

1 2
+ == +a, Hmn—i-l - fL‘nH
2y

+ad (lyl” = lansa ) = Cufyyy = 2nsn) (5.42)
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Let us focus on the last terms on the right hand side of (5.42)

= (lyl* = nsa|*) + Cufyyy — i)
= —a (lyl* = leal®) + Cuyy — 2

+af, (|znsal” = |zal®) + (a2 = 2ns1)

N

9() =g () + af, (|nsal” = |zal®) + (w20 = 20s1)
9(y) = g (xa) + af |tner — 2

+ud — 2a9x,, xy — Tpi1)- (5.43)

Plugging (5.43) back into (5.42) we get

(49 0) = 1 @) = 9600) > (5 + e ) Iy = el = (5 + 00 ) Iy =

27y 2y
1 2
+ {50 tan—al ) o — 24
2y
o <U% - 2a7gz$n7 Tp — wn+1> . (544)

On the other hand, since g is Fréchet differentiable with Lipschitz con-

tinuous gradient, we apply Lemma 6

<U“Z - QQ%ZEn, Tn — xn+1> = <v9 (mn) y Lp — In+1>

L
< g (In) -9 (xn+1) + ?9 Hxn+1 - InHQ . (545>

Putting (5.45) back into (5.44) to obtain
4 9) W)~ (F+ ) @ast) > (o + s )| P = (Lt an ) by — ol
g)\y g)\Tpy1) = 2,}/ Ap+1 ) Tn+1 27 an ) Tn

1 L
+ (5 + o a5 ) fow - ol
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which is (5.40). On the other hand, letting y = z,, in (5.40),

(7 49) ) = (7 4.9) (o) > (24 s+ a0 = 0= 22 o = P
(5.46)

The RHS of (5.46) is non-negative when % + ap + py1 = ad + % This
conclude the proof. O

The results obtained in Proposition 14 are similar to the one obtained
for the Forward-Backward in [11, Corollary 3|. In analogy to Proposition 12,
Proposition 14 gives us a crucial estimate of the (®F -FB) Algorithm which

lsc

contributes to the convergence result below.

Theorem 15. Let f: X — (—o0, +o0] be a proper ®F -convex function and

lsc

g : X — (—oo,+©] be a proper Fréchet differentiable function on X with
Lipschitz continuous gradient with Lipschitz constant Ly > 0. Let (xy), .y,
(an)nen, and (a?)qen be sequences generated by (®F -FB) with stepsize v > 0.

Assume that % + ap + Apyq = ad + % for all n € N where

1
( (; ' 2an) x) e, (2n), (a%ul) € Eoglan).

We have the following

Ly _

5 0 then 41 1S

(i) If there exists ng € N such that % + ny = af, +

the global minimizer.

(i1) ]fan=%+an>0(mdﬁn=%+an*aﬁ—%>0f0rallneN,

Theorem 12 holds and lim, . (f + g)(z,) = infex(f + g)(x).

Proof. The proof follows in the same manner as in Theorem 12.
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5.4 R -Projected Subgradient

lsc

We saw in the previous section that the (®F _-FB) Algorithm can be written
with the @}

lsc

the ®F -proximity operator of the indicator function of a closed convex set.

This is equivalent to solving the constrained problem

-proximal operator. In this section, we investigate the case of

min f(z), (5.47)

where C' < X is a closed convex set in Hilbert space and f : X — (—o0, +o0]

R

se-convex. We can rewrite this problem in the form

is proper ®

min f(x) + e(z).

R

se-projected subgradient algorithm which is

To solve (5.47), we propose @
formally given in Algorithm 4.
Algorithm 4: ®F -Projected Subgradient Algorithm

lsc

Initialize: xo € dom f
Set: (7 )nen positive
Compute: (an, <$n + 2an> xn) e J,, (z,) and (af, ul) € R f(x,)

lsc

such that
29n(a, —al) > —1
1 2 nWn n - /n u
Update: z,,.; = Proj. (( + 2intin)2 Z u")
1+ 2v,(a, — an)

Return: z,,

Further details about the algorithm and the variable stepsize +,, are given
in (5.58) and in Theorem 16 below. In the following proposition, we show
that the ®F _-proximal operator of indicator function of C' coincides with the

projection onto C' without convexity assumption.

Proposition 15. Let C' be a closed subset of X with more than one element
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and let x € X,y > 0. If (—%, 0) ¢ J,(x) nran(J, + 0 .c) then we have
(Jy + 8}[§cbc)_1 Jy (z) = Projq (z).
Proof. Recall that

Jy(z) nran(J, + 0 uc) = {p € J,(z) : 3t € X st. g e J (ah) + 0 c(x)).
(5.48)

Let z* € (J, + 6}%&0)71 Jy (z). By assumption, (5.48) implies that there

exist (a, (1/v + 2a)z) € J,(x) and (a*, (1/y + 2a*)z*) € J,(2") such that

(a —a", (% + Qa) T — (% + 2a+) x+) € Oppte (27), (5.49)

with 2ya > —1, 2ya™ > —1. If 2t ¢ C then drc(27) = &, which

lsc

contradicts the above inclusion. Hence, it must be ™ € C. By the definition

of ®F -subdifferentials, for any y € X, we have

()~ 10 () = — (a - a*) (Jl? ~ =)

+<(%+2a>x— <%+2a+) x*,y—x+>- (5.50)

By taking y € C, (5.50) reads
+ 2 +|2 1 1 +\ .+ +
(a—a)(||y|| —|= H>> —+2a|r—|(—4+2a" |2, y—a" ).
Y Y
(5.51)

Further simplifying (5.51)

(a—a) Hy—a:Jer > <% +2a) (z—aty—a*). (5.52)
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From (5.52), we have

(@a=aY == (g +a) [ly=o* [+ oot = Iy =],

so that

1 1 1
(% ; a) ly— 2 > (% ; a+) ly—z* | + (% ; a) I

As 2va > —1,2va™ = —1, all the coefficients are nonnegative, this infers

1 1
(%—I—a) ly — | = (%—i—a) |z — |, (5.53)
for all y € C. By (5.49), z* € Proj(z).
On the other hand, let us assume that " € Proj. (z), we have
(VyeC) ly—al =z —al. (5.54)

Taking square both sides of (5.54) and multiply with % + a > 0 for some

1 1
(g ; ) ly—al? > (5 ; ) 2+ - o,

This is equivalent to

a € R, we obtain

0

WV

(5 o) U= 1y (e 2a)ay ot 659

Because z* € C, (5.55) implies that (2% + a, (% + 2a> ZL’) € of 1o(x™). We
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can write
1 1 1 1 1 1 .
—+4a,|(—-+2a|xz)=(a—|(—— ), |- F2a)z—(—-——— )7z
2y g 2y gl Yoy

This infers (a, (% + 2a> !E> € (aﬁc

e+ Jy)(x), so that € proxBoF(z). O
Remark 19. The assumption (—%, 0) ¢ J,(z) nran(J, + i o) also implies

R

ls-Proximal operator of an indicator function. Assume

the uniqueness of the ®
that there are z1, 25 € (J, + (7}%6@)_1 Jy (z). Following (5.53) in the proof of

Proposition 15, we have
|z = z2]* = o — 21]* = |2 — 2%,

SO T = I3.

Let us go back to problem (5.47). Since C' is closed, the function t¢ is

Isc and so it is @ -convex (by virtue of [82, Proposition 6.3]). Motivated by
R

lsc

(®F -FB) and Proposition 15, we propose ® -Projected Subgradient Algo-

lsc

rithm,

Tni1 € Proje (J1 (Jy — 05 f) (an)) - (®F -PSG)

lsc

f) # &, Algorithm ®F -PSG is well-

Observe that if ranJ, nran(.J, — 0 o

lsc

defined i.e. for every n € N, there exists x,,; such that (®F_-PSG) holds.
In fact, ranJ, N ran(.J, — d,.f) is always nonempty. Let us prove this by
taking x € dom )%, f, (ay,uy) € O, f(x) and (a, (%+2a)x) € J,(z) withy >0

and 2ay > —1. Then

J;l (a —ay, (% + 2a> x — uf) cJ (T, - Opef) (). (5.56)

By formula (3.17) in Example 3, the domain of J l'is nonempty when a —
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ar = —1/(2y). While —1/(2y) < a, we can take a large enough so that
a—ay > —1/(2y). Again, by formula (3.17), J" is a single valued map and

we obtain
1
<; + 2‘1) z —ul (14 2va)x — yu!

Jv_l(Jv—aﬁcf)(fE): %+2(a_af) - 1+2y(a—af)

On the other hand, when

1 1
a—ar=——, and ——I—Qa)a:—u =0, 5.57
F= 5, (,y f (5.57)

1
(]7_1 (a—af, <§+2a)x—uf) = X.

Moreover, (5.57) implies that x is a a + 1/(27)-critical point of f (see Defi-

then by (3.17)

nition 5).
With the well-defined inner operator of (®F _-PSG), we have

1

<_+2a”> Tn = Un (142 !
J’;l (J7 - a?icf) (xn) = 7 — ( + ’Yan)l’n ;/Un’
% T 2<an - (ln) L+ 2’}/(@” - an)

with v > 0,2v(a, — af) > —1. (®F_-PSG) takes an explicit form

' ~ . 1+ 2va,)x, — ug;
Tni1 € Proj (J5 (Jy = O f) (#n)) = Proje <( 1+ ;’Y(cz — a;y) > '
(5.58)

Let us state an estimate related to the objective function of the ®f -PSG

Algorithm to problem (5.47) with the stepsize v > 0 being kept constant.

R

se-convex function and C

Lemma 7. Let f: X — (—o0, +o0] be a proper ®

be a closed convex set. Let (T,)nen be the sequence generated by (5.58), then
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the following holds for any x € C

2
2 ol — uf]
14 2y (an — afi)

(1 +2y(an = a}))e = zasa|® < (1 + 270 |2 — 2a]* +

where for any n € N

1
(%(;+MQ%)aM%L<¢wmaﬁﬂ%»2ﬂ%—¢w~a

Proof. Let (x,,)nen be a sequence from (5.58) and x € C' so that © = Proj(z).

We consider

1+ 2va,)z, — yuf) H

Proj-(z) — Projq <<
1+ 2y(a, — an

ux—%ﬂﬁz\

Since C'is closed and convex, the projection operator Proj. is nonexpansive.

Together with (5.56), we continue the above equality

1+ 2va,)x, — yu!

(1+2y n
1+ 2v(a, — af)

2

(1 + 2y (an —a£>>2

) <:x Ty ud — 2a£xn>.

’ _ H 27a£xn _ qu’fL
14 2v(an — af)

ux—%HF<Hx—

o — 2+ |20z, —uf|”

2y
1+ 2y <an an

_.I_
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By using the definition of @} _-subdifferentials, we obtain

72

(1 + 2y (an — afl))
29 [f (x) = f (@a) + af, (2] = |al®) — 2a] (w = w0, @)
1+ 2y <an — aﬁ)

Iz — 2|2 < |z — 24> + |20t 2, — |

+

2val 9 72 HQaflarn —uf H2
a4 2
14 2y (an—an> <1+27 (an—a£>>

re e LG (5:60)

— 1+

From the assumption, 1+ 2v(a, — af) > 0, we can further simplify (5.60) to
obtain (5.59). O

' _ Zyah .,
From Lemma 7, we notice that (1 + 1+27(an_a£)) >0 as 2v(a, — al) >

—1 from the assumption. When a/ < 0, then % < 1, from (5.59),

we obtain
1+ 2’}/@71 27 [f(ﬂ?) _ f(xnﬂ
l& — i [* < Y oz — e * + ;

1+ 2y(an — 1+27( —an>

+ H afir, —uf|
1 + 2’}/ - an
flz) = flz
<lo—al?+ 2
1+ 27 (an )

+ |2afz, —ul*. (5.61)

1+ 2y <an —a£>

The above expression is similar to the ones obtained for the class of subgra-
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dient descent algorithms in the convex case [17]. Let us denote S is the set
of minimiser of problem (5.47). To proceed with the convergence analysis,

we assume the followings.

Assumption 1. For n € N, (a/,u/) € o} _f(x,). Let us consider the follow-

ny “'n lsc

ing:
(i) There exists a constant U > 0 such that |2afz, —u/| < U for alln e N.

where

(ap, (% + 2a,) ) € Jy(xy).

“ee . . 2
(iii) For (7 )nen positive, 3. m < +oand ), Y, = +00 where

(ay, (7% + 2a,)xy) € Jy, (T5).

Assumption 1-(i) ensures that the quantity |2a/z, — u/|| is uniformly
bounded. Assumption 1-(ii) with fixed stepsize is related to the convex sub-
gradient method with square summable but not summable stepsize [1|. This
ensures the weak convergence of the sequence and lim, o f(z,) = f(z¥).
However, in our general setting of ®F -subdiferentials, we obtain convergence

results with Assumption 1-(ii) only when af < 0 for all n € N, (af,uf) €

a}]icf(xn) ‘

Proposition 16. Let f : X — (—c0,+o0] be a proper ®F -convex function
and C be a closed convex subset of X. Let (x,), . be a sequence generated
by (5.58) with stepsize v > 0. Let Assumption 1-(i,ii) hold and af < 0 for
all n e N, (af,ul) € 0% f(x,). Consider a point x* € S, then the followings

ny “'n lsc
hold
(i) ||z* — x,|* converges and is bounded.
(ii) dist® (x,,,S) is decreasing and converges.

(idi) Tty op f(z2) = f(a%).
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Proof. Since af < 0 for all n € N, estimate (5.61) holds. Taking z* € S, we
have f(z*) < f(x,) for all n € N, and from (5.61), we obtain

2
gl

1+ 2y (an —a£>

¥ 2 ) /() — f(za)]

2
&% = 2p]? < 2% = 2af* + |20z — uf

1—1—27(%—&5

~
14 2y (an —a£>

U2 (5.62)

< ot =z, |* +

By Assumption 1-(ii), the last term on RHS of (5.62) is summable. By
Lemma 5, the assertions (i) and (ii) are proved.
For (i), we consider (5.61) again and by taking the finite sum till N € N,

we obtain

N N
< S la* = 2ol — 2% =z 2] + Y ! U
n=0 n=0 \ 1+ 2”)/ (an - afz)
2
il 9
= [la* = @o|® = |lz* — znaa|?] + Y U*

n=0 \ 1+ 2v (an — a£>
2

N
< ot —mof* + ) i < | U (5.63)
n=0 \ 1+ 2v <an — an>
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Letting N — o0 and using Assumption 1-(ii), we obtain

n=0 1+ 2v|a, — an
Since >, 1+27(2Jn Ty~ +00, and f(x,) = f(z*) for all n € N, we infer
lim f(z,)— f(z*) =0. (5.64)
n—o0

]

Observe that we require a/ < 0 in order to obtain the convergence results.
This is different to the previous Sections, where a part of the information of
the next iterate is known i.e. a,41 from J,(z,4+1). The results obtained
in Proposition 16 are also similar to [1, Proposition 1 and Lemma 1|. In
Proposition 16, we keep the stepsize v constant so the adaptivity is transfered
from the stepsize to a,, in J,(z,).

In general, we do not know the sign of a/ for n € N. Hence, to obtain
convergence results for (®F -PSG), we need to restrict the next element a,, 4

in J,(2n41). The condition on a,4; can be relaxed by changing the stepsize

v, instead of keeping it constant.

Theorem 16. Let f : X — (—0,+w] be proper ®F _-convex and C be a
nonempty closed convex set. Let (x,), . be a sequence generated by (5.58)
with positive stepsize (Vn)nen. Assume that Assumption 1-(i) and (iii) hold
with

(Vn e N) 29n(an — al) = 29n 110041, (5.65)

where  (an, (1) + 2a,)x,) € J, (x,),(al,uf) € O f(z,) and

n» 'n

27, (a, — al) > —1. Consider a point * € S. Then
e Theorem 12-(i,ii) hold for a, = 1+ 27y,a,, B, = 0 and

liminf f(z,) — f(z*) = 0.

n—0o0
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e [f v, is non-decreasing then we have Theorem 12-(v,vi).

Proof. Let us take estimate (5.59) in Lemma 7 with z = z* € S with as-

sumption (5.65) to obtain

(14 29 s1an50) 2% = i1 |* < (14 29a0) |27 = 2 |* + 427 [f (%) = f (20)]
2
Tn

+
14 2, (an — af;)

HQa{;xn — uiHQ

mU?
14 2, (an — af;) .
(5.66)

< (14 29,a,) |2 — [L’nHQ +

Since the last term on the right hand side is summable, Lemma 5 gives us
statement (i)-(ii). For (iii), the proof follows along the same steps as in
Proposition 16 combined with Assumption 1-(iii). Additionally, when «, is

non-decreasing, we divide (5.66) by 1 + 27,1a,+1 and obtain

1+ 27nan H * H2 + 731U2
—_— T — T,

L+ 29p 110041 (14 29ns1an.1) (1 + 290 (an — al))
/72 U2

1+ 2vy,(a, — af;) 1+ 2va0

l&" = @] <

<zt =z, |* +

Combining the above inequality, which is analogous to inequality (5.62) of
Proposition 16, with Assumption 1-(iii), we infer (iv) and (v). Lastly, we
have that

liminf f(z,) — f(z*) =0,

n—0o0

by following the same argument as in [1, Proposition 2-(i)]. O

Remark 20. When v is kept constant, the restriction (5.65) becomes a,, —

al > a,,,. Combining this with 2v(a, — al) > —1 can cause early stopping
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when a/ > —1/2v. Because

n
—or Sapar <ap—al <ag— Yaf,
27 =0

so we need ag big enough to ensure the algorithm converges.

Remark 21. Instead of taking x* € S as the global minimzer, we can choose

a point in the set
S:={reC: f(z) < f(z,),¥n e N}. (5.67)

Then Proposition 15 and Theorem 16 still hold for z* € S.

5.5 Numerical Examples

In this section, we give some numerical examples for the different algorithm
that are analyzed in this paper.

(I)]R

e-Proximal Point Algorithm: We continue Example 14 to illustrate

R

se-Proximal point Algorithm works. We use the

the performance of the ®
starting point xg = —10 ag = 1 and fix the number of iteration to N = 101.

Thanks to the closed form of ®R R

Ioc lse-Droximal operator of

-subgradient and ¢

f, we can set the update rule for a,, to
Ap4+1 = Ap + 09,

which satisfies the condition a, — a,41 = —1 of 0f_f(z). The function f
has a minimizer at x = 0 with f(0) = 0. We test for multiple values of
v = 0.01,0.1,1,10 and plot the absolute value of the function value, the
distance between two iterates and the distance of the iterate to the minimizer

in Figure 5.1).
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Figure 5.1: From left to right: distance between the current iteration and
the minimizer; distance to the optimal value; distance between two successive
iterates.

®® -Projected Subgradient Algorithm: We illustrate Algorithm 4 by

solving the following problem

min f(z) = min(z, Qz), (5.68)

where C' = B(0,1) < R"™ is the unit ball and @ € R"*" is a full rank

symmetric matrix. We can the problem as
min (z, Qz) + 1o (z) ,
zeR"

In Examples 3 and 5, we derived expressions for .J., J ! and the ®} -subgradient

v Yy lsc

of f. We use (5.58) to state Algorithm (®F _-PSG) in this case as

lsc

[(%/ + 2a,, — 2a£) Id— QQ] Ty
% + 2a,, — 2a£

= Proj.~ <xn — 2y @ f) .
1+ 2va, — 2van

Tp+1 = PrOjC

Example 16. In the case where C' = B(0, 1), the problem (5.68) is equivalent
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to
min (y, Dy), (5.69)

yeB(0,1)
where y = Px and D is a diagonal matrix of eigenvalues of () by using matrix

decomposition ) = PDP~!. Thanks to Example 5, we have

lyl = Vlyl? = /{(Px, Pr) = |z < 1.

As D is a diagonal matrix, problem (5.69) is

where d; is the i-th element of diagonal matrix D. This allows us to check the
distance between the current iterate and the solution of (5.69). We consider
two scenarios of Assumption 1 where the stepsize is constant versus adaptive
stepsize in order to show the early stopping in the former case. We give three
different plots for each scenario: the optimal value of the objective function,

the step length |z,,,1 — z,| and the distance to the solution |z, — z*|.

(i) We consider the matrix

-2 2 2
Q = 2 _2 I
2 -2 2

which has (—4,2,4) as eigenvalues. Then for all the pair (af,uf) €

n ’'n

Ok f(xn), al = 4. We fix the maximum number of iteration N = 101,

the starting point xg = (—5,5, —5).
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Figure 5.2: Example 16, case 1, constant stepsize. From left to right: distance
between the current iteration and the solution; distance to the optimal value;
distance between two successive iterates.

Constant Stepsize: We take af = 4 for all n € N. The initial value
ap = 200 and a,; = a, — af. The stopping criterion will be
1 1

4

f
Upi1 < Q — =4 — —.
+1 n+1 2,}/ 2,.)/
We test for multiple values of stepsize v = 0.01,0.1,1,10. Since a/
is positive for all n € N, the sequence a, will be decreasing with the
lower bound af. This is why we intentionally take a large initial ao,
otherwise, if ag is closed to af then the algorithm may stop just after

several iteration.

Figure 5.2 depicts the behaviors of the sequence (z,)neny and the func-
tion values. As we can see, for all values of v, =, and f(x,) tend to
the optimal solution and optimal values, respectively. Observe that for
v = 0.01 the algorithm takes more time to get to the optimal solution
and optimal function value compare to the larger values of v. On the
other hand, since we fixed the total number of steps N = 101, the
algorithm stops before the number of iteration reach N. This behavior

supports the observation mentioned in Remark 20.
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Figure 5.3: Example 16, case 1, adaptive stepsize. From left to right: dis-
tance between the current iteration and the solution; function value at each
iteration; distance between two successive iterates.

Adaptive Stepsize: With the same initial point and the same start-
ing stepsize 7o as in the previous case, we fix a/ = 4 for all n € N, and
set N = 101. We consider the following

(VneN) a, =5, Ypi1 = T (a, —4),
a

with the stopping criterion 2v,(a, — al) < —1. In this scenario, we
can both fix a, and al for all n € N. At each iteration, the value of
the stepsize -, varies preventing early stopping of the algorithm. The
plots are illustrated in Figure 5.3. The algorithm continue to the final
iteration NV and converges for all starting values of 75. The number of
iterations take to arrive at the limit is less than the case with constant
stepsize. However, notice that x,, converges to some point which is not
the optimal solution of the problem. This happens as we keep a,,, a/ to
be constants and the starting 7, is small Hence -, has to go to zero, so
x, tends to stay at the same position. As we allow for bigger 7, the

sequence (,)neny move toward the solution.
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(ii) Now we consider a matrix with two negative eigenvalues, namely

[ 0 -1 1 0]
0 1 -1 0
Q=1[1-1 1 -1 1 1],
~1 1 -1 1
0 0 1 1 1

which has (—3,—1,1,2,2) as eigenvalues. The lower bound for af
where (af,ul) € & f(z,), will be af > 3. We fix the maximum
number of iterations to N = 101. We also consider constant step-
size and adaptive stepsize with the same starting vy as in the first case.
However, since there are two negative eigenvalues this time, we con-
sider two different starting point x¢; = (—10,—10,—10, —10, —10) and

202 = (—10, 10, —10, 10, —10).

Constant Stepsize: We keep the same setting as in the first case
with af; = 3 for all n € N. The initial value ag = 200 and a,, .1 = an—afl.

The stopping criterion will be

1 1

An+1 S a£+1 - ﬂ =9 %
The plots for zg, xg2 are shows in Figure 5.4 and Figure 5.5, respec-
tively. Notice that in this case, we have two different negative eigen-
values. The algorithm will converges to the direction of the closest
eigenvector with respect to the negative eigenvalue. Here, the starting
point x¢; is actually closer to the eigenvector with respect to eigenvalue
—1 while z¢s is closer to the solution with respect to the eigenvalue —3
which is our true solution. This explains the different behaviors of the

two graphs in Figure 5.4 and Figure 5.5.
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Function Value Distance between two iterates

Distance to the solution

100

Y S0

Y S0 [ 0 0
Number of iteration

(a) (b) ()

Figure 5.4: Example 16, case 2, constant stepsize, initialization zy;. From
left to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.

Function Value Distance between two iterates

Distance to the solution

Figure 5.5: Example 16, case 2, constant stepsize, initialization xg,. From
left to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.
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aaaaaaaaaaaaaaaa

()

Figure 5.6: Example 16, case 2, adaptive stepsize, initialization xgy.From left
to right: distance between the current iteration and the solution; function
value at each iteration; distance between two successive iterates.

Adaptive Stepsize: We fix a/ = 3, maximum iteration N = 101.
Compare to the previous case with adaptive stepsize, we use the fol-

lowing update with ¢ = 1

ap =4, a, = L +al+e, = n(on —ay) + 1.

2% " ah + ¢
This rule ensures that 2v,(a, —al) > —1 for all n € N. We only run
this case for starting point x(y, the plots are depicted in Figure 5.6.
As both =, and a, are changing, the sequence (z,) converges to the
solution for all cases of 79 comparing to Figure 5.3. It is obvious that as

the scale of the problem increases, it takes more time for the sequence

to converge to the solution.

Example 17. Instead of the quadratic function in (5.68), we consider a non-

quadratic function which has one negative eigenvalue in its Hessian. Consider
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with the Hessian matrix

9 _ 22 +1 0
Vf(x,y)—[ 0 _y2_1]'

It is difficult to calculate ®R

se-subgradient of f, but we can use Lemma 6

as f has a Lipschitz continuous gradient. We compute (a’,u’) € o _f(x,v)
coordinate-wise i.e.

(lf — y2 +1 —|-57U,£ = 2a£x+ vxf(x7y>7

xT

ag =y +1 —i—e,u:{; = 2a§y+vyf(x,y).

As the eigenvalues of the Hessian determines the convexity of f, we want to
keep al, ai above the smallest eigenvalues by some € > 0. We use the same
update rule for a,,; = a, — a/ and the same stopping criterion. We test for
constant stepsizes v = 0.01,0.1, 1.

We start the algorithm with initial a,, = (200, 200), (xg,y0) = (=5, —1),e =
0.1 and max iteration N = 1001. Here we show only the function value and

the distance to the solution in Figure 5.7.
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Distance to the solution
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(b)

(PSG) for Example 17. From left to right: distance between
the current iterate and the solution; function value at each iteration.

Figure 5.7: ®F
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Chapter 6

Primal-Dual algorithms for

@E C—ConveX Functions

In this Chapter, we consider the following problem

inf f(x)+ g(Lz), (6.1)

reX

where XY are Hilbert spaces, the functions f : X — (—o0, +0] is proper
Isc, g : Y — (—00,+40] is proper Isc and the linear operator L : X — Y
is bounded. As we successfully constructed and investigated conjugate dual
problem and Lagrange dual for (6.1) and studied duality in Chapter 4 using
abstract convexity. Our next step would be to propose primal-dual algo-
rithms which helps us solving problem (6.1) and its conjugate dual problem.

The outline of this chapter is the following:

e Section 6.1: The recollection of duality result for weakly convex func-
tions and the concept of sharpness of the Lagrangian (Definition 11 and
12).

e Section 6.2: We propose Primal-Dual algorithms for composite mini-
mization problem for weakly convex functions and investigate its con-

vergence with the help of sharpness condition (Theorem 18 and 19).

134
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e Section 6.3: We propose @} -primal-dual algorithm based on our result

in the previous chapter and analyze the convergence (Theorem 20).

e Section 6.4: We conclude this chapter with some numerical examples
of ®F

lse-primal-dual algorithm.

Our approach is based on the primal-dual algorithm developed by [25].
It was firstly proposed in [74, 46|, by using splitting approach to find sad-
dle point of the Lagrange primal dual problems. There has been numerous
works and variants of primal-dual algorithm in the convex setting [64, 30,
24, 28, 27, 29, 97]. For examples, [51, 52| investigated the roles of stepsizes
which affect the convergence of primal-dual algorithms. They also gave a
convergence analysis with a more general choices of stepsizes for solving To-
tal Variation. |26, 75| gave an improved analysis of primal-dual algorithm
and studied its behavior when the computations are inexact. On the other
hand, [66] combined primal-dual algorithm with linesearch approach to lessen
computational effort compare to the original algorithm.

For nonconvex setting, there have been several attempt to investigate the
convergence of primal-dual algorithm. [68| considered primal-dual algorithm
for the sum of semiconvex (weakly convex) and strongly convex functions.
[67] developed a block primal-dual splitting for nonconvex objective based on
nonlinear primal-dual algorithm. They also derived parameters update and
acceleration rules for their algorithm. [89] considered the same objective but
in Banach space, they investigated the convergence of the algorithm using
Bregman divergence. [33| applied primal-dual algorithm to the saddle point

problem constructed from generalized conjugation.
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6.1 Primal-Dual relationship of Composite Min-
imization Problem with weakly convex func-
tion

In this section, we consider the problem (6.1) in the case when the function
f is weakly convex and ¢ is convex. Let us recall that a function f : X —
(=00, +x0] is p-weakly convex if f 4 £| - |* is convex (see Section 3.2). We
would like to construct a conjugate dual problem for (6.1) from the results in

Section 4.1. As shown in Section 3.2, a proper Isc p-weakly convex function

p/2

is also abstract convex with respect to the class of elementary functions ®;’.

Then it is natural to consider abstract conjugate with the respective class
of elementary functions. For completeness, we give a definition of abstract
conjugate with respect to the class <I>f5/02 for weakly convex function. For a

general version of abstract conjugate, we refer the reader to Definition 2.

Definition 10. Let Y be a Hilbert space, we define p,-conjugate for py-

weakly convex function g : Y — (—0, +0] as a function 9, Y =R
p
gy, () = sup u,y) = y[* = g(y). (6.2)
yeY

The conjugate dual problem for f weakly convex and g convex has been

mentioned in Example 8

sup —fa (—0oL)—gh. () (6.3)

we\Pconv

a

i. 1s the class of quadratic

where W, is the class of affine functions and ®
function. In Section 4.4, we show that the conjugate dual can be expressed

as Lagrange dual with Lagrangian

L(z,9) = f(x) + (Lx) — gy (¢).
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For our specific setting, the Lagrangian takes the form

L(z, ) = f(z) + (Lz,y) — g*(y).

Below we show that the fully weakly convex case (f,g weakly convex)

can be reduced to our current setting.

Lemma 8. Let XY be Hilbert spaces, consider the functions f : X —
(—00, +0] be proper lsc pg-weakly convex and g : Y — (—o0, +0] be proper
Isc pg-weakly convez, the problem (6.1)

inf f(z) + g(Lx),

reX

18 equivalent to

;g)f{ F(z) + G(Lx), (6.4)

where ' : X — (—oo,+] is proper lsc weakly conver and G :'Y —
(—00, 40| is proper lsc convex. Moreover, the Lagrangian induced from the
conjugate dual problems constructing from (6.1) and (6.4) have the same
property which is and weakly convex in the primal variable and concave in
the dual variable. The respective Lagrange primal problems are the same as
the original problem (6.1) and (6.4).

Proof. Since g is p,-weakly convex, we can turn (6.1) into
inf _ P Ll Py Lz|? L
inf f(x) = 5| La|” + | L] + g(L).
zeX 2 2

Denoting F(z) = f(z) — 2| Lz|? and G(y) = g(y) + Z|ly|?, we obtain (6.4)
where F' is py + py||L|*-weakly convex (see Proposition 8) and the function
G is convex. Next, we construct the conjugate dual for (6.1) and (6.4) as in

(4.26). The conjugate dual problem with respect to functions F' and G is

sup (F _pr el u?) (~I') - G*(y),  (65)

2
yey pr+pg|L|?
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where the first term is the p; + p,| L|*-conjugate for weakly convex function
2
F— %H - |? and G* is the convex conjugate of G. Similarly, we have

the conjugate dual problem for (6.1) is
P 2 P *
sup— (=21 ~ 21 1) () g, ). (66)
yey Pf
We can write (6.5) by expressing p; + p,|L|?-conjugate in the first term to

obtain
sup inf F (z) + (Lz,y) — G* (y), (6.7)

yey reX

and (6.6) with ps-conjugate

sup inf f (a) + (La,y) — 2| Lal* = g}, (v) (6.8)

yEY e

Notice that both (6.7) and (6.8) are Lagrange dual problems with respective

Lagrangians
P *
Lyg(w,y) = [ (x) +{La,y) = T |La* = g7, (v)- (6.10)
Observe that both Lagrangians are equal Lpg(x,y) = Lyy(z,y) for each

r e X and y € Y. Now let us consider Lagrange primal problem with respect

to (6.9),

inf sup Lpg(z,y) = inf sup F' (z) + (Lz,y) — G* (y) = in)f( F(x)+G*™ (Lz).

i
reX yey zeX yey

Because G is lsc convex, G** = G (|6, Theorem 13.37|) and we return to

(6.4). With the same argument for Lagrangian in (6.10), we have

inf Sup Lyg(w,y) = inf Sup f(@)+(Lz, y>—% |Lz[*~g;, (y) = inf f (x)+g; (Lz),
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where

£33 p *
g (La) = sup(Lx,y) — Z|Lz|* — g% (y),
9 yey 2 9

is the p,-biconjugate of g from the definition of p,-conjugate. Moreover, we

know that ¢ is Isc weakly convex, it is also abstract convex with the class
(I),Og/Q

lsc

problem (6.1). O

by Theorem 1. Hence g;* = g so the Lagrange primal is the primal

6.1.1 Sharpness

By the property of conjugate function, the Lagrangian is always convex in
the dual variable. On the other hand, it is nonconvex (weakly convex) in
the primal variable. Our main interest lies in the respective Lagrange dual

problem
sup inf L(x,y) = sup inf f (z) + {(Lz,y) — g" (y) . (6.11)
X yey TeX

yey S

The Lagrange primal problem

inf sup L(z,y). (6.12)
zeX yeY
We recall that Lagrange primal (6.12) , in general, is not equivalent to the
primal problem (6.1) unless function g is W-convex [12, Proposition 5.1|. As
we consider g convex in the current setting, problem (6.1) is equivalent to

(6.12) for ¥ = W,,,,. By Theorem 7, the duality gap G is non-negative,

G = inf sup L (x,y) —sup inf L (z,y) = 0. (6.13)

reX gey yey zeX

By definition, (z*,y*) is a saddle point of Lagrangian given by (6.11) which
satisfy

(V(z,y) e X xY) sup L(z*,y) = L(z*,y*) = in)f(ﬁ(x,y*). (6.14)

yey
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Furthermore, for any saddle point (z*,3*) of (6.14), z* is a minimizer of
(6.1). From (6.14), we define the gap function G : X x Y — [0, o),

G(z,y) = flz) + 9" (y) + o Sup Y<Lx,?)> —(La,y) — f(&) — g°(9)

= f(z) + 9" (y) + g (Lx) — f*(—=L"y). (6.15)

Hence G(x,y) can take +00 when f(Z) = —o0 or ¢*(y) = +o0. Moreover, any
point (z*,y*) satisfying G(z*,y*) = 0 is a saddle point. To see this, let us
take (z*,y*) € X x Y such that G(z*,y*) = 0 i.e.

sup inf L(x,y) = inf L(x,y") = sup L(z*,y) = inf sup L(z,y).
yeY T€X reX yeY reX yey

This infers equality in all the relations above. Hence,
L(z,y*) = L(z",y") = L(z7,y),

for all (x,y) € X x Y which is the definition of saddle point. By assumption
of this section, the gap function G(z,y),

G(z,y) = flx) +g*(y) + sup (La,g)—<{L&,y)— f(&)—g"(9), (6.16)
(#,9)eX xY

is weakly convex with respect to x, and convex with respect to y. It is even

jointly weakly convex with respect to x and y thanks to its structure, i.e.

there exists a constant pg > 0 such that for any (z,y) € X x Y, G(z,y) +

2 (z,y)|* is a convex function. Indeed, let X € [0,1], (z1,41), (x2,92) €
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X xY, we have

G(rr + (1= Nzg, 1 + (1= Nya)
= f(.iEl + (1 — /\)1’2) ( +
2),

(1= Ny2)
+ . S)U)I? Y<L(x1 + (1= Naa), 9y — (Lz,y1 + (1 — Nye) — f(2) — g% (9)

< fx1) + 9% (1) + (1 = A (f(22) + 9% (12))
+ sup  {(Lay,g) — L2, y1) — f(2) — g%(9)

(2,5)eX XY

F (=X sup (Lan ) — (L) = F(3) = ") + AL = 2 o —

(2,9)eXxY

< G(x1,y1) + (1= A)G (22, 92) + A(1 — )\)%H(%,yl) — (@2, y2) [ xvs

where we utilize weak convexity of f with modulus p; and convexity of g*
and property of supremum. Hence G is jointly weakly convex with modulus
Pf-

Let us introduce sharpness condition for the Lagrangian which measures
how far we are from the saddle point in term of difference of Lagrangian

value.

Definition 11 (Sharpness). Let us denote z = (z,y) € X x Y = Z and
let S © Z be the nonempty set of saddle point of the Lagrange primal-dual
problems. We say that the Lagrangian £ is sharp if there exists a positive
constant p > 0 such that

(Vze Z) G(z) = pdist (2,5), (6.17)

where the distance function is taken as

dist — inf —‘='f\/ _ 3|2 _ 2. 6.18
ot 8) = inf e~ o = it \fle— 2Bty -l (619)

Let us observe that Definition 11 coincides with sharpness definition of a
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proper function F': X — (—o0, +o0] with respect to its minimizer
F(zx) - ln)f; F(z) = pdist(x, arg min F).
e

Sharpness condition is commonly known as error bound condition and is often
used to speed up convergence rate of algorithms [80, 34, 47]. In nonconvex
setting, sharpness is used to investigate convergence of algorithm [39, 62, 31].
For necessary and sufficient conditions to obtain error bound condition, the
reader is refer to the works of [42, 41, 36].

For primal-dual algorithms, the concept of Lagrangian sharpness is not
widely studied. Recently, [3] exploits sharpness condition for Lagrangian
to achieve linear convergence rate in linear programming. At the moment,
this is the only work in the literature that we found which used a concept
analogous to our sharpness definition.

While the properties of the gap function G(z,y) are related to the prop-
erties of weak duality of Lagrange dual problem, it is not often used in
algorithms to determine saddle point, especially for unbounded problems.
Moreover, the sharpness of the gap function is often used to improve conver-
gence rate rather than determine the convergence of algorithms [93, 47, 34,
3.

To investigate convergence of our primal-dual algorithm, we introduce an-
other definition of sharpness which will be crucial in the convergence analysis,
see e.g. Theorem 18 and Theorem 19.

Let us denote z = (z,y) e X xY = Z and let L: X xY — (—o0, +0]

be any function. We will refer to this function as a Lagrangian.

Definition 12 (Inf-Sharpness). Let S  Z be the nonempty set of saddle
points of the Lagrangian £. We say that the Lagrangian L is inf-sharp if
there exists a positive constant p > 0 such that for all (z,y) € X x Y,

H(x,y) = infS{E (z,9) — L(Z,y)} = pdist ((z,y), ). (6.19)

(Z,9)e
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Observe that H(z,y) = 0 for any (z,y) € X x Y and if (x,y) € S then
H(x,y) = 0. The converse is not true, see Example 23 below. Moreover, we

have

G(a,y) = sup {L(x,y) = L(T,y)} = H(z,y) > inf {L(z,5) = L(Z,y)},

(j7g)es (f,Q)EXXY

which means if (6.19) is satisfied, then we also have Lagrangian sharpness in
the sense of Definition 11 with the same constant g > 0. On the other hand,
sharpness condition (6.19) gives us a necessary and sufficient condition for

the point H(z,y) = 0 becomes a saddle point i.e.
H(z,y) =0 < (z,y) € 5.

Example 18. Let us give a simple example of Lagrangian that satisfies
Definition 12. Consider £ : R x R — (—o0, +00] of the following form,

L(z,y) = |z =yl (6.20)
which is convex concave. It has a unique saddle point at x = y = 0. We have

H(z,y) = L(z,0) — L£(0,y) = |z| + |y| = /22 + 12,

so the Lagrangian is inf-sharp with constant 1.

Example 19. Even though the Lagrangian from the previous example is
inf-sharp, it does not have the bilinear term as it is in (6.11). Let us consider

another example inspired by (6.20),

2
Y
L(z,y) =|z|+ a2y — 5 (6.21)

which has a unique saddle point at x = y = 0 (see figure 6.1). Moreover, the
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Figure 6.1: Lagrange function from Example 19

primal and dual problems corresponding to (6.21) are

inf sup £(z,y) = inf |z| + 222,
zeR yeR zeR
2
sup inf L(z,y) = sup —=.
yeR T€R yeR 8

In order to check for inf-sharp condition, we calculate
Y2
H(ry) = £(r,0) ~ £0,y) = o] + L.

and check for the value of © > 0 such that for all (z,y) e X x Y,

H(z,y) — p/ 22 + y* > 0.

(6.22)

We test = 1,0.5,0.1. To see the area of interest, we plot the contour
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(a) (b) ()

Figure 6.2: From left to right: contour plots of H(x,y) — ur/2? + y? at
w=1,0.5,0.1.

of (6.22) in Figure 6.2. As we can see, Lagrangian is not inf-sharp around
(0,0) with = 1. As we decrease p, we gain more area for which H(z,y) —
pr/x? +y? > 0 around (0,0) but never a full neighborhood of (0,0) (even

with g = 0.1). Hence, the Lagrangian in this example is not inf-sharp.

Example 20. Let us consider Example 18 with the bilinear term as
L(z,y) = |x] + zy — |y,

which has a saddle point at (0,0). The respective primal and dual problems

for this Lagrangian are

_jmf_ Jzf, s —[yl.

We calculate the function H(x,y)

H(z,y) = L(x,0) = L(0,y) = [z + [y] = va? +y> = dist((z, y), (0,0)).

Therefore, the Lagrangian in this case is inf-sharp with constant 1. We also
illustrate the difference H(z,y) — pdist((z,y), (0,0)) for u = 0.5,0.9,1 in
Figure 6.3.
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06

Figure 6.3: From left to right: contour plots of H(x,y) — udist((z,y), (0,0))
at p = 0.5,0.9, 1.

Example 21. We give one more example for a more complex function. Con-

sider the Lagrangian
L(z,y) = |o] + ]2 = 1| + 2y — |y| - ly* — 1],

which has a saddle point at (0,0) (see Figure 6.4). The Lagrangian L(z,y)
is weakly convex in x and weakly concave in y.

We calculate the function H(z,y)

H(z,y) = L(2,0) = L(0,y) = |z| + |2 = 1] + [y| + [y* = 1| -2
> /2?2 +y? — 2 = dist((z,y), (0,0)) — 2.

This implies that Lagrangian is not inf-sharp with constant 1. In fact, it is
locally inf-sharp with constant p < 1. We illustrate the difference H(z,y) —
pdist((z,y), (0,0)) with g = 0.5,0.9, 1 in Figure 6.5.

Notice that there are others points other than the saddle point that
H(z,y) =0eg H(0,1) =H(1,1) =H(1,0) = 0.
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Figure 6.4: Lagrange function from Example 21.

°
el
%

0,05

s 3 05 B 2 4 3 1 2 3

Figure 6.5: From left to right: contour plots of H(x,y) — udist((z,y), (0,0))
at = 0.5,0.9,1.
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6.2 Convergence Analysis of the Primal-Dual

Algorithm for Weakly Convex Functions

In this section, we investigate the sequences generated by the primal-dual
Algorithm 5 for problem (6.1)

inf f(x) + g(La),

where f is proper lsc weakly convex function and g is proper Isc convex
defined on Hilbert spaces X and Y, respectively, and L : X — Y is a
bounded linear operator with the adjoint operator L* : Y — X.

Our standing assumption in this section is that dom f ndomgo L # &
and the set of saddle points S is nonempty.

For convex functions f and g, the analogous of Algorithm 5 has been
studied in [25]. In [51], the authors consider Algorithm 5 for convex case
with no relaxation (# = 0). They emphasize that the algorithm may diverge
even if the Lagrangian is convex-concave.

In our setting, under inf-sharpness condition defined in Definition 11,
we investigate the convergence of Algorithm 5 where function f is weakly
convex while ¢ is convex (see Theorem 18). For weakly convex function f,
we use proximal subdifferentials. It has been proved that for this special
class of functions, the proximal subdifferentials can be globalized (see [59,

Proposition 3.1]).

Definition 13. Let F' : X — (—o0,+o] be a proper lsc p-weakly convex
function and x € X. The proximal subgradient of F' is an element u € X

satisfies the following inequality
(Vze X) F(2) — F(z) = {u, 2 — z) — gHz — 2.

We denote the collection of all proximal subgradients of the function F' at
the point x as 0,F(x).
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6.2.1 Primal-Dual algorithm with Dual Update

We investigate the convergence of primal-dual Algorithm 5 by exploiting the
conjugate dual under the setting that the function f is p-weakly convex while
g is convex on their respective domains (see (6.3)). Recall that under our
standing assumption, we have dom f ndomgo L # ¢J and the set of saddle
points S is nonempty.
Algorithm 5: Primal-Dual Algorithm

Initialize: 2y € dom f ndomgo L and gy = yo

Set: 7,0 > 0,0p < 1,0 €[0,1],4/o7|L| <1

Update:

. 1
Yni1 = argmin,.y g* (y) + ZHy — Y — 7Lz, |*  (dual update)
gn+1 = Ynt1 T e(ynJrl - yn)

1
Tpy1 = argmingcy f(z) + Q_HJU — Tp + UL*gn+l||2 (primal update)
o

We remind that we consider the Lagrangian of the form L£(z,y) = f (z)+
(Lx,y) — ¢* (y) as in problem (6.11). In Algorithm 5, we have to solve
two minimization problems where the objectives are convex thanks to the

appropriate choice of stepsize op < 1,

1
0¢0 (4" % 3ol =t = 7Ll ) )
1 * — 2
0eo f+%H—$n+O'L yn—&-lH <$n+1)7

where ¢ is the subdifferential in the sense of convex analysis. We can apply
convex subdifferentials sum rule to the dual update as both functions are
convex |6, Corollary 16.48].

On the other hand, since f is weakly convex, we utilize the following sum
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rule for proximal subdifferentials for weakly convex function.

Theorem 17. [10, Theorem 2| Let X be a Hilbert space. For i = 0,1, let
function f; © X — (—o0,+00] be proper lower semicontinuous and p;-weakly
conver on X with p; = 0. Then, for all x € dom fy N dom f; and for all

€o0,€1 = 0 we have

5so,pof0(1’) + aEl,Plfl(x) - a&,p(fo + fl)(x) (623>

forall e = eq + €1 and for all p = po + p1. The equality

Ocpoim (fot @) = | e fol@) + 0y fi() (6.24)

€0,61 |€0te1<e

holds when dom fy N dom f; contains a point at which either fo + po/2| - |*
or fi(-) + p1/2|| - |* is continuous.

Using the above theorem with € = 0, we obtain

Yn _Tyn—H + an c ag* <yn+1) ’
Ty — Tp % —
S L € Opf (@p41) - (6.25)

g

Let us give an estimate of the Lagrangian values for the iterates generated
by Algorithm 5.

Proposition 17. Let X|Y be Hilbert spaces, f : X — (—o0, +w0]| be proper
Isc p-weakly convez function and g : Y — (—0,+m] be proper lsc convex
defined on Hilbert spaces X andY , respectively, and L : X — Y be a bounded

linear operator. Let (y,)nen, (Un)nen be sequences generated by Algorithm 5.
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Then for any (x,y) € X x Y, we have

L (95 ?/n+1) - L ($n+1, y)

2
e

ot| L 1—0\/o7|L
LT P = oy = gl? + 2 e
O/oT|L 1 —\/oT| L
Up = O-TH H Hx . xn+1H2 o % H«r o n” O-TH H H Ty — Ty
(6.26)

Proof. From the update of Algorithm 5 and (6.25), by definitions of subdif-

ferentials, we have

1
(Vilj’ € X) f(fl?) - f(xn-&-l) = ;<xn — Tpt1, T — xn+1> - <L*gn+1> r— xn+1>
p
- §H$ - 93n+1||27
* * ]'
VyeY) g*(y) — 9" (Ynt1) = ;<yn — Yn+15Y — Ynt1) + {LTn, Y — Yni1),

Summing the above inequalities and taking into account the Lagrangian given
n (6.11), we have

‘C (*Tv ynJrl) - ‘C (anrla y)

n -~ Yn Tn
(B ) =+ (B )
- <L*gn+17 T — xn+1> 5 H‘CB - xn-&-l” + <Lx7 yn+1> - <an+1a y>

2
_ Yn — Yn+1 Tn — Tp+1 P 2
(B ey + (P ) = D — g
T o 2

+ <L(xn - xn+1)7 y— yn+1> + <L(ZL‘ - xn+1)a Yn+1 — gn+1>' (627>
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For the last line of (6.27), we have

<L(9Un - $n+1)7 Yy — yn+1> + <L($ - $n+1), Yn+1 — §n+1>
:<L (xn - $n+1) y— yn+1> + 9<L (.2? - xn-i—l) yYn — yn+1>

2 o 2 . 2
TTL”(I% sl | [y =ponil® e —aunl® _,lvn ynﬂu)_
20

2T 20 2T

Inequality (6.27) becomes

L (xvynJrl) - L ('rn+17 y)
1 p
>3- (ly = ynsal* = Iy = vnl® + lgm — s [?) — 5 le = o |

1
+ 5= (|7 = 2l = & = 2l + 20 = 2 ])

2 _ 2 _ 2 _ 2
=1 (|$n Tt ||?J Ynt1l| +0Hx Tt +0||yn Y1 )
CT

2T 20 2T
—\JoT ]

|L| 1 1 —04/oT|L|
1y = Yosr]* = = |y =l + ——— Y — Yns1|
2T 27

0 L 1 1— L
—op O, e Ly ey LT,
g

I o — il — 5 o — 2l

n+1H 3

which is (6.26). O

Estimation (6.26) is not enough to obtain convergence of Algorithm 5.
This is where we utilize inf-sharpness assumption in the sense of Definition
12 to analyze the convergence of Algorithm 5.

We show that, if (z,.1,y,+1) are closed enough to the solution set S then

we have decreasing property for the distance function of (x,,y,) to the set

S.

Proposition 18. Let X and Y be Hilbert, f : X — (—o0, 4] be a proper
Isc p-weakly convex function, g : Y — (—o0,+0]| be proper lsc conver and
L : X =Y be abounded linear operator. Let (x,)nen, (Yn)nen be the sequences

generated by Algorithm 5. Let us assume that the stepsizes 1,0 satisfy the
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inequality op + 0+/oT|L| < 1, where 0 € [0,1], and the Lagrangian is inf-
sharp in the sense of Definition 12 with respect to the set of saddle point
S # . At iteration n € N, if

- M
dist((xn, yn), S) < , 6.28
tons ). 8) < ot (6.25)
then
- M
dist((Tpi1, Yns1), S) < )
ZS<<x+1y+1> ) max{%,%}—fl
where A := min { 1_\/20?“]:”, 1—ap—20;/EHL|\ } Moreover,
dist? (2, yp), S) = dist?(Tps1, Yns1), S). (6.29)

Proof. Let us prove (6.29) first. By (6.26) from Proposition 17, for any
(x,y) € X x Y, we have

1 1
c (w o) = £ (1) + o o = T |® + ool Yl

VGTHLII 1—0y/o7|L|
|y = Ynia | L= Ovorlt] o |Yn

2
- yn+1H
O+/oT||L 1—+/oT|L
Up UTH ” Hx_xn+1”2 + UTH H Hxn
20 20
— A/OT

—op—0y/oT|L| Iz
20

- xn+1H

1—or|L| B
Iy = sl + - Tn

>A( m)fes o = 2 |* + Iy = gusr |* = Adist*(@ns1, 1), S), (6.30)
T,y

17‘/2(’7“”, lfapfgg/ﬁm} > 0 thanks to the assumption on

where A := min{
the stepsizes. The last inequality in (6.30) holds as we can take any (z,y) € S.
Let us take infimum on both sides of (6.30) with respect to (z,y) € S, combine
with the distance function (6.18)

ok & = 2al* + ly = yal* = dist® (20, yn), 5)-
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We obtain

20" 21
> Adist2((a:n+1,yn+1), S) + infS{L' (Tna1,y) — L(2, Yns1)}- (6.31)

(=,y)e

max {i i} dist®((zp, yn), S)

We apply sharpness assumption to (6.31) and obtain

1 1
max {— —} dist (20, 4u). §) > Adist? (Tt Yusr)s ) udist (s, gusn), )

20 2T
(6.32)
To obtain (6.29), we need
AdiStQ((xn+1’ yn+1)7 S) + MdiSt<(xn+17 yn+1)7 S)
1 1
= max {_a _} diStQ((l'n—i-lv yn-i-l)v 5)7
20° 21
which holds when
: H
dlSt((xn-&-lvyn-&-l)?S) < (633)

max{% i} — A

) 2T

The quantity on RHS of (6.33) is well-defined as

1 1 1 1 — 4/ —op—04
maX{Q—, 2—} = min{— —} > min{1 or| L] 1—0op—OvoT|L] } ,
o' 2T

20" 21 2T ’ 20

thanks to the assumptions on the stepsizes 7, 0. Next we will prove that for

any n € N

u
mas (o )~ A

1

dist((zn, yn), S) < :
ist((zn, Yn), 5) max {2, L} A

= diSt((xn+17 yn+1)7 S) <
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Let us start from (6.32)

1 1 1
max 2—,2— 1 1 2
0 27) (max{z;, 3} — 4)
1 1
> — — v dist®((zn, yn), S
{5 5 aist? (). )
> Adist?*((Tny1, Yns1), S) + pdist((Tn i1, Yni1), S). (6.34)
Inequality (6.34) becomes a quadratic inequality with respect to dist((@,+1, Ynt1), S).

The quadratic equation taken from (6.34) has two distinct solutions. This
implies that

1
max{% i} — A

) 2T

0 < dist((@ns1,Yns1),5) <

]

When inequality in (6.28) is strict, we obtain convergence to zero of the

distance function.

Corollary 4. Let X and Y be Hilbert, f : X — (—o0,+] be a proper
Isc p-weakly convex function, g :' Y — (—o0, 4] be proper lsc conver and
L: X — Y beabounded linear operator. Let (y,)nen, (Yn)nen be the sequences
generated by Algorithm 5. Let us assume that op + 0+/o7||L|| < 1 and the
Lagrangian is inf-sharp in the sense of Definition 12 with respect to the set

of saddle points S # . If the starting point (xo, o) satisfies

: P
dist S
& (($07y0)7 )< max{%,%}—A’

where A = min { 17\/207””, 170’)75;/;“” } Then dist((zn,yn), S) tends to zero

as n — 0.

Proof. By assumption and Proposition 18, dist((z,,y,),S) is non-increasing
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and

: 7
dt n7n7S )
st ). 8) <

) 2T

for all n € N. Moreover, we have

1 L,
(A + dlst<('r0’y0)75)) dist ((anrl)ynJrl), S)

H ‘42
\ A d t n )y JIN ’
<( *dist«xm,ym&) ist{(Zne1, 1), 5)

1 1Y) .,
< max{%,g}dlst ((nyYn), S). (6.35)

Inequality (6.35) implies that

diStQ((In+1, yn+1), S) < (B)n_ldiStQ(([Eo, yo), S), (636)
where .
B — AmaX {%ZL;
T Tot(@0,90),9)

By assumption on dist((xg, 30),S), we have 0 < B < 1 since

I 1 1
A — -t
T Tt (20,900, 9) max{%’ 27}

As (6.36) holds for any n € N, we let n — oo and we infer that

lim dist((zp, yn), S) = 0.

n—a0

]

Next, we prove the convergence of (Z,,yn)nen toward the set of saddle

points in S.

Theorem 18. Let X and Y be Hilbert, f : X — (—o0,+00]| be a proper

Isc p-weakly convex function, g : Y — (—o0,+0]| be proper lsc conver and
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L: X — Y beabounded linear operator. Let (y,)nen, (Yn)nen be the sequences
generated by Algorithm 5. Let us assume that the stepsizes 7,0 satisfy op +
Ov/oT|L| < 1, and the Lagrangian is inf-sharp in the sense of Definition 12
with respect to the set of saddle point S # . If the starting point (xq,yo)

satisfies
i

’ 21

dist((zo,yo), S) <

LA

max { %

where A = min { 1_*/2”?””, 1_0’2_20;/‘;”” } . Then (2, yn) converges to a saddle

point.

Proof. By (6.26) from Proposition 17 and the inf-sharpness of Lagrangian,

we have

1 1
max{QU o }dlSt ((n, Yn), S)

= Adist? <<$n+1> yn+1>7 S) + NdiSt((an; yn+1)7 S)-

1—0+/o7| L 1 —+/oTl| L
+ ﬂ 1y — yn+1|‘2 + A |Zn — Tpial|
2T 20
. 1 —0+/o7||L| 1— +/oT||L
= mm{ ;Tﬁ‘ H, By H H } ||(93myn) - ($n+1,?/n+1)||§<xy- (6-37)

Taking square root on both sides of (6.37) and summing up till N € N,

combining with the result from Corollary 4, we obtain

N N
2 (@i, vi) — (Tig1, Vi) | xxvs (6.38)
1=0 z:[)
where
PR 00 20 ) (2, 10), )
- ’ = 1SUL{({Zo, Yo), .
A+ Fm S min{l oyaTiL] 1= x/;jTHLH}

We have 0 < B < 1 as follow from the proof of Corollary 4. Letting N — o0,
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the LHS of (6.38) is summable which implies that

Z |(i, yi) = (@1, yirr) [ x v < +o0.
As XY are Hilbert, sois X x Y. By [14, Theorem 1|, (2, Yn)nen is Cauchy ,
so it converges. Combining this with the result obtained in Corollary 4 which

is dist((n, yn), S) — 0 as n — 0, (T, Yn)nen Must converge to a saddle point

inS. O]

6.2.2 Primal-Dual algorithm with primal update first

In this subsection, we consider Algorithm 6 which differs from Algorithm 5 by
updating the primal variable x,, first instead of y,,. We show the convergence
results similar to Proposition 18 and Theorem 18 of the previous subsection

with some differences concerning the assumption on the stepsizes 7,0 > 0.

Algorithm 6: Primal-Dual Algorithm with primal update first

Initialize: zo € dom f ndomgo L and Ty = xg
Set: 7,0 > 0,0p < 1,0 €0,1],+4/07||L|| <1
Update:

1
Tpy1 = argmin,y f(x) + %Hx -z, + TL*ynH2

Tpi1 = Tpg1 + O(xpi1 — )

) 1 _
Yni1 = argmingey g (y) + 5y =y = 7LE01 |7

Analogously to Proposition 17, we start by analyzing the behavior of the

Lagrangian values given as in problem (6.11).

Proposition 19. Let X, Y be Hilbert spaces, f : X — (—o0,+0] be proper

Isc p-weakly convex function and g : Y — (—o0,+m] be proper lsc convex
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defined on Hilbert spaces X and Y, respectively, and L : X — 'Y be a bounded
linear operator. Let (y)nen, (Yn)nen be sequences generated by Algorithm 6.

Then for any (x,y) € X x Y, we have

L (SL’, yn+1) - L (anrla y)

2
I

1 —64/oT|L| 1 1 —+/oT||L|
SV R PP eV L7 S
21 21 21
1—0op—+/oT|L 1 —04/oT||L
ekt L PO N A PR CN el AV 1 P
20 20 20
(6.39)

Proof. We proceed similar to the proof of Proposition 17 and obtain the

following

‘C (37, yn+1> - L" (xTLJrl? y)

Yn — Y _ Ty — T
= <%ﬁ+17 Yy — yn+1> + <an+17 Yy — yn+1> + <nTn+17 T — xn+1>

* P
- <L Yn, T — Z'nJr1> - 5 Hx - $n+1HZ + <LZ‘, yn+1> - <an+17 y>

_ Yn — Yn+1 Tp — Tp+l P 2
- yY = Yn+1 + y U — Tnt+1 ) — _Hl‘ixn+1||
T o 2

=+ <L(§7n+1 - :Un-i-l)v Y= yn+1> + <L({L‘ - mn+1)> Yn+1 — yn> (640)

For the last terms of (6.40), we have

<L(i‘n+1 - xn-&-l)? Yy — yn+1> + <L(Qf - xn+1)a Yn+1 — yn>
:9<L ($n+1 - .’L'n) Y = yn+1> + <L (1’ - anrl) y Yn+1 — yn>

_ 2 _ 2 B 2 B 2
> \/EHL” GH‘TTL xn-ﬁ-lH + HHy yn-&-lH + Hl’ an+1|| + ||yn yn+1|| )
20 2T 20 2T
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Inequality (6.40) becomes

‘C (xvyn+1) - ‘C (xn+17 y)
1 P
25 (Hy - yn+1||2 - ||y - ynH2 + Hyn - yn+1H2) ) HQT - $n+1\|2

1
+ o= (I = @an]® = o = zal* + 20 — 2asa|?)

20
Ty — Tp 2 - Yn 2 T — Ty 2 n -~ Yn 2
_ ot (ol sl | =l | = aal® | oo =
20 2T 20 2T
1 —0y/oT|L]| 2 1 2 1—+/oT|L] 5
=y = Yuirl = [y = tul” + ——— U0 — Yntill
2T 2T 2T
1—op—+/oT|L| 1 —604/oT||L]
+ L S PP e L PP )
20 20 20
which is (6.39). O

As we can see, the difference between Proposition 17 and Proposition 19
is position of # which appears in the term |y — y,11|? instead of ||z — x,|*.
This will cause a small change in the bound of dist((z,,y,),S) as we see in

the next result.

Proposition 20. Let X and Y be Hilbert, f : X — (—o0, 4] be a proper
Isc p-weakly convex function, g : Y — (—o0,+w0]| be proper lsc conver and
L: X — Y beabounded linear operator. Let (y,)nen, (Yn)nen be the sequences
generated by Algorithm 6. Let us assume that the stepsizes T,0 satisfy op +
Vot|L|| < 1 and the Lagrangian is inf-sharp in the sense of Definition 12
with respect to the set of saddle points S # F. At iteration n € N, if

dist((, yn), S) < a (6.41)

1 1 )
max {5, 57} — As

then
14

11 ]
max{%, ;} A

diSt(<mn+1a y’n-l-l)a S) <
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where Ay := min { 1—0%:7\\1:\\’ 1_0”_2}/;”” } Moreover,
dist? (T, Yn), S) = dist*((Tps1, Yns1), S). (6.42)

As a consequence, if the initials (zo,yo) satisfy

i

1 1 :
max{%,;} Al

dist((zo, Yo), S) <

Then dist((xn,yn),S) tends to zero as n — .

The proof of Proposition 20 follows the same lines as the proof of Propo-
sition 18 and Corollary 4 so we will not give it here. As (dist((2,, Yn), S))nen
with (2,)nen, (Yn)nen generated by Algorithm 6 behaves in the same way as

in the case of Algorithm 5, so is the convergence of (Zy, Yn)nen-

Theorem 19. Let X and Y be Hilbert, f : X — (—o0,+00]| be a proper
Isc p-weakly convex function, g : Y — (—o0,+0] be proper lsc conver and
L: X — Y beabounded linear operator. Let (y,)nen, (Yn)nen be the sequences
generated by Algorithm 6. Let us assume that the stepsizes T, 0 satisfy op +
VoT|L| < 1 and the Lagrangian is inf-sharp in the sense of Definition 12
with respect to the set of saddle point S # . If the starting point (xq,yo)

satisfies
i

1 1 )
max{%,;} Al

dist((zo, Y0), S) <

(6.43)

1—0+/o7|L| 1—op—+/oT|L|
L o . Then (

where A = min{ T, Yn) converges to a sad-

dle point.

The condition (6.43) gives us the radius of an open ball around the set S
such that Algorithm 6 converges to a saddle point provided we start inside
the ball. When starting outside the ball, the sequences can converges to other
points but the saddle point. We will observe this behavior in the numerical

example below.
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6.3 Primal-Dual algorithm using @Ec-prox

R

In this section, we apply our newly defined @y

-proximal operator (5.4) to
propose a primal-dual algorithm and investigate its convergence. We con-
sider the primal problem (6.1) and its Lagrange dual (6.11), where g : Y —
(—o0, +o0] is proper lIsc convex, f : X — (—oo, 4] is ®F -convex and

L : X — Y is a bounded linear operator. Recall that (z,9) € X x Y is
a saddle point of Lagrangian in (6.11) if the following are satisfied

(V(z,y) e X xY) L(x,9) = L(2,9) = L(Z,y).
Applying this definition to the Lagrangian in (6.11), we have

(Ve e X) f(x)— f(2) = —, Lz — 1)),
(YyeY) g*(y) —g"(y) =Lz, L(y — 7))

We can rewrite the above inequalities in the form of subdifferentials

Lz € 0g* (1),
(0, —L*9) € o f(Z). (6.44)

This is known as KKT condition for the Lagrangian primal-dual problems
(6.11).

In Algorithm 7, we use the update inspired by Chambolle-Pock Algorithm
[25, Algorithm 1]. For this case, we take § = 1. By replacing the primal
update of |25, Algorithm 1] with ®F -proximal update below, we call this

new algorithm ®F -Chambolle-Pock Algorithm and show that we can obtain
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convergence without relying on sharpness condition.
Algorithm 7: ®F -Chambolle-Pock Algorithm
Initialize: Choose 7,0 > 0, (zo,%0) € X x Y and T = xo
Update: For ne N,

® Ypi1 = argmin g*(y) + 3= |y — yn — TLZy|?
yeyY

e We update the primal step as follow:
B Pick (an, (% + Qan)xn> e J,(z,) according to (5.1)
B Pick 2,1 € argmin f(2) + (L*yni1,2) + (% + an> Iz — zn|?
zeX

® Tpy1 = 2wn—i—l — Tn

According formula (5.4), the ®F -proximal operator is defined as
Ise,R/ N\ . R )1
Prox. (x) = (J7 + 5lscf) Jy(x),

which we use to update our primal variable (z,).en. We present our main

results in the next theorem.

Theorem 20. Let f : X — (—ow,+o] be a proper ®F -convez, g : Y —
(—o0, 4] be a proper lsc convex function and L : X — Y be a bounded
linear operator. Let (Tn)nen, (Yn)neN, (Tn)nen and (an)nen be the sequences
generated by Algorithm 7. Assume that To|L|* < 1 and 1 + 20a, > /oT|L|

for all n € N, then we have
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(i) For any (x,y) e X x Y,

M=

L (.I, yn+1) - L (anrla y)
0

3
|

1—+/oT|L 1
> Loty - Ly wp?
2T 2T
1 2 1 2
+ | —+ans1 )|z —anal*— | == + a0 ) |z — z0l7, (6.45)
20 20

where L(x,y) = f(z) + (Lx,y) — g*(y) is the Lagrangian.
(i) The sequences (Tn,Yn)nen are bounded.

(i) If X,Y are finite dimensional and (a,)nen converges, then (T, Yn)nen

converges to a saddle point in the sense of (6.44).

Proof. From the update of Algorithm 7, we have

Yn _Tyn+1 + Llf'n c ag* (yn+1>,

On = bus1 € QoS + (L i1, ) (Tns1)- (6.46)

In the same way as in Proposition 17, we obtain an estimation analogous to
(6.27),

L (QJ, Z/n+1) - L (:CnJrlu y)

1
= By [Hy — Y1 |* + [0 = i = v — yn||2]

1 1
+ (g5 + vt ) o = gl (5 a0 (= 20l = o = )

20 20
+ <L1—3n7 Yy — yn+1> - <yn+1; L(QZ - xn+1)> + <yn+1> L$> - <y7 L'Tn+1>- (647>
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By using 7, = 2x,, — x,_1 in the last line of (6.47),

<Li'na Yy — yn+1> - <yn+17 L(:L‘ - wn+1)> + <yn+17 LZL‘> - <y’ Lx"+1>
=(L(2%n — Tp—1 — Tp+1),Y — Ynt1)

:<L(xn - xn+1)7 y—= yn+1> - <L(xn71 - mn): Yy — yn> + <L(l’n - -fnfl)a Yn — yn+1>

<<L(xn - xn+1>> Yy — yn+1> - <L(5L’n,1 o xn)’ Y- y”>

oT||L oT||L
ey g Y e e (6.48)
2T 20

- yn+1H2

Plugging (6.48) back into (6.47),

L (‘T; yn-i-l) —L (xn+17 y)

— Yn+1 H

1 ) o1 1—+/oT|L]
5 [y — ynsal® = |y — yal?] + 5 19

(L )] X GE N
— + ay, T — Z, - = +a, )|z —2,
20_ +1 +1 20_

+ L(xn, — Tp41), Y — Ynt1) — {L(Tp1 — T0), Y — Yn)
1 ~JoT||L

+ + an Hxn - wn-i-lHQ - H H ” n
20 20

Ty — Tn1|?. (6.49)
Summing (6.49) to N € N, and we obtain

N
Z E .73 ynJrl (anrl?y)
n=0

n+1H

2 [y = ynvea > = v — wol’]

n=0
1 1
— +an ) |z —zna]® = | == + a0 ) |z — o
20 20

oT|L
(—w) fox — ol + 3 ( R | PP

n=0

N
2 1 —4/oT||L] I —
— 2T "

+ (L(xN — TN41),Y — YN+1)- (6.50)



6.3. PRIMAL-DUAL ALGORITHM USING &%, .-PROX 166

We separate the inner product term on RHS of (6.50) using Young’s inequal-

ity
ot| L ot| L
(Ehan —anen)y — e < Ly g+ Y e
2T 20
Hence, we have
N
Z L <x7yn+1) - L (xn+17y)
n=0
1 —/or|L| s 1 ) o 1—yoT|L] 2
2 - 4 - - a5 - - 4 n - n
sy —unal® = oy = vl + 3 5 lvn — v

n=0
1 2 1 2
+ | oo tave | [z —aval”— | 5= + a0 | |z — 2o
20 20

o3 () o (651)

By assumption, 4/o7||L|| < 1 and 1 + 20a, > y/o7|L| for all n € N, we have

N
\/O’T
'C(xayn+1) _£($n+1yy) 2 ‘

n=0

|L
LTy gl = -

+ +a T T + a T €T
9 N+1 N+1 0 oll »

which is (6.45). Since (6.45) holds for all (z,y) € X x Y, we can take
(x,y) = («*,y*) as the saddle point. By (6.13), we have

N
Z 7yn+1 ‘C(xn-i-lvy*)

o1l L 1
LT eyl = ey -
21

1 1
+ | — +any1 ) [|z* — xNHHQ — | —+ao | |z* - x0|\2.
20 20

/
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This implies that (z,)nen, (Yn)nen are bounded.
Let X, Y be finite dimensional. In view of the above, let (2., )ken, (Un, ) ken
be the subsequences of (x,,)nen, (Yn)nen Which converge to T and 7, respec-

tively. By (6.51), with (z,y) = (2*,y*) as a saddle point, we have

0= > Lz Yns1) — L (Tns1,Y")

M=

0

=i

/

1
+( +aMH)wﬁ—xmn2—(——+%)Mf—mu2
o 20

1—+\/o7|L
( \;” H + an) [
o
0
orI L 1—+\/o7|L
. Z \ﬁH I 1 — Ynsa |2 + Z (% + an) [

1
—§W“WW—<—+%)W—%%

1-yorlL| N R a1 :
o =l = 51 —wl? 3 T

l\D|}_l

+

=

n

20

Letting N — oo, we have the two sums above are finite. This means

1 —/oT||L]
20

b~ e 0. ) = g = 0.
By assumption, 1 + 20a,, > \/o7|L| for all n € N and (a,),en converges,
we infer

lim ||z, — x,11] = lim |y, — yns1] = 0.
n—0o0 n—o0

Then x,, 11 — 7 and y,, +1 — ¥ as well. Now we want to prove that (Z,7)

is a saddle point. By (6.46), we have, for every y € Y,

Ynp — Ynp+1

- + Lii‘nky - ynk+l>'

9 Y) = 9" Y1) =<

Since g* is lsc convex [6, Proposition 13.13|, letting k& — o0, we have, for
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every y € Y,

g (y) — 9" (@) = lim inf 9 (Y) = 9" (Ynp+1)

. Y — Ynp+1
> lim inf (%2700
k—00

={LZ,y — 7). (6.52)

+ LT, .Y — Ynj+1)

Similarly for Isc f, by (6.51), for every x € X,

f($) - f($nk+1) = (¢nk - ¢nk+1)(x) - (ank - ¢nk+1)(xnk+l)

- <L*yn+17 xr — wnk+1>

]' 2 ]' 2
= % T Qny41 HLL‘ - mnk+1H - % + ap, Hx - ‘rnkH

1
+ (% + ank) Hxnk+1 - J:nkHQ - <L*y”k+1’x B x”k+1>’

where ¢, = (an, (1/0 + 2a,)z,) € O}

Ise; the second equality can be followed

as in the proof of Proposition 12 for (5.25).

Letting £ — oo and note that (a,),eny converges, we obtain

.. 1 1
> timint | (0 + e ) e = a2 = (50 % ) e =
1
(55 + )l = 22 = L1, = )|
> (L*F,x ). (6.53)

As (6.53) and (6.52) hold for all (z,y) € X x Y, this means that (7,7) satisfies
the KKT condition (6.44) and so it is a saddle point.

Next, we prove that the sequence (x,, ¥, )neny converges to (Z,7y). Let us
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consider the sum of (6.49) from ny; to N > ny, with (z,y) = (Z,7) and obtain

N
0 = Z ‘C (fa ynJrl) - £ (anrlay)
n=nig
1 2 o1 VUTHLH 2
2 [Hy ?JN+1|| — 7 — vl ] Z Tﬂyn — Yn1]

n=ng

2 1 — 2
5 T AN+1 |7 — 2N " — 55 1 |7 — 2, |

N-1
1 - Vel :
+—(§;—+aN)an-—xN+u % (Y o)

n=ng

+ <L<xN - xN+1)7y - Z/N+1> - <L(:Enk*1 - xnk)7y - ynk>
As 1+ 20a, > 0 for all n € N, we have
1 1
17— P+ (5 o) 17—

20
+{L(rny — 2n41), T — Yn+1) — L Tpym1 — 20, ), T — Yny)- (6.54)

1. , (1 B )
>§Hy—y]v+1H + | =— +ans1 | IT — zn4a]

Letting k& — o0, N — o0, the LHS and inner product terms of (6.54) go to
zero, which implies zx,1 — Z and yy,1 — y. Hence, the whole sequences

(Zn)nen and (Y, )neny converge to T and 7, respectively. O

Remark 22. While we only obtain convergence in finite dimensional case,
the results in Theorem 20 (iii) are obtained for a large class of functions which
are nonconvex. For instance, in contrast to Algorithm 5 and Algorithm 6, we
do not assume any sharpness condition to derive convergence as in Theorem
18 and Theorem 19. One important reason of this fact is that we have
calculated ®f

order to obtain convergence of the constructed sequences to a saddle point.

lse-broximal operator (5.4), while requiring (a,)neny converges in

Nonetheless, we do not need to rely on a stronger assumption such as inf-
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sharpness like in the previous section.

6.4 Numerical Examples

We demonstrate the performance of Algorithm 5 with several examples.

Example 22. We recall Lagrangian in Example 20
L(z,y) =[x + 2y — |y|.
The respective primal and dual problems for this Lagrangian are

_nf, ||, s —lyl.

Setting: We set 7 = 0.25,0 = 0.75,6 = 1, maximum number of iteration
N = 2001. We randomized the starting point in the interval [—10,10].
For each step, we calculate the proximal operator of the absolute function

f(z) = |z| which has an explicit form,

To—7 To=7,
proxX.((¥o) = { xo + 7 o < —7,
0 —y < xp <.
We plot the distance at each iteration to the saddle point and the primal,
dual iterate in Figure 6.6. This is a special case because by the nature of
proximal operator for f, which return zero whenever the iterate is closed

enough. That is why just after a few iterations, both primal and dual iterate

take zero value.

Example 23. We consider the Lagrangian

L(z,y) = |z|+[a® = 2| +zy — |y| — |y* — 2],
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Distance to the solution Primal and Dual sequences =,.1,

1 ===
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number of iteration number of iteration

(a) (b)

Figure 6.6: Example 22. From left to right: distance to the solution; primal-
dual iterates.

which has a similar form as in Example 21. It also has one saddle point
at (0,0). We run Algorithm 5 for this Lagrangian in two cases: inside and
outside the region mentioned in Theorem 18. To compute the primal and
dual update of Algorithm 5, we use Scipy package in Python to approximate

the proximal operator in each step.

Setting: Weset 7 =0.25,0 = 0.35,0 = 1 and we take sharpness constant
i =0.9. The weakly convex modulus p = 2 so the quantity

i
max{% i} —A

) 2T

~ 0.3199, (6.55)

where A = min{kg”L”, 1*‘7”*5;/;””} ~ 0.00599. For the first case, we
randomize the starting points (zg, yo) € [—0.3199, 0.3199]? and for the second
case, [—10, 10]2. We plot the distance of the iterate to the saddle point and
primal/ dual iterate in Figure 6.7 for the first case and Figure 6.8 for the
second case. Notice the differences in two figures as the sequences converge

to different points from the saddle point in the second case.

For @ -Chambolle-Pock Algorithm 7, we give two illustrative examples.
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Figure 6.7: Example 23 first case. From left to right: distance to the solution;
primal-dual iterates.
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Figure 6.8: Example 23 second case. From left to right: distance to the
solution; primal-dual iterates.
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Figure 6.9: Objective function in Example 24.

Example 24. Consider the following problem in the real line

2
min 2|2? — 1| + T (6.56)

zeR 4
We can treat this problem as a composite minimization (6.1) with f(z) =
2|22 — 1], 9(y) = y*> and L = 1/2 is the scaling factor. The objective function
is illustrated in figure 6.9. It is easy to identify the minimizers which is

x = £1. Thanks to the structure of function g, we can calculate ¢g* which is
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Hence, the updates in Algorithm 7 looks like this

2

.y — \2
ne1 = argmin — + —(y — y, — 7LZT,)",
o1 = argmin. 5 (Y = Yn = TLT,)

Tni1 € Prox-ort ()
n+1 € P o(f+H{L¥ypi1, o\ 1)

Tpt1 = 2xn+1 — Tnp-

The stepsizes 7,0 > 0 are chosen such that 7o|L|?> < 1. We can write the

dual update explicitly as

2(y, + TLT,,)

Yn+1 = )

While for the primal update, from Theorem 11,

1
Tpi1 € argmin 2|2 — 1| + yp41 Lo + <2— + an) (x —x,)?%,
o

zeR

1

5o will be chosen later.

where a,, > —

Setting: We take 7 = 0.25,0 = 0.75 and fix the number of iteration N =
2001. The parameter ag = 0.1 and updating rule will be

an+1 = Qp + 01

For starting points, (o, o) will be randomized uniformly in [—10,10]. To
find x,,1, we use approximation method BFGS which is available in Scipy
package (Python). For illustration, we plot the following: the objective func-
tion value, the distance of the primal iterate to the solution and the behavior
of the dual iterate (see figure 6.10).

Example 25 (Binary tomography). Binary Tomography (BT) is a special
case of Discrete Tomography (DT) which aims at reconstructing binary im-

ages starting from a limited number of their projections [84, 61|. The image
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number of iteration number of fteration

Figure 6.10: From left to right: distance from the iterate to the minimizer;
distance to the optimal value; primal and dual iterates.

7 € R™ is represented as a grid of n = ny x ny pixels taking values z; € {—1, 1}
for j = 1,...,n. The projections y; for i = 1,...,m are linear combinations
of the pixels along m directions. The linear transformation from image to
projections is modelled as

y=AT +w, (6.57)

where x; denotes the value of the image in the j-th cell, y; is the weighted
sum of the image along the i-th ray, the element A;; of matrix A € R™*" is
proportional to the length of the ¢-th ray in the j-th cell and finally w € R™ is
an additive noise with Gaussian distribution and standard deviation ¢ > 0.
In general, the projection matrix A has a low rank, meaning that rank(A) <

min{n,m} [61]. We model the problem as

o Az =yl
minimize —_—.
zeR™,x,e{—1,1} 2

(6.58)

Instead of considering the binary variable x, we can turn problem (6.58) into

a continuous one by adding the function F': R" — R defined as
F(z) = |27 1], (6.59)

which is separable as the sum of functions f;(x) = |z — 1|. Observe that F
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is a weakly convex function with the set of minimisers

Sp={x=(x1,...,2,) ER"|x; € {—1,1} fori=1,...,n} = {-1,1}",

and can be seen as a non-smooth counterpart to the function z — > | 27(x; — 1)

x € R™, proposed in [94] to promote binary integer solutions (with values in
{0,1}™) in Markov Random Field approaches. To the best of our knowledge,
this is the first work where function F' is used in such a context.

Problem (6.58) transforms into

A _ 2
minimize M +
xeR™ 2

F(z). (6.60)

We can write the objective function of (6.60) in the form of composite func-
tions F'(z)+G(Az) and implement ®F _-Chambolle-Pock Algorithm 7 to solve
this problem.

The function G : R™ — R is G(z) = M which has the conjugate

_ ol

G*(v) = 15 + <o),

and we can write the dual update similar to the previous examples, which is

v, + T(AT, — y)

Untl = T+ 1

For the primal step, it can be calculated as a proximal step as we mention
in Algorithm 1 from Chapter 5. Specifically, since the function F is weakly
convex, we can obtain an explicit form of convex proximal operator for each

component of F' i.e. the function F(z) = |z* — 1| (see [11, Remark 8]). For

2

Y
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a >0,y € R, we have

—_if jy| > 1+ 2«
(VyeR) prox,z(y) ={ %= if [y| <1-2q, (6.61)

ol otherwise.

Remark 23. The model in (6.58) (for appropriate choices of matrix A €
R™*" vector y € R™ and possible additional convex constraints) could be
applied to other Binary Quadratic Programs (a special class of QCQP prob-
lems having the equality constraint z? = 1 for every i € {1,...,n} ) arising
in Computer Vision, such as Graph Bisection, Graph Matching and Image

Co-Segmentation (see [91, Table 2| and the references therein).

Setting: For ®F -Chambolle-Pock Algorithm, we fix the number of iter-

ation to 500, stepsizes 7 = 0 = ﬁ to ensure that 7o|A|?> < 1. For the

1
5.

parameter a,, we start with ap = 100 and updating a,1 = a, —

Numerical tests For our simulations we used the MATLAB codes and
data from [61, 60]. We reproduced the same synthetic setting and test from
simple to complex images: Consider multiples phantoms (Apple, Bird, Lizard,
Octopus, Spring, Horse, Pocket Watch and Blood Vessels ), corresponding to
binary images of size 64 x 64 pixels. Operator A models an X-ray tomo-
graphic scan with 64 detectors and a parallel beam acquisition geometry
with four angles (0°, 50°, 100°, 150°). We set ¢ = 0.01 for the additive
noise. Figure 6.11 illustrates, from left to right, the original image and the
reconstructions obtained with the Least Squares QR method (LSQR), with
the Truncated Least Squares QR method (TLSQR), with the DUAL method
proposed in [61] and finally our proposed Algorithm 7 applied to (6.60),
which we refer to as ®F _-Chambolle-Pock method (®F _-CP). All methods

lsc lsc

are initialised with a vector of zeros.
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Figure 6.11: Comparisons between different solutions. From left to right:
original image, least squares solution, thresholded least squares solution, so-
lution obtained with the dual method proposed in [61], solution obtained
with our model.



Chapter 7
Conclusion and Future Work

The thesis investigates the class of abstract convex functions which are mi-
norized by elementary functions with specific structure ®. We point out that
a proper lIsc convex function is also abstract convex with respect to the class
of affine function. More generally, the function is also abstract convex when
the class of elementary functions is quadratic (®F_). The class of ®} -convex
functions also consists of strongly convex and weakly convex functions.

Together with abstract convexity, one can define abstract conjugate and
abstract subdifferentials which take on similar forms as in classical convex
conjugate and convex subdifferentials. With these powerful tools, we success-
fully construct an abstract conjugate dual problem to the general composite
minimization problem where the objective functions are nonconvex. By using
abstract subdifferentials, we prove zero duality where the primal and dual
problems have the same value. We move one step further by establishing
conditions which strong duality is obtained.

On the other hand, conjugate dual problem can be written as Lagrange
dual problem. We then determine Lagrangian and define Lagrange primal
problem and state the connection to the composite minimisation problem.
By making use of "intersection property", we manage to prove Lagrange zero

duality gap and also conjugate zero duality gap from Lagrange duality.

179
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The second part of this work is about algorithms. The final goal is to
have a primal-dual algorithm for solving the composite minimisation problem

through abstract conjugate dual. Instead of considering a general abstract

R

function, we limit ourselves to the class of ®;.

as elementary functions. This

R

helps us define ® _-proximal operator and propose ®F_

lsc -proximal based algo-

rithms such as ®F

Subgradient for several types of minimisation problems. We also give a de-

-proximal point, ®F _-Forward-Backward or ®F_

-Projected

tailed convergence analysis of these algorithms and remarks the similarities
to the one in convex analysis.
For primal-dual algorithm, we manage to apply the new ®F -proximal

operator to conjugate primal-dual problems where one function is convex

R

and other is ®F -convex. Since O

loc -convex functions are related to weakly

convex, we turn our attention to conjugated primal-dual problems where
one function is convex and other is weakly convex. We propose different
types of primal-dual updates and investigate their convergence. To obtain
convergence, we assume that the Lagrangian is sharp with respect to the set
of saddle points. Otherwise, if the primal objective function is sharp to its
solutions, then primal-dual algorithm converges under certain assumptions.

During and after this work, there are several questions which I cannot
answer or have not gone into it. These questions can serve as starting points

for future discussions.

(i) Subddiferentials sum rule: We want to find conditions which ab-
stract subdifferentials of sum of functions can be expressed as the sum
of subdifferentials of each function. From the observation of zero dual-
ity gap i.e. Theorem 4 and Corollary 2, there is a connection between
conjugate duality and subdifferentials sum rule. It is a difficult prob-
lem if we consider two different functions with two different classes of

elementary functions.

(ii) Abstract convex set: Even though we investigate conjugate duality

and Lagrange duality using abstract convexity, we only use abstract
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(iii)

conjugate and abstract subdifferentials for functions. We have not
touch the concept of abstract convex set and topological space in the
presence of abstract convexity. This will help us develop a complete
understanding of abstract convexity and the differences to the classical

convexity.

Gradient/ subgradient algorithms for abstract convex func-
tion: With the definition of abstract subdifferentials, one can think
of subgradient methods to solve minimization problem. However, ab-
stract subgradient is considered as a function, how can we make a
subgradient update? We know that an abstract subgradient is a mi-
norized function, then how can we define a direction toward minimizer

using abstract subgradient?

R
lsc

(I)]R

lsc

-proximal algorithms: As we see in Example 16, ®;. -Projected
subgradient algorithm can terminate early. Similar situations can oc-
cur when the function is not convex. Hence, we want to find conditions
which help us overcome this problem and make the algorithm run in-

definitely.

General abstract proximal operator: We successfully define an
abstract proximal operator and design proximal based algorithms for

abstract convex functions. However, this is for only a specific class of

R

se- The next step would be to define an abstract

elementary functions ®
proximal operator which can work on arbitrary class ® and study its

differences to the classical one in convex analysis.
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