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Abstract

With the rapid growth of problems tackled by information technology, the need for efficient al-
gorithms keeps increasing. Choosing an effective algorithm for a specific problem (or a class of
problems) usually requires both theoretical and numerical study, which, in turn, requires a corre-
sponding toolset to assist the research process.

One important class of algorithms with wide application area are algorithms for solving vari-
ational inequalities, as it models many tasks in operations research, economics, traffic flow, game
theory, and some problems of modern machine learning. Because these problems are large and
complex, algorithmic efficiency is critical. To solve a problem with algorithms from the class
we require both theory – applicability and convergence analysis under realistic assumptions – and
computation-systematic experiments that reveal practical speed and robustness.

This dissertation provides numerical and theoretical research on iterative algorithms for varia-
tional inequalities together with a software framework, which allows solving corresponding class
of problems and investigating behavior of algorithms.

Theoretical part devoted to obtaining new or improved algorithms for specific classes of prob-
lems and proving their convergence under widest possible assumptions.

The software framework simplifies experiments with new and modified algorithms and prob-
lems, because to add a new method or a problem a user can extend provided base classes and make
only minimal changes. Also, for the implemented problems and algorithms it is possible to make
different runs, set parameters from command line or code and obtain detailed execution log together
with convergence graphs.

Most examples of practical applications are based on the problems of the so-called network
economy, when some kind of optimization or equilibrium problem is considered on the network or
graph. For the blood supply chain model a graphical UI is provided (web), which allows setting
parameters for nodes and edges, selecting algorithms subset and obtaining the solution together
with detailed execution logs and convergence graphs without modifying the python code.

The dissertation has classic structure. The first chapter is devoted to the literature review
about modeling practical problems with variational inequalities and developing corresponding al-
gorithms.
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The second chapter describes a new variant of extragradient algorithm with monotone step
adjustment together with proof of convergence under maximally wide assumptions.

The third chapter is devoted to a new version of extrapolation from the past algorithm, leveraging
the idea of special distance (Bregman divergence) to simplify computations for a special class of
problems. Corresponding proof of convergence also provided.

The fourth chapter is about constructing the analogue of the extrapolation from the past algo-
rithm without requiring the problem space being Hilbert space, with corresponding convergence
proof.

The fifth (the last) chapter is devoted to describing the software framework architecture and
usage scenarios, together with demonstration of applicability of the described algorithms to the
problem of blood supply chain network optimization, problem of traffic equilibrium search and
PageRank problem. This chapter also demonstrates the full cycle from formulating a model for
a problem and rewriting it as a variational inequality, to obtaining a solution and analyzing the
behavior of algorithms on the selected problem using capabilities of the developed software system.



Streszczenie

Wraz z szybkim wzrostem liczby problemów rozwiązywanych przez technologie informatyczne,
stale rośnie zapotrzebowanie na wydajne algorytmy. Wybór skutecznego algorytmu dla konkret-
nego problemu (lub klasy problemów) wymaga zazwyczaj zarówno badań teoretycznych, jak i nu-
merycznych, co z kolei wymaga odpowiedniego zaplecza narzędziowego wspomagającego proces
badawczy.

Ważną klasą algorytmów o szerokim zastosowaniu są metody rozwiązywania nierówności wari-
acyjnych, modelują one bowiem wiele zadań z zakresu badań operacyjnych, ekonomii, przepły-
wów w sieciach transportowych, teorii gier oraz niektórych zagadnień współczesnego uczenia
maszynowego. Ze względu na dużą skalę i złożoność tych problemów, kluczowa jest efektywność
obliczeniowa. Rozwiązanie problemu za pomocą algorytmów z tej klasy wymaga zarówno pod-
budowy teoretycznej – analizy stosowalności i zbieżności przy realistycznych założeniach – jak i
systematycznych eksperymentów obliczeniowych, ujawniających praktyczną szybkość i odporność
metod.

Niniejsza rozprawa przedstawia badania numeryczne i teoretyczne nad iteracyjnymi algoryt-
mami dla nierówności wariacyjnych wraz z autorskim szkieletem programowym (frameworkiem),
który umożliwia rozwiązywanie omawianej klasy problemów oraz badanie zachowania algoryt-
mów.

Część teoretyczna poświęcona jest opracowaniu nowych lub ulepszonych algorytmów dla
określonych klas problemów oraz udowodnieniu ich zbieżności przy możliwie najszerszych za-
łożeniach.

Opracowany szkielet programowy upraszcza prowadzenie eksperymentów z nowymi i zmody-
fikowanymi algorytmami oraz problemami, ponieważ dodanie nowej metody lub zadania wymaga
od użytkownika jedynie rozszerzenia dostarczonych klas bazowych i wprowadzenia minimalnych
zmian. Ponadto, dla zaimplementowanych problemów i algorytmów możliwe jest wielokrotne
uruchamianie symulacji, ustawianie parametrów z poziomu wiersza poleceń lub kodu oraz
uzyskanie szczegółowego logu wykonania wraz z wykresami zbieżności.

Większość przykładów praktycznych zastosowań opiera się na problemach tzw. ekonomii
sieciowej, gdzie rozważany jest pewien rodzaj problemu optymalizacyjnego lub problemu
równowagi w sieci (grafie). Dla modelu łańcucha dostaw krwi udostępniono graficzny interfejs
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użytkownika (webowy), który pozwala na ustawianie parametrów dla węzłów i krawędzi, wybór
podzbioru algorytmów oraz uzyskanie rozwiązania wraz ze szczegółowymi logami i wykresami
zbieżności bez konieczności modyfikacji kodu w języku Python.

Rozprawa ma strukturę klasyczną. Rozdział pierwszy poświęcony jest przeglądowi literatury
dotyczącej modelowania problemów praktycznych za pomocą nierówności wariacyjnych oraz opra-
cowywania odpowiednich algorytmów.

Rozdział drugi opisuje nowy wariant metody ekstragradientowej z monotoniczną regulacją
kroku wraz z dowodem zbieżności przy maksymalnie szerokich założeniach.

Rozdział trzeci poświęcony jest nowej wersji algorytmu ekstrapolacji z przeszłości (extrapo-
lation from the past), wykorzystującej ideę specjalnej odległości (dywergencja Bregmana) w celu
uproszczenia obliczeń dla specjalnej klasy problemów. Przedstawiono również odpowiedni dowód
zbieżności.

Rozdział czwarty dotyczy konstrukcji analogu algorytmu ekstrapolacji z przeszłości bez
wymogu, aby przestrzeń problemu była przestrzenią Hilberta (w ogólnych przestrzeniach Banacha),
wraz z odpowiednim dowodem zbieżności.

Rozdział piąty (ostatni) poświęcony jest opisowi architektury szkieletu programowego i scenar-
iuszy jego użycia, wraz z demonstracją stosowalności opisanych algorytmów do problemu opty-
malizacji sieci łańcucha dostaw krwi, problemu równowagi ruchu w sieciach transportowych oraz
problemu PageRank. Rozdział ten demonstruje również pełny cykl badawczy: od sformułowania
modelu problemu i przepisania go w formie nierówności wariacyjnej, aż do uzyskania rozwiązania
i analizy zachowania algorytmów na wybranym problemie z wykorzystaniem możliwości opracow-
anego systemu.
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Chapter 1

State of problem and literature review

1.1 Introduction

Computational power available to humanity has grown dramatically in the past 30 years, and some
real-world problems, which looked unthinkable to solve using computers and algorithms some time
ago, now solved easily even with smartphones. But despite the fact that our computing capacity has
grown and this growth continues with a very fast pace, we still struggle with it being insufficient or
too expensive for our tasks. Also, as people realised not too long ago, solving huge problems with
current approaches to computation can be very environmentally unfriendly.

One of the main reasons for this situation is the fact that people start to use information tech-
nologies in many new areas, and now we have much more information to process and much more
problems to solve using computers and algorithms. The example is on everyone’s lips - nobody
thought about training and using large language models of such scale ten years ago for the mass
market - and now companies are competing for electricity to power enormous datacenters for that.

But the extensive approach, like building more datacenters and power plants to supply required
electrical power, looks really dangerous, and the case of fall of stocks of some AI companies after
DeepSeek release shows that it is clear for many market participants in high-tech industry. Obvi-
ously, a successful company can invest billions of euros to build a datacenter which is ten times
more powerful than the one of their competitors. But it takes years to accomplish - and if their
competitors improve their algorithms by the same tenfold in that time, they will be able to gain an
advantage much faster. Even if the algorithm is only half as computationally intensive, the resource
savings for large tasks can be enormous. Imagine that instead of two power plants it is enough to
build one, because with a better algorithm it is possible to solve the same problem twice faster. And
if the algorithm is asymptotically faster, the outcome can be even more impressive.

Consequently, the tasks of designing efficient algorithms and investigating their properties are
highly relevant, and their importance continues to grow – together with another important task of
choosing suitable algorithms for solving specific kind of real-world problems.
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1. State of problem and literature review 2

When developing and analyzing algorithms, it is essential to combine theoretical studies (such
as proving and analyzing convergence conditions) with practical investigations in the form of com-
putational experiments. Such experiments make it possible to validate theoretical results and to
generate new ideas for improving the behavior of the methods. They can also reveal difficulties
for certain classes of problems or parameter ranges that then require theoretical investigation and,
where possible, improval.

To support this research process efficiently, this work develops a software framework that pro-
vides convenient tools both for studying algorithm behavior on test problems and for computing
solutions to real problems, provided their mathematical models fit within the variational inequality
framework.

A broad class of problems can be described within the framework of, so called, network eco-
nomics. This class includes diverse economic problems, for example supply network optimization
in various settings and market/price equilibrium models. Similar formulations also arise for certain
social processes, such as migration and information diffusion in social networks. Other important
problems in network economics include finding equilibrium in transportation networks and mod-
eling the delivery of critical supplies by humanitarian organizations during natural or man-made
disasters.

These models have been actively studied by the research group at the University of Mas-
sachusetts Amherst (USA)–notably the work of A. Nagurney, A. Masoumi, Min Yu, J. Dong, and
others. Most network economics problems naturally reduce to a variational inequality and can
therefore be addressed by corresponding algorithms.

In this dissertation, we provide detailed study for a model for the blood supply chain opti-
mization problem. For this problem our software includes web UI, which allows to set network
parameters, get a solution and analyze the behavior of selected algorithms. Also we study models
and demonstrate application of algorithms for transport equilibrium search problem and so called
PageRank problem (problem of detecting the most important nodes in a network based on the net-
work structure).

Variational inequality is a powerful mathematical model, which can be used to formulate prob-
lems of operations research, economics, network traffic optimization and game theory. It is also
used in machine learning area, as it is a straightforward model for GAN (generative adversarial
networks). Owing to this modeling power, efficient algorithms for solving variational inequalities
and their practical applications are of interest for both theoretical and computational analysis.

The development and study of such algorithms has proceeded, with varying intensity, since the
1970s – beginning with the works of Korpelevich and Antipin – and has been especially active over
the past thirty years. Significant contributions have been made by I. Konnov, I. Ryazantseva, Y.
Censor, A. Gibali, A. Iusem, S. Reich, J.-J. Strodiot, B. Svaiter, P. Tseng, W. Takahashi, and H.
K. Xu. This line of research intersects with the broader study of optimization algorithms, where
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1. State of problem and literature review 3

intensive theoretical work has also been carried out; key contributors include J.-L. Lions, P.-L.
Lions, Y. Alber, L. Bregman, A. Nemirovskii, P. L. Combettes, H. Bauschke, D. Bertsekas, P.-E.
Maingé, M. Krasnosel’skii, Y. Nesterov, E. Nurminskii, B. Polyak, B. Pshenichnyi, M. Solodov, A.
Antipin, A. Bakushinsky, F. Vasiliev, Yu. Danilin, Y. Ermoliev, I. Yeremin, P. Stetsyuk, N. Shor,
and many others.

In this dissertation, we continue research on abovementioned family of algorithms, proposing
several new ones, proving corresponding convergency theorems, conducting numerical experiments
and demostrating application of the algorithms to several problems.

1.2 Models Based on Variational Inequalities
Like many fundamental models widely applied in contemporary mathematical research and engi-
neering, the concept of a variational inequality emerged quite early – back in the 1960s. The theory
originated with works by Fichera, Stampacchia, and Lions [90, 40, 93, 61], where this approach
was used to investigate and solve unilateral boundary-value problems for partial differential equa-
tions. Variational and optimization formulations for such problems were also examined, notably in
monographs [54, 7]. The modeling approach based on variational inequalities evolved with varying
intensity over subsequent decades, and currently, the range of problems it addresses is extensive.

Naturally, this approach continues to be used for problems in mathematical physics, such as
elasticity theory, fluid behavior models, impurity diffusion, and others [38, 16, 62, 92, 60], as well
as optimal control problems for systems of differential equations arising in modeling such processes
[63]. Recently, models traditionally used for physical processes, with minor modifications, have in-
creasingly been applied to social or economic processes, generating renewed research interest. For
example, the diffusion model effectively describes information spread in social networks [106] or
disease transmission during epidemics [107], allowing to tackle various identification and optimal
control problems for such processes.

In classical finite-dimensional space Rn, the problem of finding a solution to a variational in-
equality is formulated as follows [54]: for a closed convex set K ⊂ Rn, find

x ∈ K : (F (x), y − x) ≥ 0 for all y ∈ K.

An intuitively clear example of this formulation is the concise condition for the necessary and
sufficient minimum of a continuously differentiable convex function f on the interval [a, b] ⊂ R.
Indeed, finding such a minimum is equivalent to solving the following ”variational inequality”:
find x0 ∈ [a, b] : f(x0)(x− x0) ≥ 0 ∀ x ∈ [a, b].

In a Hilbert space H , the traditional formulation of the problem is: for a closed convex set
C ⊂ H and an operator A : H → H , find

x ∈ C : (Ax, y − x) ≥ 0 ∀y ∈ C. (1.1)

S. Denysov Algorithmic information complex based on variational inequalities …
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Further specifics for particular models depend on the choice and properties of the operator A
and the set C. Similar problem formulation will be used for Banach spaces later on.

A significant motivation for creating a whole research direction within variational inequalities
theory was the realization that they suits naturally for the equilibrium programming [13, 50], en-
compassing a wide class of important and relevant problems. For example, starting with works
by Stella Dafermos [23, 22], variational inequalities have established themselves among the pri-
mary approaches for mathematical models of transportation equilibrium. Other equilibrium (Nash
equilibrium) problems have also frequently been reformulated as variational inequalities to theoret-
ically investigate problem properties and get a solution using appropriate algorithns – this approach
is extensively used by the research group at the University of Massachusetts Amherst for tackling
various network economics problems [70], examples of which are given later in this chapter.

After Ian Goodfellow and colleagues proposed the GAN architecture (Generative Adversarial
Networks) as a promising approach for creating neural networks for content generation [48], this
field began rapidly developing. The training problem for such network pairs and other adversarial
architectures is essentially a saddle-point problem, naturally modeled as a variational inequality.
This approach enables theoretical convergence analysis and algorithm construction for machine
learning. For example, work [42] uses variational inequalities to investigate classical algorithms
for training Wasserstein Linear-Quadratic Generative Adversarial Networks (LQ-GAN) and pro-
poses an alternative algorithm with improved theoretical properties. Another model, a GAN with
multiple discriminators, which also can be reformulated as a minimax problem and studied through
variational inequalities – see [41].

Work [44] also demonstrates the effective use of variational inequalities in modeling human
cognition, inherently not an optimization problem (due to multiple incompatible criteria, making
it difficult to construct a single-objective function). However, it can be described as an equilib-
rium problem and solved via variational inequalities. Similarly, [43] demonstrates the applicability
of variational inequality-based models to simultaneously modeling interactions between content
providers (e.g., Netflix) and data transmission providers (e.g., Verizon) – see also [84].

1.3 Network Economics Problems

A broad and significant class of real problems can be modeled as processes occurring on networks
of various types – transportation, economic and social connections, supply networks, etc. When
these problems involve optimization or saddle-point formulations related to resource optimization
or profit maximization, they are termed network economics problems [70].

S. Denysov Algorithmic information complex based on variational inequalities …
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1.3.1 Market Equilibrium

Tracing the beginnings of this research direction is challenging due to its long history. Classical
economic problems date back to Cournot’s 19th-century work [21], examining competition between
two producers and utilizing the equilibrium principle later generalized as Nash equilibrium. De-
spite extensive market equilibrium research, it continues actively as computational power and data
availability grow, enabling more sophisticated and accurate models, often analyzable through vari-
ational inequalities. Work [71], for instance, examines spatial oligopoly models for m companies
supplying n markets. Equilibrium search reduces to solving the variational inequality

−
m∑
i=1

n∑
j=1

∂ui (T
∗)

∂Tij

×
(
Tij − T ∗

ij

)
≥ 0 ∀T ∈ Rmn

+ .

Here, matrix T ∈ Rmn
+ represents supply volumes of every company to the corresponding

markets, and ui(T ) denotes the profit of company i.

1.3.2 Optimal Traffic Flow Distribution

Another well-known example of a network economics problem — is the optimal distribution of
traffic flow mentioned above [73, 22]. The most common approach to building models of such
problems is based on Wardrop’s first principle [108], where an equilibrium is a state in which no
participant of traffic benefits from changing their route. Although this principle was formulated
already in 1952, the relevance of the problem keeps increasing together with the number of related
studies. The problem of finding the system optimum in a transport network (Wardrop’s second
principle), also described already in the 1960s [12], is becoming increasingly important — but
with the widespread use of global navigation systems (such as Google Maps) and the appearance of
monitoring and real-time traffic information systems, opportunities have finally appeared for solving
it in practice. Therefore, such research is becoming increasingly active [64]. One common approach
— again, is to use the framework of variational inequalities. For example, in [74] the transportation
equilibrium problem in the presence of different classes of network users and different criteria that
they try to optimize is reduced to the following variational inequality:

(F (X∗) , X −X∗) ≥ 0 ∀X ∈ K,

where F denotes the vector (u,−λ, d− d(λ)) and X = (f̃ , d, λ).
In expanded form, the expression has the form:

k∑
i=1

∑
a∈L

ui
a

(
f̃ ∗
)
×
(
f i
a − f i∗

a

)
−

k∑
i=1

∑
ω∈W

λi∗
ω ×

(
diω − di∗ω

)
+

k∑
i=1

∑
ω∈W

(
di∗ω − diω (λ

∗)
)
×
(
λi
ω − λi∗

ω

)
≥ 0 ∀(f̃ , d, λ) ∈ K,
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where f i
a corresponds to the flow of users of class i along link (network edge) a, ui

a is the
corresponding cost function, which combines travel time losses and the monetary cost of passing
the link, diω defines the travel demand for the origin–destination pair ω for class i, and λi

ω is the loss
(disutility) function of users of the respective class for the corresponding pair of vertices.

Recently, researchers have also paid attention to the problem of finding transportation equilib-
rium for multimodal transport flow – that is, a situation where several alternative transport modes
are used. One of the first works in this direction can be considered [39], where different models
are studied for the situation when users sequentially employ two transport modes. For example, in
the morning a person drives a private car to a certain transport hub–this may be the nearest public
transport station to their home. Then, to reach the destination (workplace), public transport is used.
In the evening, the reverse sequence is taken to return home. In [39], a model is studied in detail
where such a regime is considered as an alternative route to using only a private car.

Further developing research in this direction, models and algorithms are actively constructed for
a more general case, where many transport modes and routes are taken into account. In particular,
to improve environmental conditions, many developed cities build the necessary infrastructure and
motivate road users to use bicycles or light electric transport (e-scooters, scooters, etc.). A model for
combinations of motorized and non-motorized transport is described, for example, in [109], where
the authors consider combinations of using a car and walking. The constructed model is formulated
as a variational inequality and can describe more than two travel modes, including possible transfers
between them.

Another important extension of such models is taking into account different criteria by the
user for choosing a travel mode (for example, traveling by bus or metro may be cheaper and even
faster, but during peak hours it can be very uncomfortable because of overcrowding). Such aspects,
together with the stochastic nature of travel demand, are described, for instance, in [112], where the
model is also reduced to a variational inequality.

1.3.3 Supply Chains

A somewhat less known, but also important, problem of network economics is the optimization of
the supply chain. This problem is especially relevant in the modern global world, where supply
chains can be complex and have a crucial impact on the efficiency of a company’s performance on
the market. Within this problem, many different models are proposed and studied [70, 77]. For
example, for a supply chain optimization model that takes into account environmental pollution,
the formulation in the form of a variational inequality has the following form∑

a∈L

[
∂ĉa (f

∗
a )

∂fa
+ ω

∂ea (f
∗
a )

∂fa
+ β∗

a

]
× [fa − f ∗

a ] +

+
∑
a∈L

[
∂π̂a (u

∗
a)

∂ua

+ ω
∂êa (u

∗
a)

∂ua

− β∗
a

]
× [ua − u∗

a] +
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+
∑
a∈L

[u∗
a − f ∗

a ]× [βa − β∗
a] ≥ 0, ∀(f, u, β) ∈ K

Here f denotes the flows on network edges, u the capacities of edges, c the costs of using edges,
π the capital expenses for increasing the edge capacity, e and ê the functions that define the amount
of harmful emissions (for example, carbon) during operation and initial construction of a network
edge, which are included in the objective function with coefficient ω. Also, β are the Lagrange
multipliers that arise in the construction of the objective function. The flows on edges are assumed
to be nonnegative and also satisfy the classical additional conditions for such problems (the detailed
formulation is presented in [77]).

Among supply chain models, one can highlight the problem of delivering a perishable product –
since in this case, at each stage one has to take into account potential product losses and the related
costs of disposal. For this type of goods, not only the case of shortage at the final consumption
point, but also in the case of excessive supply incurs significant losses for the company – since
then additional costs for disposal arise. A similar problem occurs in the design of the blood supply
chain [76]. It also contains differences related to the specifics of the corresponding processes – for
example, risks at the stage of blood collection from donors are additionally included in the objective
function, since this procedure is voluntary and a donor may refuse the planned procedure for various
reasons. The mathematical model of this problem of network economics and its reduction to a
variational inequality are examined in detail in the final chapter of the dissertation.

1.3.4 Determining the Importance of Network Nodes

Another interesting problem is the problem of determining the importance of nodes in a network. A
classical approach for this task is the PageRank algorithm and its numerous modifications [81]. Al-
though in the narrow original search engine results ranking sense inclusion of this task in the scope
of network economics is questionable, nowadays this approach has found its application in almost
all types of networks [46]. Among clearly economic problems where PageRank is an effective ap-
proach, one can highlight the problem of evaluating the importance of nodes in large production
networks [85]. Solving such a problem, for instance, allows making decisions on production opti-
mization by shutting down the nodes with the lowest ranks. As will be shown below, this problem
also can be modelled as variational inequality and solved with corresponding set of algorithms.

1.4 Constructing Efficient Algorithms for Solving Problems
Modeled by Variational Inequalities

As seen from the overview above, variational inequalities serve as a model for a wide range of
practical problems. Therefore, the development of efficient algorithms and the establishment of
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results concerning their applicability and convergence, depending on the properties of the problem
itself, is a relevant issue.

The development of such algorithms also has a long history and begins with the observation
that a variational inequality can be viewed as a fixed-point problem for a corresponding operator
[54]. Specifically, a point x is a solution to the variational inequality (1.1) if and only if it is a fixed
point of the operator PC (I − λA), where I is the identity operator, PC is the projection operator
onto the set C, and λ is a non-negative real number. For theoretical guarantees of convergence,
it is required that the main operator of the problem, A, is Lipschitz continuous, i.e., ∃ L > 0 :

||Ax − Ay|| ≤ L||x − y|| ∀x, y ∈ H (in this section, in most cases, the problem settings are
considered in a Hilbert space H , unless stated otherwise).

Based on this equivalence, the problem can be viewed as a fixed-point problem. For such a
problem, it is natural at first glance to apply the simple iteration method (which, in the case of
minimization, coincides with the projected gradient method), that is, to search for a solution using
the following iterative procedure:

xn+1 = PC (xn − λAxn) , λ > 0,

where λ > 0 is chosen based on the knowledge of the Lipschitz constant of the operator A.
Such an approach was proposed in works [47, 59], and it is classical for constrained optimization

problems. However, the monotonicity of the main operator alone is not sufficient to guarantee the
convergence of this method in the case of a variational inequality. Stricter conditions are required –
either strong monotonicity or inverse strong monotonicity (cocoercivity). Under these conditions,
one can prove the convergence of the sequence of approximations generated by the algorithm to
the solution of the variational inequality (either weak or strong convergence, depending on the
properties of the operator).

1.4.1 Economic Algorithms

These conditions impose rather strict constraints on the problem operator, therefore, a number of
alternative algorithms have been developed that allow eliminating this requirement. The beginning
of the development of such algorithms can be considered the extragradient method [57], proposed
back in 1976 (around the same time, with slightly different formulation, it was also proposed in
[3]). For this algorithm, monotonicity of the operator is sufficient.

To solve the variational inequality (1.1), the main step of this algorithm is as follows:

yn = PC (xn − λAxn) ,

xn+1 = PC (xn − λAyn) .
(1.2)

A notable drawback of this algorithm is that on each iteration it is necessary to compute the
main operator of the problem (operator A) at two different points, and to perform two projections
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onto the admissible set, also at two different points. Furthermore, in the original work [57], the
algorithm was considered only in the finite-dimensional Euclidean space Rn, where convergence
of both the sequence xn and the sequence yn to the solution set of problem (1.1) was proven.

Because of this, many researchers have worked and continue to work on developing more effi-
cient algorithms of this class, as well as on theoretical and practical investigation of their properties.
For example, in [18], a modification of the method is proposed that allows simplifying one projec-
tion onto the admissible set at each iteration. The algorithm described in the work for a variational
inequality in a Hilbert space H is as follows (we preserve the original notation from [18]):

Algorithm 1.1

Step 0. Choose an initial approximation x0 ∈ H , choose a parameter τ > 0, and assign k = 0.

Step 1. Given the current approximation xk, compute

yk = PC

(
xk − τf

(
xk
))

,

construct an auxiliary half-space Tk such that the corresponding hyperplane is a supporting hyper-
plane for the set C at the point yk:

Tk :=
{
w ∈ H |

((
xk − τf

(
xk
))
− yk, w − yk

)
≤ 0
}

and compute the next approximation

xk+1 = PTk

(
xk − τf

(
yk
))

.

Step 2. If xk = yk, the algorithm terminates and xk is an approximation of the solution. Otherwise,
set k ← (k + 1) and return to Step 1.

In [18] the weak convergence of the sequence generated by Algorithm 1.1 to the solution set of
the variational inequality (1.1) is proved, provided that the operator f is monotone and Lipschitz
continuous with constant L, the solution set of (1.1) is nonempty, and 0 < τ < 1/L. Despite
the more complicated formulation compared to the calculation procedure (1.2), this algorithm is
more computationally efficient when the feasible set has a complex structure. This is achieved
because instead of the second projection onto the feasible set at each step, a projection onto a
special auxiliary hyperplane is used, which can be written explicitly.

Among the algorithms that allow performing fewer computations per iteration, one can also
highlight the forward-backward splitting algorithm of Tseng, proposed in 2000 in [95]. In that
work, the problem of finding x ∈ H : 0 ∈ F (x) + NC(x) is considered, where NC(x) is the
normal cone at point x to a nonempty convex closed set C ⊂ H , and F is a maximally monotone,
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continuous and single-valued operator on C, H is a Hilbert space. This problem is equivalent to the
variational inequality (F (x), x′ − x) ≥ 0 ∀x′ ∈ C, and the author proposes the following algorithm
for solving it:

x̄k = PC

(
xk − αkF

(
xk
))

,

xk+1 = x̄k − αk

(
F
(
x̄k
)
− F

(
xk
))

,
(1.3)

for k = 0, 1, . . . As in the previous algorithm, at each iteration here one projection onto the feasible
set is used, instead of two in Algorithm (1.2).

Algorithm 1.1 and Tseng’s algorithm with formula (1.3) are economical in terms of the number
of projections at each iteration – which provides an advantage in situations when projection onto the
feasible set is computationally difficult. But if the more costly part is the computation of the problem
operator, they do not provide a significant advantage compared to the classical extragradient method
with formula (1.2), since they also use two operator evaluations at every iteration. One of the first
methods that is economical in terms of the number of operator evaluations was proposed by L.D.
Popov in [83] as early as 1980. Initially, the method was formulated for the problem of finding
a saddle point of a convex–concave function f(x, y) on the set G = Q × S ⊂ Rn × Rm in the
following form:

z0 ∈ G, zt+1 = PG [zt − τg(z̄t)] , t = 0, 1, ...

z̄0 ∈ G, z̄t+1 = PG [zt+1 − τg(z̄t)] , t = 0, 1, ...
(1.4)

where z = (x, y), g(z) = (fx(x, y),−fy(x, y))
In this algorithm only one evaluation of the operator (the derivative of a convex–concave func-

tion in the original version) is used at each iteration (but two projections). This method was re-
discovered in [45] under the name “extrapolation from the past”, and became a popular research
subject in connection with the development of such an area of machine learning as adversarial
learning, and especially generative adversarial networks.

1.4.2 Adaptive Algorithms

All the methods described above have theoretical convergence guarantees under certain restrictions
on the operator of the variational inequality and the step size of the algorithm. And, to determine
the step size, a priori knowledge of the Lipschitz constant of the operator is used. But for complex
problem statements, determining this constant is a serious problem by itself. Therefore, another
important research direction of algorithms for variational inequalities is the construction of so-
called adaptive versions of the corresponding algorithms – where the step size is not set in advance
based on the Lipschitz constant, but is recalculated during the algorithm based on the information
available at the corresponding moment.

One of the first adaptive modifications of the extragradient method was proposed in [53]. The
author considered the problem of finding a solution of the variational inequality (we keep original
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formulation here):
(T (x), y − x) ≥ 0

on the subset Q of the Euclidean space En with a continuous, monotone, single-valued operator
T : En → En. The modified algorithm from [53] has the following form:

ūk = PQ

(
uk − αkT (u

k)
)
, u0 ∈ Q,

uk+1 = PQ

(
uk − αkT (ū

k)
)
.

(1.5)

where the step αk at each iteration is chosen from the condition

0 < αk ≤ min

{
ᾱ, ε

∣∣|uk − ūk
∣∣ |

||T (uk)− T (ūk)| |

}
,

where ᾱ (the maximal step) and 0 < ε < 1 are additional parameters of the step-size selection rule.
In [53] the convergence of the above algorithm to the solution set of the problem is proved without
requiring Lipschitz continuity of the operator, and modifications of the algorithm for finding saddle
points of convex–concave functions are also presented.

Starting from [53], many researchers have been working on constructing efficient adaptive ver-
sions of algorithms for variational inequalities. For example, one can highlight the work [69], where
a version of algorithm with the main step (1.5) for a network equilibrium problem was proposed
and studied. For the spatial price equilibrium in the standard formulation, the main step of the
algorithm from [69] has the following form:

x̄p,k
ij = max

{
0, xp,k

ij − αk

[
Fij

(
Xk
)
+ λp,k

i − λp,k
j

]}
λ̄p,k+1
i = λp,k

i − αk

 ∑
j∈A(i)

xp,k
ij −

∑
j∈B(i)

xp,k
ji − bpi


xp,k+1
ij = max

{
0, xp,k

ij − αk

[
Fij

(
X̄k

)
+ λ̄p,k

i − λ̄p,k
j

]}
λp,k+1
i = λp,k

i − αk

 ∑
j∈A(i)

x̄p,k
ij −

∑
j∈B(i)

x̄p,k
ji − bi

 ,

where p is the index of the commodity delivered through the network, Xk and X̄k are the flows
(shipment volumes) along the network edges.

1.4.3 Algorithms with Non-Euclidean Distance

Another interesting and promising research direction for improving the efficiency of algorithms for
variational inequalities is the replacement of metric projection with an alternative one, in order to
simplify this operation for a specific problem (for the given feasible set). Most methods within this
approach are based on the so-called Bregman distance, which, although not a distance in the formal
sense, possesses the necessary properties for use in algorithms for variational inequalities.
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The concept that later became known as Bregman divergence (also called discrepancy or Breg-
man distance) was introduced in [15], where the problem of finding a common point of a family of
convex sets with nonempty intersection was studied. L. Bregman introduced a functionD(x, y) that
satisfies a set of axioms, partially similar to the axioms of a distance, and proposed an approach for
constructing algorithms for the studied problem, where a particular algorithm is determined by the
choice of this function. He also provided examples of constructing such functions. In particular, in
a real Hilbert space X the usual squared norm of the difference D(x, y) = (x− y, x− y) satisfies
all the required properties, which allows one to regard the function D(x, y) as a generalization of a
distance.

As a rule, when constructing algorithms for variational inequalities,
the following approach to building Bregman divergence [15] is utilised:
Select some f – strictly convex differentiable function defined on a convex subset of the
Euclidean space S ⊂ Ep. Then construct the divergence in a next way:

D(x, y) = f(x)− f(y)− (∇f(y), x− y) . (1.6)

As shown in the mentioned work, such a function satisfies the given axioms, and it can be used
for projection onto the feasible set instead of the Euclidean one, under some additional conditions
on the function f(x) and the set S. For example, such conditions can be the closedness of S and
the continuous differentiability of f . In the same work, among specific examples, the function

f(x) =

p∑
j=1

xj lnxj,

defined on the set S = {x ∈ Ep : xi > 0, i = 1, ..., p}, is given, for which (1.6) takes the form

D(x, y) =

p∑
j=1

(yj − xj + xj(lnxj − ln yj)) . (1.7)

If the probability simplex is chosen as the set, then (1.7) turns into the Kullback-Leibler diver-
gence – and based on this idea, algorithms are constructed and studied in the third chapter of this
dissertation.

An elegant idea related to the use of alternative spaces was proposed by Nemirovski in [79].
Essentially, the work justifies the use of a conjugate space, which is not identified with the main
space, for performing the gradient step. On this basis, an algorithm is constructed, whose speed
depends less on the dimension of the space (logarithmic dependence instead of linear). The authors
show that the usual step of the gradient method is, in fact, a mirror of a step in another space. At the
same time, in [11] it is shown that, as a result, in the case of a feasible set of the form of a probability
simplex, the obtained algorithm coincides with a modification of the extragradient method where
the Bregman projection is used instead of the Euclidean one.
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1.4.4 Algorithms in Hadamard Spaces

Another important direction, also related to improving the properties of the problem when mov-
ing to alternative spaces, is the construction and study of optimization algorithms in Hadamard
spaces [6]. In [20] it is demonstrated how the transition to such spaces allows one to obtain an
unconstrained optimization problem instead of a constrained one, or a convex minimization prob-
lem instead of a nonconvex one. In that work, formulations of equilibrium search problems (in the
sense of Nash) in Hadamard spaces are also studied — and such problems, as described above, are
an important class of problems that are reduced to variational inequalities.

1.5 Current State of the Field

Research within the directions outlined above continues to be actively conducted. In recent years,
there were advances in directions, described above, together with investigations related to applica-
tion of algorithms for variational inequalities to various problems.

For example, in [66] a version of the algorithm with one projection (and one auxiliary pro-
jection) per step for equilibrium programming problems was proposed (in the general case, this
method coincides with Algorithm 1.1). In that work, the weak convergence of the sequence of
approximations generated by the algorithm to the solution set of the problem was also proved.

In [67], Yu. Malitsky proposed an algorithm that can be called a projected reflected method. Its
computational procedure is noticeably simpler than most previous algorithms and has the following
form:

yn = 2xn − xn−1,

xn+1 = PC(xn − λAyn).

In the mentioned work, the weak convergence of the sequences generated by the algorithm to the
solution set of (1.1) is proved if λ ∈

(
0, (
√
2− 1)/L

)
. Obviously, the presented computational

procedure is also economical and uses one projection and one operator evaluation at each iteration.
Further research and improvements of this algorithm are presented in many works, in particular
[118, 116].

At the same time, the extrapolation from the past algorithm from (1.4) (see also [119]) turned
out to be a powerful basis for constructing other efficient algorithms. For example, in [68], based on
method (1.4), an algorithm was built for solving variational inequalities with monotone operators,
which uses one operator evaluation and one projection onto the feasible set at each step. It was
achived by replacing the second projection with projection onto a special hyperplane, similar to
Algorithm 1.1.

S. Denysov Algorithmic information complex based on variational inequalities …



1. State of problem and literature review 14

The calculation procedure of the algorithm proposed in [68] has the following form:

xn+1 = PTn (xn − λAyn) ,

yn+1 = PC (xn+1 − λAyn) ,
(1.8)

where
Tn = {z ∈ H : (xn − λAyn−1 − yn, z − yn) ≤ 0)} .

The convergence of the algorithm was proved under the condition 0 < λ < 1
3L

. Later, in [65],
a modification of the algorithm from [68] was proposed for Ky Fan inequalities, which made it
possible to construct a two-step proximal method for equilibrium problems. Problems of this type
have been one of the important research directions in recent years – see, among others, works [114,
30, 25].

Finally, in [19, 80], based on the above-described approaches with the use of an alternative
distance, an efficient two-step proximal mirror method is proposed in the following form:

xn+1 = argmin
y∈C

(
F (yn, y) +

1

λ
Dφ (y, xn)

)
,

yn+1 = argmin
y∈C

(
F (yn, y) +

1

λ
Dφ (y, xn+1)

)
,

(1.9)

for the problem
find x ∈ C : F (x, y) ≥ 0 ∀y ∈ C,

where F (y, y) = 0 ∀y ∈ C is a pseudomonotone, lower semicontinuous, convex bifunction on the
set C, and the function φ is a continuously differentiable strongly convex function on C with strong
convexity parameter δ. Accordingly,

Dφ(a, b) = φ(a)− φ(b)− (∇φ(b), a− b) , ∀a ∈ C, b ∈ C

is the Bregman divergence constructed on the basis of the function φ. Here, at each step, one needs
to compute the bifunction F , and solve two optimization problems with strictly convex functions,
which in terms of the number of operations is similar to (1.4). The development and study of modern
algorithms with Bregman divergence (distance) is also the subject of [80], and the continuation of
research and the construction of algorithms based on (1.4) with non-Euclidean distance is the topic
of the third chapter of this work.

Active work is also being carried out on constructing and studying analogues of extragradient
algorithms for equilibrium problems in the Hadamard spaces mentioned above. A method based
on the Korpelevich algorithm for these spaces was studied in [52]. Various versions of adaptive
and regularized methods of this type have been investigated in [102, 104, 100, 103, 115, 86, 99].
Finally, in [113], an adaptive version of the extraproximal algorithm was proposed, where the rule
for choosing the step size includes not only its decrease, but also its increase, which has a positive
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effect on the convergence speed of the algorithm, especially at the initial stages. The algorithm
itself has the following main stages:

Initialization. Select x1 ∈ C, τ ∈ (0, 1), λ1 ∈ (0,+∞), and define a nonnegative sequence
(µn) with finite sum.

Main iterative step of the algorithm.

yn =λF (xn,·) xn,

xn+1 =λF (yn,·) xn,
(1.10)

Adaptive rule for updating the step size.

λn+1 =

λn + µn, if F (xn, xn+1)− F (xn, yn)− F (yn, xn+1) ≤ 0

min
{
λn + µn,

τ
2

d2(xn,yn)+d2(xn+1,yn)
(F (xn,xn+1)−F (xn,yn)−F (yn,xn+1))

}
, otherwise

where

λF (z,·)x =y∈C

(
F (z, y) +

1

2λ
d2(y, x)

)
.

In [113] proof of convergence of the procedure above is also obtained. In this work, we also will
use the adaptive step size rule from this algorithm.

Another important research direction is the construction of algorithms for variational inequali-
ties in the case when there is a priori information about the solution in the form of the requirement
that it belongs to the set of fixed points of an additional operator. Among the first works where
such problems are described in detail and algorithms are proposed, one can highlight [98, 97, 96].
In 2015, in [28], the following adaptive algorithm for such a problem was proposed (which is an
adaptive modification of the algorithm from [18]). Namely, the problem of finding a solution of
(1.1), which belongs to the set F (S) = {x ∈ H : Sx = x} of fixed points of a quasi-nonexpansive
operator S : H → H , is considered. Under the condition that the set V I(A,C)∩F (S) is nonempty,
[28] proposes and proves the convergence of the following adaptive algorithm.

Initialization. Set σ > 0, τ ∈ (0, 1),Θ ∈ (0, 1), choose a sequence (δn) ⊆ (0, 1) and also an
initial approximation x0 ∈ H . Let n = 1.

Computation of the current step size.

j(n) = min {j ≥ 0 :

στ j
∥∥APC

(
xn − στ jAxn

)
− Axn

∥∥ ≤ Θ
∥∥PC(xn − στ jAxn)− xn

∥∥} ,
λn = στ j(n).

Main iterative step of the algorithm.

yn = PC(xn − λnAxn),

xn+1 = δnxn + (1− δn)SPTn(xn − λnAyn),

where Tn = {z ∈ H : (xn − λnAxn − yn, z − yn) ≤ 0} .
Further development of these approaches is the subject of the next chapter of this work.
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Contribution of this Thesis

The thesis is devoted to development, investigation and application of new and modified algorithms
which allows to solve problems modeled as variational inequality - especially, equilibrium or opti-
mum search on a network. One of the main goals was to develop and approbate software framework
suitable for solving such problems using corresponding algorithms together with assisting in pro-
cess of algorithm development itself.

In this work, the following results there obtained:

1. An open source software framework has been developed that enables solving a problem,
modelled as variational inequality, with the extragradient-type algorithms.

In current implementation, it provides four base variants of algorithms for variational in-
equalities. Both adaptive and static versions are implemented, as well as modifications using
Bregman divergence instead of the Euclidean distance for projection, totaling of more than
ten algorithms.

Also more than ten types of problems are pre-implemented, ranging from simple test cases to
more realistic problems such as PageRank computation or equilibrium search in transporta-
tion networks.

All functionality can be accessed either from a driver script (selecting the problem, the set
of algorithms, and run parameters), which is convenient for researchers with Python pro-
gramming skills, or without modifying the code by launching it from the command line with
appropriate arguments (instructions and a short description of the software are provided to-
gether with the code on GitHub at the link above). For the blood supply chain optimization
problem, web-based UI is provided to set network parameters, select algorithms and obtaing
a solution together with convergence graph and detailed execution log. The software archi-
tecture is extentable, which allows researchers easily plug in own problems and alsorithms,
leveraging the same capcbilities for computational experiments as demonstrated for built-in
ones.

2. An adaptive analogue of the extragradient method has been constructed for solving varia-
tional inequalities on the set of fixed points of an auxiliary operator, and its convergence has
been proven;
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Step-size modification rule does not require linear search procedure and extra operator or
projection calculation.

3. Adaptive variants of the extrapolation-from-the-past algorithm and the extragradient method
have been proposed with the use of Kullback–Leibler divergence instead of Euclidean dis-
tance, and the corresponding convergence theorems have been proven;

This algorithm allows use closed-form formula for projection if the feasible set has specific
structure. In the thesis it applied to the PageRank problem, as the feasible set there is a
probability simplex.

4. An adaptive variant of the extrapolation-from-the-past algorithm has been developed in Ba-
nach spaces with uniform smoothness and 2-uniform convexity, and a convergence theorem
for this algorithm has been proven;

5. Behavior of adaptive algorithms and provided software framework have been demonstrated
on the blood supply chain optimization problem, transport equilibrium problem and PageR-
ank problem.

Between others experimens, practical usefullness of step size adaptation rule with step in-
crease posibility was numerically demonstrated.

The main results have been presented in the next international conferences with corresponding
theses publications:

1. Traffic Equilibrium Modeling with Modern Algorithms for Variational Inequalities [36], pre-
sented by the author at MODS 2024 international conference, November 11, 2024, Chernihiv,
Ukraine (online)

2. Optimizing network economics problem with adaptive algorithms for variational inequalities
[35], presented by the author at DSMSI-2023 international conference, December 05, 2023,
Kyiv, Ukraine (online)

3. Adaptive Variants of the Extrapolation from the Past Method and the Operator Extrapolation
Method [33], presented by the author at MODS 2022 international conference, November
14, 2022, Chernihiv, Ukraine (online)

4. Convergence of adaptive operator extrapolation method for operator inclusions in Banach
Spaces [34], presented by the author at CMIS-2022 international conference, May 12, 2022,
Zaporizhzhia, Ukraine (online)

and published in the next scientific papers
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1. Convergence of the Method of Extrapolation from the Past for Variational Inequalities in
Uniformly Convex Banach Spaces [90], Cybernetics and Systems Analysis, 2022

2. Adaptive Two-Stage Bregman Method for Variational Inequalities [91], Cybernetics and Sys-
tems Analysis, 2021

3. Bregman Extragradient Method with Monotone Rule of Step Adjustment [29], Cybernetics
and Systems Analysis, 2019

4. Convergence of extragradient algorithm with monotone step size strategy for variational in-
equalities and operator equations [31], Journal of Automation and Information Sciences,
2019
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Chapter 2

Algorithm with Monotone Step Size
Adjustment for Variational Inequalities
with Additional Conditions

An important and difficult class of problems studied in the theory of ill-posed problems are prob-
lems with additionally given a priori information. In such problems, together with the main problem
(for example, in the form of an inequality or a system of equations), an additional set is also spec-
ified, which restricts the search for the solution. Moreover, this set is often not defined explicitly,
as in classical formulations, but is described by an auxiliary problem, also in the form of a system
of equations and constraints. The auxiliary problem usually implicitly describes key properties of
the studied object or process. Problems of this type and approaches to their solution are described
in the already mentioned works [98, 96].

Incorporating additional information about the essence of the problem directly into the algo-
rithm quite often makes it possible to improve the accuracy of the obtained solution of the original
ill-posed problem. Moreover, the problem itself, obtained through mathematical modeling of an
applied problem, often does not have a unique solution. In such a situation, successfully chosen ad-
ditional information makes it possible to single out the solution that corresponds to the real behavior
of the process.

In the case when the main problem is modeled by an operator equation of the first kind, good
results are obtained by modeling additional constraints of the solution set through inclusion into
the set of fixed points of certain operators. Such an approach is studied, for example, in [98], where
for this scenario one-step iterative algorithms are proposed, which are a combination of the main
scheme for solving the corresponding problem and the Krasnoselskii–Mann algorithm. In [28,
105], similar methods are studied based on combining a modified extragradient method and the
Halpern algorithm [49], or again the Krasnoselskii–Mann algorithm.

This chapter provides further development of the ideas and approaches of [28, 105].
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An algorithm for approximate solution of variational inequalities in a Hilbert space H is pro-
posed and studied.

The main difference is the presence of additional conditions of the type of inclusion into the set
of fixed points of a given operator. Thus, the problem consists in finding an element x ∈ C, such
that

(Ax, y − x) ≥ 0 ∀y ∈ C and, simultaneously, x = Sx.

Here the main feasible set is C ⊆ H , the main operator of the problem is A : H → H , and the
auxiliary operator is S : H → H . To solve this class of problems, a modified extragradient method
is constructed. Thanks to the procedure of monotone adjustment of the step size, the algorithm
can be applied without knowing the Lipschitz constant of the main operator. An advantage of
the method is also the absence of a requirement to use additional evaluations of the variational
inequality operator and the projection operator at each iteration. For the sequence of approximations
produced by the algorithm, weak convergence is proved. It is established under the assumption that
the main operator is pseudomonotone, Lipschitz continuous, and sequentially weakly continuous,
and that the operator describing the additional constraints is quasi-nonexpansive.

2.1 Necessary Theory and Problem Statement
In this chapter, the problem and algorithms are considered in a real Hilbert space H . The scalar
product is denoted by (·, ·), and the corresponding norm is denoted by ∥ · ∥.

For the projection operator onto a convex closed set C, we will use the notation PC . Recall that
PC(x) is the unique element of the set C such that

∥PC(x)− x∥ = min
z∈C
∥z − x∥.

The following properties of the element PC(x) are important [8]:

y = PC(x)⇔ y ∈ C and (y − x, z − y) ≥ 0 ∀z ∈ C, (2.1)

y = PC(x)⇔ y ∈ C and ∥y − z∥2 ≤ ∥x− z∥2 − ∥y − x∥2 ∀z ∈ C. (2.2)

An operator T : H → H is called quasi-nonexpansive (Fejér-type) if [8]

F (T ) = {x ∈ H : Tx = x} ̸= ∅ and ∥Tx− y∥ ≤ ∥x− y∥ ∀x ∈ H, y ∈ F (T ).

The set of fixed points F (T ) of a quasi-nonexpansive operator is closed and convex.
An operator S : C → H is called demiclosed at y ∈ H if for a sequence of points xn ∈ C

with xn → x weakly and Sxn → y strongly, it follows that Sx = y. For a nonexpansive operator
T : C → H , the operator I − T is demiclosed at zero [8].
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Let C be a nonempty subset of the space H , and A an operator acting in H . We will consider
the variational inequality of the form (1.1), whose solution set will be denoted by V I(A,C). From
(2.1) it follows that x ∈ V I(A,C) if and only if

x = PC(x− λAx),

where λ > 0 [54].
An operator A is called pseudomonotone if for all x, y ∈ H with (Ax, y − x) ≥ 0 it follows

that (Ay, y− x) ≥ 0 [55]. If the operator A : H → H is pseudomonotone and continuous, and the
set C ⊆ H is convex and closed, then x ∈ V I(A,C) if and only if x ∈ C and (Ay, y − x) ≥ 0 for
all y ∈ C [55]. Moreover, the set V I(A,C) is convex and closed.

To prove weak convergence of sequences of elements of a Hilbert space, we use the well-known
Opial’s lemma [8].

Lemma 2.1. Let the sequence (xn) of elements of a Hilbert spaceH converge weakly to an element
x ∈ H . Then for all y ∈ H\{x} we have limn→∞ ∥xn − x∥ < limn→∞ ∥xn − y∥.

So, we consider the problem of finding a solution of the variational inequality (1.1) that is a
fixed point of a given operator S:

find x ∈ V I(A,C) ∩ F (S). (2.3)

Assume the following conditions hold:

• the set C ⊆ H is convex and closed;

• the operator A : H → H is pseudomonotone, Lipschitz continuous, and sequentially weakly
continuous;

• the operator S : H → H is quasi-nonexpansive and such that the operator I − S is demi-
closed at zero;

• the set V I(A,C) ∩ F (S) is nonempty.

Remark 2.1. Let g : H → R be a convex differentiable function. If the set D = {x ∈ H : g(x) ≤
0} is nonempty, then it can be treated as the set of fixed points of a quasi-nonexpansive operator

Sx =

{
x− g(x)

∥g′(x)∥2 g
′(x), if g(x) > 0,

x, if g(x) ≤ 0,

where g′(x) ∈ H is the derivative of g at the point x ∈ H . For demi-closedness at zero of the
operator I − S, it is sufficient that g is bounded on any bounded set [98].

Remark 2.2. If the operator A is monotone, then the results presented in this section hold without
the assumption of sequential weak continuity of A.
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2.2 Extragradient Algorithm with Monotone Step-Size Adjust-
ment

We construct an algorithm that generates a sequence converging to a solution of the problem (2.3),
i.e. to some element of V I(A,C)∩F (S). This algorithm can be viewed as a combination of mod-
ified extragradient algorithm with an adaptive step-size selection procedure, and Krasnoselskii–
Mann algorithm.

Algorithm 2.1

Initialization. Choose an element x1 ∈ H, τ ∈ (0, 1), a positive number λ1, and a sequence
(δn) ⊆ [a, b] ⊆ (0, 1). Assume n = 1.
Step 1. Compute

yn = PC (xn − λnAxn) .

Step 2. Compute
zn = PTn (xn − λnAyn)

where
Tn = {z ∈ H : (xn − λnAxn − yn, z − yn) ≤ 0} .

Step 3. Compute
xn+1 = δnxn + (1− δn)Szn

Step 4. Compute

λn+1 =

min
{
λn, τ

∥yn−xn∥
∥Ayn−Axn∥

}
, if Axn ̸= Ayn,

λn, otherwise.

Set n := n+ 1 and go to Step 1.

Remark 2.3. In contrast to the step-size choice rules λn from [53, 28, 105], the algorithm does not
require additional calculations of operator A values and projections PC .

Remark 2.4. The auxiliary subspace Tn, onto which the projection is performed at the second step
of the algorithm, contains the feasible set C. This can be easily proved by contradiction — indeed,
if ∃w ∈ C\Tn, then the inequality

(xn − λnAxn − yn, w − yn) > 0

and the equality yn = PC (xn − λnAxn) cannot hold simultaneously.
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2.3 Convergence proof
For the elements of the sequences generated by the algorithm, we need tools to estimate the distance
between these elements and the set V I(A,C)∩F (S). Let us prove the corresponding inequalities.

Lemma 2.2. For the sequences (xn) , (yn) and (zn) generated by Algorithm 2.1, the following
inequality holds:

∥zn − z∥2 ≤ ∥xn − z∥2 − (1− µn) ∥yn − xn∥2 − (1− µn) ∥zn − yn∥2 ,

where z ∈ V I(A,C), µn = τ (λn/λn+1).

Proof. Let z ∈ V I(A,C). Write the identity

∥zn − z∥2 = ∥xn − z∥2 − ∥zn − xn∥2 + 2 (zn − xn, zn − z) . (2.4)

From the construction of the points zn it follows that

λn (Ayn, z − zn) + (zn − xn, z − zn) ≥ 0. (2.5)

Using inequality (2.5) to estimate the scalar product in (2.4), we obtain

∥zn − z∥2 ≤ ∥xn − z∥2 − ∥zn − xn∥2 + 2λn (Ayn, z − zn) .

The norm ∥zn − xn∥2 can be rewritten as

∥zn − xn∥2 = ∥zn − yn∥2 + ∥yn − xn∥2 + 2 (yn − xn, zn − yn) .

Thus, we have
∥zn − z∥2 ≤ ∥xn − z∥2 − ∥zn − yn∥2 − ∥yn − xn∥2 +

+2 (xn − λnAyn − yn, zn − yn) + 2λn (Ayn, z − yn) .

From the pseudomonotonicity of the operator A it follows that

(Ayn, z − yn) ≤ 0.

Then we obtain the following estimate of the difference:

∥zn − z∥2 ≤ ∥xn − z∥2−∥zn − yn∥2 − ∥yn − xn∥2 +

+ 2 (xn − λnAyn − yn, zn − yn) .

Since zn ∈ Tn, we have

(xn − λnAyn − yn, zn − yn) = (xn − λnAxn − yn, zn − yn)︸ ︷︷ ︸
≤0

+
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+λn (Axn − Ayn, zn − yn) ≤ λn (Axn − Ayn, zn − yn) .

Taking this into account in the previous inequality, we obtain

∥zn − z∥2 ≤ ∥xn − z∥2 − ∥zn − yn∥2 − ∥yn − xn∥2 + 2λn (Axn − Ayn, zn − yn) .

Now let us estimate the term 2λn(Axn − Ayn, zn − yn) as follows:

2λn(Axn − Ayn, zn − yn) ≤ 2λn∥Axn − Ayn∥∥zn − yn∥ ≤

≤ 2λn

λn+1

τ∥xn − yn∥∥zn − yn∥ ≤ µn

(
∥xn − yn∥2 + ∥zn − yn∥2

)
.

Finally, applying this estimate to the previous inequality, we obtain

∥zn − z∥2 ≤ ∥xn − z∥2 − ∥xn − yn∥2 − ∥yn − zn∥2 + µn

(
∥xn − yn∥2 + ∥zn − yn∥2

)
,

which completes the proof.

Lemma 2.3. For the sequences (xn), (yn), and (zn) generated by Algorithm 2.1, the following
inequality holds:

∥xn+1−z∥2 ≤ ∥xn−z∥2−(1−δn)(1−µn)∥yn−xn∥2−(1−δn)(1−µn)∥zn−yn∥2−δn(1−δn)∥xn−Szn∥2,

where z ∈ V I(A,C) ∩ F (S).

Proof. Since the operator S is quasi-nonexpansive, for all z ∈ V I(A,C) ∩ F (S) we have

∥xn+1 − z∥2 ≤ δn∥xn − z∥2 + (1− δn)∥Szn − z∥2 =

= δn∥xn − z∥2 + (1− δn)∥Szn − z∥2 − δn(1− δn)∥xn − Szn∥2 ≤

≤ δn∥xn − z∥2 + (1− δn)∥zn − z∥2 − δn(1− δn)∥xn − Szn∥2.

Using in this expression inequality of Lemma 2.2 to estimate the term (1 − δn)∥zn − z∥2, we
obtain the desired result.

Using the lemmas above, we now formulate and prove the convergence theorem for the algo-
rithm.

Theorem 2.1. The sequences (xn) , (yn) and (zn) generated by Algorithm 2.1 converge weakly to
some point z ∈ V I(A,C) ∩ F (S).

Proof. The sequence (λn) is non-increasing and bounded below by

min
{
λ1,

τ

L

}
,

where L is the Lipschitz constant of operator A. Hence, limn→∞ λn > 0. And since

1− µn = 1− τ (λn/λn+1)→ 1− τ ∈ (0, 1) as n→∞,
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from Lemma 2.3 we can conclude that for some θ ∈ (0, 1) and m ∈ N the following inequality
holds:

∥xn+1 − z∥2 ≤ ∥xn − z
∥∥2 − (1− δn) θ

∥∥ yn − xn∥2−

− (1− δn) θ ∥zn − yn∥2 − δn (1− δn) ∥xn − Szn∥2 ∀n ≥ m

where z ∈ V I(A,C) ∩ F (S).
From the obtained inequality it follows that the sequence (xn) is Fejér monotone with respect

to the set V I(A,C) ∩ F (S), that is,

∥xn+1 − z∥2 ≤ ∥xn − z∥2 ∀n ≥ m ∀z ∈ V I(A,C) ∩ F (S).

This implies the boundedness of the sequence (xn). Moreover, the following inequalities hold:

∥xn − yn∥2 + ∥zn − yn∥2 ≤
∥xn − z∥2 − ∥xn+1 − z∥2

(1− δn) θ
,

∥xn − Szn∥2 ≤
∥xn − z∥2 − ∥xn+1 − z∥2

δn (1− δn)
.

Hence, it follows that

lim
n→∞

∥xn − yn∥ = lim
n→∞

∥zn − yn∥ = lim
n→∞

∥xn − Szn∥ = 0. (2.6)

Consider a subsequence (xnk
) that converges weakly to some point z ∈ H . Then (ynk

) , (znk
)

converge weakly to z, and z ∈ C. Let us show that z is a solution of the variational inequality (1.1).
Assume that Az ̸= 0 (otherwise the proof is complete, since z ∈ V I(A,C)). We have

(ynk
− xnk

+ λnk
Axnk

, x− ynk
) ≥ 0 ∀x ∈ C (2.7)

Then
0 ≤ (ynk

− xnk
+ λnk

Axnk
, x− ynk

)

λnk

=
(ynk
− xnk

, x− ynk
)

λnk

+

+(Axnk
− Aynk

, x− ynk
) + (Aynk

, x− ynk
) .

Passing to the limit as k →∞, we obtain

lim
k→∞

(Aynk
, x− ynk

) ≥ 0 (2.8)

From (2.8) it follows that ∀k ∈ N there exists the smallest number mk ∈ N such that

(Ayni
, x− yni

) ≥ −2−k for all i ≥ mk.

The sequence (mk) is increasing. From the sequential weak continuity of the operator A and
the weak lower semicontinuity of the norm we obtain

0 < ∥Az∥ ≤ lim
k→∞

∥∥Aynmk

∥∥ (2.9)
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We may assume that Aynmk
̸= 0. Set vk =

∥∥Aynmk

∥∥−2
Aynmk

. Clearly,(
Aynmk

, vk
)
= 1 for all k ∈ N.

We have (
Aynmk

, x+ 2−kvk − ynmk

)
≥ 0

From the pseudomonotonicity of the operator A it follows that(
A
(
x+ 2−kvk

)
, x+ 2−kvk − ynmk

)
≥ 0

Hence we obtain(
Ax, x− ynmk

)
≥
(
Ax− A

(
x+ 2−kvk

)
, x+ 2−kvk − ynmk

)
− 2−k (Ax, vk) .

From (2.9) it follows that the sequence ∥vk∥ =
∥∥Aynmk

∥∥−1 is bounded above. Therefore,
limk→0 2

−k ∥vk∥ = 0. Passing to the limit in the last inequality, we have

(Ax, x− z) = lim
k→∞

(
Ax, x− ynmk

)
= lim

k→∞

(
Ax, x− ynmk

)
≥ 0 ∀x ∈ C.

Thus, z ∈ V I(A,C).
Now let us prove that z is a fixed point of the operator S. Taking into account that

∥zn − Szn∥ ≤ ∥zn − yn∥+ ∥yn − xn∥+ ∥xn − Szn∥ ,

from (2.6) it follows that
lim
n→∞

∥zn − Szn∥ = 0.

The operator I − S is demiclosed at zero. Hence, from the weak convergence znk
→ z and the

fact that limk→∞ ∥znk
− Sznk

∥ = 0, we obtain that z ∈ F (S).
Let us now show that xn → z weakly. Then from (2.6) it will also follow that the sequences

(yn) , (zn) converge weakly to z. We prove this by contradiction. Suppose that there exists a sub-
sequence (xmk

) such that xmk
→ z′ weakly and z ̸= z′. Clearly, z′ ∈ V I(A,C)∩F (S). Applying

Opial’s lemma twice, we obtain

lim
n→∞

∥xn − z∥ = lim
k→∞
∥xnk

− z∥ < lim
k→∞
∥xnk

− z′∥ = lim
n→∞

∥xn − z′∥ =

= lim
k→∞
∥xmk

− z′∥ < lim
k→∞
∥xmk

− z∥ = lim
n→∞

∥xn − z∥ .

This is a contradiction — hence, z = z′.
Remark 2.5. In the case of monotonicity of the operator A, the limit passage in inequality (2.7)

to prove z ∈ V I(A,C) is carried out without the assumption of sequential weak continuity. Indeed,
in this situation we have the inequality

0 ≤(ynk
− xnk

, x− ynk
)

λnk

+ (Axnk
, xnk

− ynk
) + (Axnk

, x− xnk
) ≤

≤ (ynk
− xnk

, x− ynk
)

λnk

+ (Axnk
, xnk

− ynk
) + (Ax, x− xnk

) .
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And by taking the limit, we immediately obtain

(Ax, x− z) ≥ 0 ∀x ∈ C,

that is, z ∈ V I(A,C).

Remark 2.5. Let the sequence (xn), obtained by Algorithm 2.1, converge weakly to some z ∈
V I(A,C) ∩ F (S). Then it can be shown that strong convergence holds: PV I(A,C)∩F (S)(xn) → z

[8]. And when the set V I(A,C) ∩ F (S) is an affine manifold, then xn converges strongly to
the projection of the initial approximation onto the solution set of the problem, that is, xn →
PV I(A,C)∩F (S)(x0) [8].

2.4 Algorithm Variant for an Operator Equation with A Priori
Information

Let us now consider the operator equation with a priori information given in the form of the set of
fixed points of a quasi-nonexpansive operator T : H → H:

Ax = f, x ∈ F (T ), (2.10)

where f ∈ H . Similar problems were considered earlier in the monograph [98].
Algorithm 2.1 for the problem (2.10) becomes Algorithm 2.2 below, and the analogue of 2.1

also holds in the form of theorem 2.2
For this problem formulation and the given algorithm, the analogue of Theorem 2.1 is the fol-

lowing theorem 2.2.

Theorem 2.2. For the sequences (xn) , (yn) and (zn) generated by Algorithm 2.2, weak conver-
gence to some point z from the solution set of the problem holds under the following conditions:

1. The operatorA : H → H is pseudomonotone, Lipschitz continuous, and sequentially weakly
continuous.

2. The operator T : H → H is quasi-nonexpansive, and the operator I − T is demi-closed at
zero.

3. The solution set A−1f ∩ F (T ) is nonempty.

2.5 Summary of Chapter 2
This chapter considered variational inequalities (and operator equations) in a Hilbert space with
additional conditions of the type of inclusion into the set of fixed points of a given operator. For
approximate solution of such problems, an algorithm was proposed, which is a composition of a
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Algorithm 2.2

Initialization. Choose an element x1 ∈ H, τ ∈ (0, 1), a positive number λ1, and a sequence
(δn) ⊆ [a, b] ⊆ (0, 1). Assume n = 1.
Step 1. Compute

yn = xn − λn (Axn − f) .

Step 2. Compute
zn = xn − λn (Ayn − f)

Step 3. Compute
xn+1 = δnxn + (1− δn)Tzn

Step 4. Compute

λn+1 =

min
{
λn, τ

∥yn−xn∥
∥Ayn−Axn∥

}
, if Axn ̸= Ayn,

λn, otherwise.

Set n := n+ 1 and go to Step 1.

modified extragradient algorithm with monotone step-size adjustment (that does not require knowl-
edge of the Lipschitz constant of the operator) and the Krasnoselskii–Mann scheme for fixed-point
approximation. Unlike the step-size selection rules used earlier, in this algorithm no additional
evaluations of the operator and the projection mapping are performed.

The main result is the theorem on weak convergence of the algorithm for problems with
pseudomonotone, Lipschitz continuous, sequentially weakly continuous operators, and quasi-
nonexpansive operators defining additional conditions.

The results of this chapter were published in [31].
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Chapter 3

Algorithms with Accelerated Projection
Using Bregman Divergence

A widely used variant of the gradient projection method for solving the variational inequality (1.1)
is the extragradient method of Korpelevich, described in more detail in the first chapter.

As already mentioned, one of the effective modifications of this method is the mirror method,
proposed by A. Nemirovski in [78]. In this method, the projection is performed using Bregman
divergence instead of the Euclidean distance, which significantly increases its efficiency for some
practically important problem formulations. For example, if the feasible set C in (1.1) is a proba-
bility simplex, then instead of the Euclidean distance one can use the Kullback–Leibler divergence,
which allows replacing the iterative projection algorithm onto the simplex by computing the projec-
tion in closed form. In turn, the Kullback–Leibler divergence is a Bregman divergence constructed
on the basis of negative entropy (see more details in the first chapter, as well as in the theoretical
preliminaries below).

In this chapter, this approach is further developed, and a new variant of the extragradient method
is proposed for solving variational inequalities with pseudomonotone and Lipschitz continuous op-
erators acting in a finite-dimensional linear normed space. The methods employ Bregman diver-
gence instead of the Euclidean distance and a new step-size selection rule that does not require
knowledge of the Lipschitz constant of the operator. Unlike the step-size rules applied earlier, in
the proposed methods no additional computations of operator values and proximal mappings are
performed. Convergence theorems for the methods are proved.

3.1 Problem Statement and Preliminaries
Let E be a finite-dimensional real linear space. We introduce a norm ∥ · ∥ (which may be non-
Euclidean) on E. The dual space will be denoted by E∗. For a ∈ E∗ and b ∈ E, we denote by
(a, b) the value of the linear functional a at the point b.
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The dual norm ∥ · ∥∗ on E∗ is defined in the standard way:

∥a∥∗ = max{(a, b) : ∥b∥ = 1}.

Note that the Cauchy–Schwarz inequality holds:

(a, b) ≤ ∥a∥∗∥b∥ for all a ∈ E∗, b ∈ E.

We will consider the problem of finding a solution of the variational inequality (1.1). Assume
that C is a nonempty subset of the space E, A is an operator acting from E to E∗, and the following
conditions hold:

• the set C ⊆ E is convex and closed;

• the operator A : E → E∗ is pseudomonotone and Lipschitz continuous with constant L > 0

on C;

• the solution set S of (1.1) is nonempty.

Remark 3.1. Pseudomonotonicity of the operator A on the set C means that for all x, y ∈ C,
from (Ax, y − x) ≥ 0 it follows that (Ay, y − x) ≥ 0. In turn, monotonicity of the operator A on
the set C means that for all x, y ∈ C the inequality (Ax− Ay, x− y) ≥ 0 holds.

As an example, consider the operator T : Rm → Rm of the form

Tx =
(
e−(Ax,x) + β

)
(Cx+ d), x ∈ Rm,

where A is some positive definite matrix, β > 0, C is a positive semidefinite matrix, and d ∈ Rm.
Such an operator will not be monotone in the general case, but it will be pseudomonotone and
Lipschitz continuous on Rm.

Consider the dual variational inequality [56]:

find x ∈ C : (Ay, x− y) ≤ 0 ∀y ∈ C. (3.1)

We denote the solution set of (3.1) by Sd. Note that the set Sd is convex and closed. Inequality
(3.1) is sometimes called the weak or dual formulation of (1.1), and the solutions of (3.1) are weak
solutions of (1.1) [56]. For pseudomonotone operators A we always have S ⊆ Sd. Under our
assumptions, Sd = S [56].

Now let us introduce constructions necessary for formulating the algorithms. Let a function
φ : E → R = R ∪ {+∞} satisfy the following conditions:

1. int dom φ ⊆ E is a nonempty convex set;

2. φ is continuously differentiable on int domφ;
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3. if int dom φ ∋ xn → x ∈ fr domφ, then ∥∇φ (xn)∥∗ → +∞;

4. φ is strongly convex with respect to the norm ∥ · ∥ with constant σ > 0:

φ(a) ≥ φ(b) + (∇φ(b), a− b) +
σ

2
∥a− b∥2 ∀a ∈ domφ, b ∈ int domφ.

From the function φ with the above properties one can construct the Bregman divergence as
follows [10]:

V (a, b) = φ(a)− φ(b)− (∇φ(b), a− b) ∀a ∈ domφ, b ∈ int domφ. (3.2)

Remark 3.2. Sometimes the Bregman divergence is called a distance [78, 88, 10], but this is
not formally correct: from the metric axioms, for V in the general case only

V (x, y) = 0⇔ x = y

holds.
Many classical variants of Bregman divergences are presented in [10], where their possible

applications are also outlined. The simplest example is the squared distance in a Hilbert space.
Indeed, if we take φ(·) = 1

2
∥ · ∥22, where ∥ · ∥2 is the Euclidean norm, then the Bregman divergence

has the form
V (x, y) =

1

2
∥x− y∥22.

The Bregman divergence used in this chapter is constructed on the basis of the negative entropy
function φ(x) =

∑m
i=1 xi lnxi, considered on the set Rm

+ = {x ∈ Rm : xi ≥ 0}. If we consider the
probability simplex Sm = {x ∈ Rm : xi ≥ 0,

∑m
i=1 xi = 1}) with the corresponding ℓ1-norm, then

on it this function will be strongly convex, with strong convexity constant equal to 1. The induced
Bregman divergence has the form

V (x, y) =
m∑
i=1

xi ln (xi/yi)−
m∑
i=1

(xi − yi) , x ∈ Rm
+ , y ∈ Rm

++ = int
(
Rm

+

)
.

Note that this construction is known as the Kullback–Leibler divergence and has an independent
value in information theory.

To obtain the theoretical results of this chapter, the following equality is important [10]:

V (a, c) = V (a, b) + V (b, c) + (∇φ(b)−∇φ(c), a− b). (3.3)

Since the function φ is strongly convex, the following inequality holds:

V (a, b) ≥ σ

2
∥a− b∥2 ∀a ∈ domφ, b ∈ int domφ. (3.4)

Let K ⊆ domφ be a nonempty closed convex set, with K ∩ int domφ ̸= ∅. Consider the
strongly convex minimization problems of the form

PK
x (a) = arg min

y∈K
{−(a, y − x) + V (y, x)} ∀a ∈ E∗, x ∈ int domφ. (3.5)
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It is known [10] that problem (3.5) has a unique solution z ∈ K ∩ int domφ, and moreover

−(a, y − z) + (∇φ(z)−∇φ(x), y − z) ≥ 0 ∀y ∈ K. (3.6)

The mapping PK
x : E∗ → K ∩ int domφ is called the prox-mapping.

Remark 3.3. The point PK
x (a) in the Euclidean case coincides with the Euclidean metric pro-

jection PK(x+ a) = arg miny∈K ∥y − (x+ a)∥2.
Remark 3.4. For the simplexSm = {x ∈ Rm : xi ≥ 0,

∑m
i=1 xi = 1} and the Kullback–Leibler

divergence we have [10]

P Sm
x (a) =

(
x1e

a1∑m
j=1 xjeaj

,
x2e

a2∑m
j=1 xjeaj

, . . . ,
xme

am∑m
j=1 xjeaj

)
, a ∈ Rm, x ∈ ri (Sm) .

3.2 Algorithm
To find an element of the solution set (1.1), the following algorithm is proposed:

Algorithm 3.1.
Initialization. Set x1 ∈ int domφ, τ ∈ (0, σ), and λ1 > 0. Start with n = 1.
Step 1.

yn = PC
xn

(−λnAxn)

Step 2. If yn = xn, then the algorithm is terminated. Otherwise, continue

xn+1 = PC
xn

(−λnAyn) ,

Step 3. Adaptive step-size adjustment

λn+1 =

min
{
λn, τ

√
2
σ

V (yn,xn)

∥Ayn−Axn∥2∗

}
, if Axn ̸= Ayn,

λn, otherwise.

End of iteration. Set n := n+ 1 and return to Step 1.
Remark 3.5. Unlike the step-size choice rules λn in [53, 28, 105, 78], Algorithm 3.1 does not

perform additional evaluations of the operator A or the prox-mapping PC
xn

.
Remark 3.6. The sequence (λn) is non-increasing and bounded below by min

{
λ1,

τ
L

}
. Hence,

limn→∞ λn > 0.
Remark 3.7. If φ(·) = 1

2
∥ · ∥22, then Algorithm 3.1 takes the form of the extragradient method

with simple monotone step-size adjustment:

yn = PC (xn − λnAxn) ,

xn+1 = PC (xn − λnAyn) ,

λn+1 =

min
{
λn, τ

∥xn−yn∥2
∥Axn−Ayn∥2

}
, if Axn ̸= Ayn,

λn, otherwise,
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where τ ∈ (0, 1), λ1 > 0. This adjustment was proposed in [111] for Tseng’s algorithm [95].
If for some n ∈ N in Algorithm 3.1 we have yn = xn, then xn ∈ S. Indeed, in this case

yn = PC
xn

(−λnAxn) . From inequality (3.6) it follows that

(Axn, y − xn) +
(∇φ (xn)−∇φ (xn) , y − xn)

λn

= (Axn, y − xn) ≥ 0 ∀y ∈ C,

that is, xn ∈ S.
Assume that for all n ∈ N the stopping condition in Step 2 is not satisfied, and proceed to justify

the convergence of the proposed algorithm.

3.3 Proof of Convergence
A key role in the proof is played by the inequality with respect to the Bregman divergence between
the approximations computed by Algorithm 3.1 and some element of the solution set S of problem
(1.1).

Lemma 3.1. Let (xn) , (yn) be the sequences obtained by Algorithm 3.1. Then the following
inequality holds:

V (z, xn+1) ≤ V (z, xn)−
(
1− µn

σ

)
· V (yn, xn)−

(
1− µn

σ

)
· V (xn+1, yn) ,

where z ∈ S, µn = τ (λn/λn+1).
Proof. Let z ∈ S. Recall the important equality (3.3):

V (z, xn+1) = V (z, xn)− V (xn+1, xn)+

+ (∇φ (xn+1)−∇φ (xn) , xn+1 − z) . (3.7)

From the definition of the points xn+1 and (3.6) it follows that

λn (Ayn, z − xn+1) + (∇φ (xn+1)−∇φ (xn) , z − xn+1) ≥ 0.

Using this inequality to estimate the inner product in (3.7), we obtain

V (z, xn+1) ≤ V (z, xn)− V (xn+1, xn) + λn (Ayn, z − xn+1) .

Taking into account that

V (xn+1, xn) = V (xn+1, yn) + V (yn, xn)+

+ (∇φ (yn)−∇φ (xn) , xn+1 − yn) ,

we obtain

V (z, xn+1) ≤ V (z, xn)− V (xn+1, yn)− V (yn, xn)+

+ (∇φ (xn)− λnAyn −∇φ (yn) , xn+1 − yn) + λn (Ayn, z − yn) .
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From the pseudomonotonicity of the operator A it follows that

(Ayn, z − yn) ≤ 0.

Thus,
V (z, xn+1) ≤ V (z, xn)− V (xn+1, yn)− V (yn, xn)+

+ (∇φ (xn)− λnAyn −∇φ (yn) , xn+1 − yn) .

Since xn+1 ∈ C, we have

(∇φ (xn)− λnAyn −∇φ (yn) , xn+1 − yn)

= (∇φ (xn)− λnAxn −∇φ (yn) , xn+1 − yn)︸ ︷︷ ︸
≤0

+

+λn (Axn − Ayn, xn+1 − yn) ≤ λn (Axn − Ayn, xn+1 − yn) .

Taking this into account in the previous inequality, we arrive at

V (z, xn+1) ≤ V (z, xn)− V (xn+1, yn)− V (yn, xn) + λn (Axn − Ayn, xn+1 − yn) .

Now let us estimate the term λn (Axn − Ayn, xn+1 − yn) using inequality (3.4). We have

λn (Axn − Ayn, xn+1 − yn) ≤ λn∥Axn−Ayn∥∗∥xn+1 − yn∥ ≤

≤ 2

σ

λn

λn+1

τ
√
V (yn, xn)

√
V (xn+1, yn) ≤

≤ µn

σ
V (yn, xn) +

µn

σ
V (xn+1, yn) .

Applying this to the previous inequality, we obtain

V (z, xn+1) ≤ V (z, xn)− V (xn+1, yn)− V (yn, xn)+

+
µn

σ
V (yn, xn) +

µn

σ
V (xn+1, yn) =

= V (z, xn)−
(
1− µn

σ

)
V (xn+1, yn)−

(
1− µn

σ

)
V (yn, xn) ,

which completes the proof of Lemma 3.1.
To prove the convergence of the method, we will need an elementary lemma related to numerical

sequences.
Lemma 3.2. Let (an), (bn) be two sequences of nonnegative numbers that satisfy the inequality

an+1 ≤ an − bn for all n ∈ N.

Then the limit limn→∞ an exists and
∑

n bn < +∞.
We now formulate the main theorem of this chapter, which characterizes the convergence of

Algorithm 3.1.
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Theorem 3.1. Let the set C ⊆ E be convex and closed, and let the operator A : E → E∗ be
pseudomonotone and Lipschitz continuous with constant L > 0. Assume that the solution set of
the problem is nonempty, S ̸= ∅. Then the sequences (xn) and (yn) generated by Algorithm 3.1
converge to a solution z̄ ∈ S.

Proof. Let z ∈ S. Define

an = V (z, xn) ,

bn =
(
1− µn

σ

)
V (xn+1, yn) +

(
1− µn

σ

)
V (yn, xn) .

Then the inequality from Lemma 3.1 becomes

an+1 ≤ an − bn.

The asymptotic relation

1− µn/σ = 1− (τ/σ) (λn/λn+1)→ 1− τ/σ ∈ (0, 1) as n→∞,

together with Lemma 3.2 gives the existence of the limit

lim
n→∞

V (z, xn)

and the boundedness
∞∑
n=1

(V (xn+1, yn) + V (yn, xn)) < +∞.

This implies that
lim
n→∞

V (xn+1, yn) = lim
n→∞

V (yn, xn) = 0.

From the fact that these limits are zero we obtain

lim
n→∞

∥xn+1 − yn∥ = lim
n→∞

∥yn − xn∥ = 0. (3.8)

Finally, from this and the inequality

V (z, xn) ≥
σ

2
∥z − xn∥2

we can conclude that the sequences (xn) , (yn) are bounded.
Now consider a subsequence (ynk

) that converges to some point z̄ ∈ C. Then from (3.8) it
follows that xnk

→ z̄. Let us show that z̄ ∈ S. We have

(Axnk
, y − ynk

) +
(∇φ (ynk

)−∇φ (xnk
) , y − ynk

)

λnk

≥ 0 ∀y ∈ C. (3.9)

Passing to the limit in (3.9) taking into account (3.8), we obtain

(Az̄, y − z̄) ≥ 0 ∀y ∈ C,
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that is, z̄ ∈ S.
Let us show that xn → z̄ and yn → z̄. It is known that the finite limit

lim
n→∞

V (z̄, xn) = lim
n→∞

(φ(z̄)− φ (xn)− (∇φ (xn) , z̄ − xn))

exists. Since limn→∞ V (z̄, xnk
) = 0, then also limn→∞ V (z̄, xn) = 0. Hence,

∥xn − z̄∥ → 0.

From (3.8) it follows that ∥yn − z̄∥ → 0 as well.
Remark 3.8. As can be seen from the proof of Theorem 3.1, for the sequence (xn), starting

from some index N , the Fejér property in Bregman divergence holds with respect to the set S.

3.4 Adaptive Variant of the Extrapolation from the Past Algo-
rithm

The following algorithm is also based on the use of Bregman divergence. Let the function φ again
satisfy conditions 1–3 given above, and, moreover, be strongly convex with strong convexity con-
stant 1. That is,

φ(a) ≥ φ(b) + (∇φ(b), a− b) +
1

2
∥a− b∥2 ∀a ∈ domφ, b ∈ int domφ.

The Bregman divergence has the form (3.2). Taking into account the three-point identity (3.3),
the inequality with respect to the solution (3.6) can be written in terms of the Kullback–Leibler
divergence as follows:

−(a, y − z) + (∇φ(z)−∇φ(x), y − z) ≥ 0 ∀y ∈ K.

Further we will assume that C ⊆ int domφ.
In [88], for solving problem (1.1), the following algorithm was proposed:{

yn = PC
xn

(−λAyn−1) ,

xn+1 = PC
xn

(−λAyn) ,

where the step λ had to satisfy the inequality λ ∈
(
0, (
√
2− 1) 1

L

)
. As a result, to use this

algorithm it was necessary to know the Lipschitz constant of the operator A. Also, in [88] the
convergence of the sequences (xn) and (yn) generated by the algorithm to an element of the solution
set of the variational inequality (1.1) was shown. Moreover, if the operator A is monotone and the
feasible set C ⊆ E is compact, the authors obtained an estimate for the gap function:

G (zN) = max
y∈C

(Ay, zN − y) ≤ λ−1RC (x1) + LV (x1, y0)

N
, (3.10)
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where zN = 1
N

∑N
n=1 yn is the arithmetic mean of the elements of the sequence generated by the

algorithm, and RC (x1) = maxy∈C V (y, x1) [80].
Building upon the iterative scheme of this algorithm and the works [31, 29], we construct a

two-step Bregman algorithm with adaptive step-size selection, which does not require knowledge
of the Lipschitz constants and does not involve evaluating the operator A at additional points (that
is, without line search procedures).

Thus, for solving the variational inequality (1.1), the following algorithm is proposed.
Algorithm 3.2. “Extrapolation from the Past” with Adaptive Step-Size Adjustment.
Initialization. Let y0 ∈ E, x1 ∈ int domφ, τ ∈

(
0, 1

3

)
, and λ1 > 0. Initially, set n = 1.

Step 1.
yn = PC

xn
(−λnAyn−1)

Step 2.
xn+1 = PC

xn
(−λnAyn) .

If yn = xn = xn+1, then the algorithm is terminated. Otherwise, proceed to the next step.
Step 3. Adaptive step-size adjustment.

λn+1 =

min
{
λn, τ

∥yn−yn−1∥
∥Ayn−Ayn−1∥∗

}
, if Ayn−1 ̸= Ayn,

λn, otherwise.
(3.11)

The iteration of the algorithm is completed. Set n := n+ 1 and return to Step 1.
Remark 3.9. If we choose φ(·) = 1

2
∥ · ∥22, then Algorithm 3.2 takes the form:

yn = PC (xn − λnAyn−1) ,

xn+1 = PC (xn − λnAyn) ,

λn+1 =

min
{
λn, τ

∥yn−yn−1∥2
∥Ayn−Ayn−1∥2

}
, if Ayn−1 ̸= Ayn,

λn, otherwise,

where τ ∈
(
0, 1

3

)
, λ1 > 0.

Remark 3.10. Let the feasible set be the standard simplex, that is,

Sm =

{
x ∈ Rm : xi ≥ 0,

m∑
i=1

xi = 1

}
.

Consider the problem of finding a solution of the variational inequality:

find x ∈ Sm : (Ax, y − x) ≥ 0 ∀y ∈ Sm.

Exactly such a model arises in some important problems of network economics, in particular in the
problem of finding the importance of nodes of a graph (network) using the PageRank algorithm,
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which is described in more detail in the last chapter. If instead of the Euclidean distance we take the
Kullback–Leibler divergence, then the projection operation of the updated approximation point in
Algorithm 3.2 can be written in closed form [10]. Accordingly, the algorithm takes the following
form:

yni =
xn
i exp (−λn (Ayn−1)i)∑m

j=1 x
n
j exp

(
−λn (Ayn−1)j

) , i = 1, . . . ,m,

xn+1
i =

xn
i exp (−λn (Ayn)i)∑m

j=1 x
n
j exp

(
−λn (Ayn)j

) , i = 1, . . . ,m,

λn+1 =

 min
{
λn, τ

∑m
j=1|ynj −yn−1

j |
maxj=1,m|(Ayn)j−(Ayn−1)j|

}
, if Ayn−1 ̸= Ayn,

λn, otherwise,

(3.12)

where (Ayn)i ∈ R is the i-th coordinate of the vector Ayn ∈ Rm.
The sequence (λn) obtained by procedure (3.11) is non-increasing. Moreover, λn ≥

min
{
λ1,

τ
L

}
.

Thus, there exists limn→∞ λn > 0.
The following inequalities with respect to the sequences of approximations (xn) , (yn) generated

by Algorithm 3.2 are important for proving the main convergence theorem:

−λn (Ayn−1, y − yn) ≤ V (y, xn)− V (yn, xn)− V (y, yn) ∀y ∈ C. (3.13)

−λn (Ayn, y − xn+1) ≤ V (y, xn)− V (xn+1, xn)− V (y, xn+1) ∀y ∈ C. (3.14)

The latter inequality allows us to obtain a stopping rule for Algorithm 3.2. Indeed, if xn+1 =

xn = yn, then from (3.14) we get

(Axn, y − xn) ≥ 0 ∀y ∈ C,

or equivalently, xn ∈ S.
Let us prove the convergence of Algorithm 3.2.
First, we prove the main estimate that relates the distances between the points generated by

Algorithm 3.2 and an arbitrary element of the solution set S.
Lemma 3.3. For the sequences (xn) , (yn) generated by Algorithm 3.2, the following inequality

holds:
V (z, xn+1) ≤ V (z, xn)−

(
1− 2τ

λn

λn+1

)
V (xn+1, yn)−

−
(
1− τ

λn

λn+1

)
V (yn, xn) + τ

λn

λn+1

V (xn, yn−1) ,

(3.15)

where z ∈ S.
Proof. Let z ∈ S. Since the operator A is pseudomonotone, we have

(Ayn, z − yn) ≤ 0. (3.16)
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From (3.14) it follows that

V (z, xn+1) ≤ V (z, xn)− V (xn+1, xn) + λn (Ayn, z − xn+1) .

To the right-hand side of this inequality we add the term λn (Ayn, yn − z) > 0. We obtain

V (z, xn+1) ≤ V (z, xn)− V (xn+1, xn) + λn (Ayn, yn − xn+1) . (3.17)

From (3.13) we get

−λn (Ayn−1, xn+1 − yn) ≤ V (xn+1, xn)− V (yn, xn)− V (xn+1, yn) . (3.18)

Using the last inequality, we can obtain an estimate for −V (xn+1, xn). Substituting it into
(3.17), we get

V (z, xn+1) ≤ V (z, xn)− V (xn+1, yn)− V (yn, xn)+

+λn (Ayn − Ayn−1, yn − xn+1) .
(3.19)

Now, using the rule for computing λn+1, let us estimate from above the term
λn (Ayn − Ayn−1, yn − xn+1). We have

λn (Ayn − Ayn−1, yn − xn+1) ≤ λn ∥Ayn − Ayn−1∥∗ ∥yn − xn+1∥ ≤

≤ τ
λn

λn+1

∥yn − yn−1∥ ∥xn+1 − yn∥ ≤

≤ τ
λn

λn+1

(∥yn − xn∥+ ∥xn − yn−1∥) ∥xn+1 − yn∥ ≤

≤ τ
λn

2λn+1

∥yn − xn∥2 + τ
λn

2λn+1

∥xn − yn−1∥2 + τ
λn

λn+1

∥xn+1 − yn∥2 ≤

≤ τ
λn

λn+1

V (yn, xn) + τ
λn

λn+1

V (xn, yn−1) + 2τ
λn

λn+1

V (xn+1, yn) .

Using this inequality in (3.19), we obtain

V (z, xn+1) ≤V (z, xn)− V (xn+1, yn)− V (yn, xn)+

+ τ
λn

λn+1

V (yn, xn) + τ
λn

λn+1

V (xn, yn−1) + 2τ
λn

λn+1

V (xn+1, yn) ,

which is what we needed to prove.
For the further proof we again use Lemma 3.2 of this chapter on the properties of nonnegative

numerical sequences.
The main convergence result for Algorithm 3.2 is given by the following theorem.
Theorem 3.2. Let the set C ⊆ E be convex and closed, the operator A : E → E∗ be pseu-

domonotone and Lipschitz continuous with constant L > 0, and let S ̸= ∅. Then the sequences
(xn) and (yn) generated by Algorithm 3.2 converge to some point z̄ ∈ S.
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Proof. Let z′ ∈ S. Define

an = V (z′, xn) + τ
λn

λn+1

V (xn, yn−1) ,

bn =

(
1− τ

λn

λn+1

)
V (yn, xn) +

(
1− τ

λn+1

λn+2

− 2τ
λn

λn+1

)
V (xn+1, yn) .

Inequality (3.15) takes the form
an+1 ≤ an − bn.

Since limn→∞ λn > 0 exists, we have

1− τ
λn

λn+1

→ 1− τ ∈ (0, 1), and 1− τ
λn+1

λn+2

− 2τ
λn

λn+1

→ 1− 3τ ∈ (0, 1) as n→∞.

From Lemma 3.2 on numerical sequences we can conclude that the limit

lim
n→∞

(
V (z′, xn) + τ

λn

λn+1

V (xn, yn−1)

)
exists, and also

∞∑
n=1

((
1− τ

λn

λn+1

)
V (yn, xn) +

(
1− τ

λn+1

λn+2

− 2τ
λn

λn+1

)
V (xn+1, yn)

)
< +∞.

From this we obtain
lim
n→∞

V (yn, xn) = lim
n→∞

V (xn+1, yn) = 0 (3.20)

and the convergence of the numerical sequences (V (z′, xn)) for all z′ ∈ S. From the latter double
equality it follows that

lim
n→∞

∥yn − xn∥ = lim
n→∞

∥xn+1 − yn∥ = 0. (3.21)

From the same equality together with the inequality

V (z′, xn) ≥
1

2
∥z′ − xn∥2

we obtain that the sequences (xn) , (yn) are bounded. Moreover, from inequalities (3.17), (3.18)
and the limit relations (3.20) it follows that

lim
n→∞

V (xn+1, xn) = 0

and, obviously,
lim
n→∞

∥xn+1 − xn∥ = 0. (3.22)

Consider a subsequence (xnk
) that converges to some point z̄ ∈ E. Clearly, z̄ ∈ C. From the

limit relations (3.21) it follows that ynk
→ z̄ and xnk+1 → z̄. Let us show that z̄ ∈ S. We have

(Aynk
, y − xnk+1) +

1

λnk+1

(∇φ (xnk+1)−∇φ (xnk
) , y − xnk+1) ≥ 0 ∀y ∈ C.
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Passing to the limit in this inequality taking into account (3.22), we obtain

(Az̄, y − z̄) ≥ 0 ∀y ∈ C,

that is, z̄ ∈ C.
Let us show that xn → z̄ (then from ∥xn − yn∥ → 0 it will follow that yn → z̄ as well). It is

known that the limit

lim
n→∞

V (z̄, xn) = lim
n→∞

(φ(z̄)− φ (xn)− (∇φ (xn) , z̄ − xn))

exists. Since limn→∞ V (z̄, xnk
) = 0, then also limn→∞ V (z̄, xn) = 0. Hence,

∥xn − z̄∥ → 0.

3.5 Summary of Chapter 3
In this chapter, two algorithms that use Bregman divergence for projection instead of the Euclidean
distance were proposed and their convergence was studied. The first algorithm can be regarded as
a Bregman modification of the extragradient method with the addition of an economical step-size
adjustment. Conceptually, it is a continuation of the works [88, 89, 19, 80], while the proposed
step-size computation rule does not require evaluating the operator and the projection at additional
points — that is, it is more efficient than the corresponding procedures in [53, 28, 105, 78]. The
second algorithm is a variant of the two-step Bregman method [88], known as “Extrapolation from
the Past” (see also [31, 29]), with a step-size rule similar to Algorithm 3.1 but without the line
search procedure. For both algorithms, convergence theorems were formulated and proved under
the assumption that the operator in (1.1) is pseudomonotone and Lipschitz continuous.

The results of this chapter were published in [91, 29, 33].
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Chapter 4

Extrapolation from the Past Method for
Variational Inequalities in Uniformly
Convex Banach Spaces

This chapter considers algorithms for finding a solution of a variational inequality in a uniformly
convex Banach space. The algorithms themselves are based on the method originally proposed
in [82], which has recently become widely used and received the name “extrapolation from the
past algorithm.” For example, an application of this algorithm to machine learning problems can
be found in [45]. In the proposed algorithms, an alternative projection (different from the metric
projection) is used.

The first method is stationary and is constructed by replacing the standard Euclidean projection
in the extrapolation from the past algorithm with the generalized Alber projection. The second
method, based on the first one, uses an adaptive procedure for recalculating the step-size at each
iteration, which allows avoiding the requirement of knowing the Lipschitz constant in advance. An
advantage of the proposed rule is that it does not involve computing the operator at additional points
compared to the main iteration step of the algorithm. The chapter also studies the convergence
conditions of the proposed algorithms and proves the corresponding theorems.

4.1 Preliminaries and Problem Statement
To obtain the main results of the chapter, we will use notation and some results related to the
geometry of Banach spaces, which are given below. For a detailed description of the corresponding
theory, one can refer to [2, 1, 37, 9, 4, 110].

Let E be a real Banach space with norm ∥ · ∥, and let E∗ be the dual space to E. For x∗ ∈ E∗

and x ∈ E, denote by ⟨x∗, x⟩ the value of the functional x∗ at the element x. The norm in E∗ will
be denoted by ∥ · ∥∗.

42
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Let SE = {x ∈ E : ∥x∥ = 1}. A Banach space E is called strictly convex if for all x, y ∈ SE

with x ̸= y we have
∥∥x+y

2

∥∥ < 1. The modulus of convexity of the space E is defined as

δE(ε) = inf
{
1−

∥∥∥∥x+ y

2

∥∥∥∥ : x, y ∈ SE, ∥x− y∥ = ε

}
∀ε ∈ (0, 2].

A Banach space E is called uniformly convex if δE(ε) > 0 for all ε ∈ (0, 2]. A Banach space E
is called 2-uniformly convex if there exists c > 0 such that δE(ε) ≥ cε2 for all ε ∈ (0, 2]. Clearly,
every 2-uniformly convex space is uniformly convex. It is known that a uniformly convex Banach
space is reflexive [37].

A Banach space E is called smooth if the limit

lim
t→0

∥x+ ty∥ − ∥x∥
t

exists for all x, y ∈ SE . A Banach space E is called uniformly smooth if this limit exists uniformly
for x, y ∈ SE . There is a duality between the convexity and smoothness of a Banach space E and
its dual E∗ [9, 4]:

• if E∗ is strictly convex⇒ E is smooth;

• if E∗ is smooth⇒ E is strictly convex;

• E is uniformly convex⇔ E∗ is uniformly smooth;

• E is uniformly smooth⇔ E∗ is uniformly convex.

Note that under the assumption of reflexivity of E, the first two implications can be reversed.
It is known that Hilbert spaces andLp spaces (1 < p ≤ 2) are 2-uniformly convex and uniformly

smooth (the Lp spaces are uniformly smooth for p ∈ (1,∞)) [37, 9].
A multivalued operator J : E → 2E

∗ , defined by

Jx =
{
x∗ ∈ E∗ : ⟨x∗, x⟩ = ∥x∥2 = ∥x∗∥2∗

}
,

is called the normalized duality mapping. It is known [9] that:

• if the space E is smooth, then the mapping J is single-valued;

• if the space E is strictly convex, then the mapping J is injective and strictly monotone;

• if the space E is reflexive, then the mapping J is surjective;

• if the space E is uniformly smooth, then the mapping J is uniformly continuous on bounded
subsets of E.
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Let E be a smooth Banach space. Consider the functional introduced by Ya. Alber [1]:

ϕ(x, y) = ∥x∥2 − 2⟨Jy, x⟩+ ∥y∥2 ∀x, y ∈ E.

From the definition of ϕ follows a useful three-point identity:

ϕ(x, y)− ϕ(x, z)− ϕ(z, y) = 2⟨Jz − Jy, x− z⟩ ∀x, y, z ∈ E.

If the space E is strictly convex, then for x, y ∈ E we have ϕ(x, y) = 0⇔ x = y.
Lemma 4.1 ([1]). Let E be a uniformly convex and uniformly smooth Banach space, and let

(xn) , (yn) be bounded sequences of elements of E. Then

∥xn − yn∥ → 0⇔ ∥Jxn − Jyn∥∗ → 0⇔ ϕ (xn, yn)→ 0.

Lemma 4.2 ([110]). Let E be a 2-uniformly convex and smooth Banach space. Then for some
µ ≥ 1 the inequality holds

ϕ(x, y) ≥ 1

µ
∥x− y∥2 ∀x, y ∈ E.

For Banach spaces ℓp, Lp and Wm
p (1 < p ≤ 2) we have µ = 1

p−1
[110]. For Hilbert space, the

inequality of Lemma 4.2 becomes an identity with µ = 1.
Let K be a nonempty closed and convex subset of a reflexive, strictly convex, and smooth space

E. It is known [1] that for each x ∈ E there exists a unique element z ∈ K such that ϕ(z, x) =
infy∈K ϕ(y, x). This element z is denoted ΠKx, and the corresponding operator ΠK : E → K is
called the generalized projection of E onto K (Alber’s generalized projection) [1]. Note that if E
is a Hilbert space, then ΠK coincides with the metric projection onto the set K.

Lemma 4.3 ([1]). Let K be a closed and convex subset of a reflexive, strictly convex, and
smooth space E, with x ∈ E, z ∈ K. Then

z = ΠKx ⇔ ⟨Jz − Jx, y − z⟩ ≥ 0 ∀y ∈ K.

The inequality of Lemma 4.3 is equivalent to the following inequality [1]:

ϕ (y,ΠKx) + ϕ (ΠKx, x) ≤ ϕ(y, x) ∀y ∈ K.

Remark 4.1. The main element of the algorithms considered below is the computation, for
given x ∈ E and x∗ ∈ E∗, of a new point

x+ = ΠKJ
−1 (Jx− x∗) .

From Lemma 4.3 and the three-point identity follows the fundamental inequality for the analysis of
algorithms:

ϕ
(
y, x+

)
≤ ϕ(y, x)− ϕ

(
x+, x

)
+ 2

〈
x∗, y − x+

〉
∀y ∈ K.

S. Denysov Algorithmic information complex based on variational inequalities …



4. Extrapolation from the Past Method for Variational Inequalities in Uniformly Convex Banach Spaces 45

Consider the variational inequality (1.1), whereC is a nonempty subset of a 2-uniformly convex
and uniformly smooth Banach space E, and A is an operator acting from E into E∗. Denote the
solution set of (1.1) by S.

Assume the following conditions hold:

• the set C ⊆ E is convex and closed;

• the operator A : E → E∗ is monotone and Lipschitz continuous on C (with constant L > 0);

• the set S is nonempty.

Remark 4.2. The variational inequality (1.1) can be reformulated as a fixed-point problem [1]:

x = ΠCJ
−1(Jx− λAx), (4.1)

where λ > 0. From this formulation, the idea of constructing an algorithm arises naturally. Indeed,
the solution can be obtained by the iteration

xn+1 = ΠCJ
−1 (Jxn − λAxn) ,

which, in particular, was studied in [51] for inverse strongly monotone operators A : E → E∗.
However, without such rather restrictive assumptions on the operator, this scheme may fail to con-
verge. In particular, monotonicity and Lipschitz continuity of the operator are not sufficient for the
convergence of the method.

Consider the dual variational inequality:

find x ∈ C : ⟨Ay, x− y⟩ ≤ 0 ∀y ∈ C. (4.2)

Denote the solution set of (4.2) by Sd. Note that the set Sd is convex and closed [54]. Inequality
(4.2) is sometimes called the weak or dual formulation of (1.1) (or Minty’s inequality), and the
solutions of (4.2) are called weak solutions of (1.1). For monotone operators A we always have
S ⊆ Sd. Under our assumptions, Sd = S [54].

One of the main tasks is to estimate the number of algorithm iterations required to obtain an
approximate solution of a given accuracy. The quality of an approximate solution x ∈ C of the
variational inequality (1.1) will be evaluated using the so-called gap function [78]:

gap(x) = sup
y∈C
⟨Ay, x− y⟩ ≥ 0. (4.3)

Note that for the correctness of the definition of the gap function (4.3), boundedness of the feasible
set C is required.

Lemma 4.4. Let the operator A be monotone. If x ∈ C is a solution of (1.1), then gap(x) = 0.
Conversely, if for x ∈ C we have gap(x) = 0, then x is a solution of (1.1).
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4.2 Extrapolation from the Past Algorithm
To solve the variational inequality (1.1), we propose the following algorithm.

Algorithm 4.1. Extrapolation from the Past.
Initialization. Choose x1 = y0 ∈ E, λn > 0. Set n = 1.
Step 1.

yn = ΠCJ
−1 (Jxn − λnAyn−1) .

Step 2.
xn+1 = ΠCJ

−1 (Jxn − λnAyn) ,

if xn+1 = yn = xn, then the algorithm terminates. Otherwise, set n := n+ 1 and return to Step 1.
Remark 4.3. The given algorithm is a modification of the algorithm from [82, 65] for problems

in Banach spaces, which uses Alber’s generalized projection [1] instead of the metric projection.
The convergence of the algorithm in Hilbert space and in Euclidean space with Bregman divergence
instead of the Euclidean distance was studied in the previous chapters.

The stopping rule is justified by the identity (4.1), which is equivalent to the variational in-
equality (1.1). Indeed, if xn+1 = yn = xn, we have yn = ΠCJ

−1 (Jyn − λnAyn), from which
yn ∈ S.

4.3 Convergence Proof
For proving the main theorem on convergence we need

Lemma 4.5. For the sequences (xn) , (yn) generated by Algorithm 4.1, the following inequality
holds:

ϕ (y, xn+1) ≤ ϕ (y, xn)− (1− 2µλnL)ϕ (xn+1, yn)− (1− µλnL)ϕ (yn, xn)+

+ µλnLϕ (xn, yn−1) + 2λn ⟨Ay, y − yn⟩ ,
(4.4)

where y ∈ C.
Proof. If some point y ∈ C, then for it we have

ϕ (y, xn+1) ≤ ϕ (y, xn)− ϕ (xn+1, xn) + 2λn ⟨Ayn, y − xn+1⟩ .

Using the monotonicity property of A, we can show that

⟨Ayn, y − xn+1⟩ = ⟨Ayn, y − yn⟩+ ⟨Ayn, yn − xn+1⟩ ≤

≤ ⟨Ay, y − yn⟩+ ⟨Ayn, yn − xn+1⟩ .

And then
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ϕ (y, xn+1) ≤

≤ ϕ (y, xn)− ϕ (xn+1, xn) + 2λn ⟨Ayn, yn − xn+1⟩+ 2λn ⟨Ay, y − yn⟩ =

= ϕ (y, xn)− ϕ (xn+1, xn) + 2λn ⟨Ayn−1, yn − xn+1⟩+

+ 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩+ 2λn ⟨Ay, y − yn⟩ . (4.5)

The expression 2λn ⟨Ayn−1, yn − xn+1⟩ can be transformed as follows

2λn ⟨Ayn−1, yn − xn+1⟩ =

= 2 ⟨Jxn − λnAyn−1 − Jyn, xn+1 − yn⟩+ 2 ⟨Jyn − Jxn, xn+1 − yn⟩ .

Using Lemma 4.3 and the fact that xn+1 ∈ C, we obtain

⟨Jxn − λnAyn−1 − Jyn, xn+1 − yn⟩ ≤ 0.

Then

2λn ⟨Ayn−1, yn − xn+1⟩ ≤ 2 ⟨Jyn − Jxn, xn+1 − yn⟩ =

= ϕ (xn+1, xn)− ϕ (xn+1, yn)− ϕ (yn, xn) . (4.6)

Using (4.6), we can estimate the expression on the right-hand side of inequality (4.5). Then we
have

ϕ (y, xn+1) ≤ ϕ (y, xn)− ϕ (xn+1, yn)− ϕ (yn, xn)+

+ 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩+ 2λn ⟨Ay, y − yn⟩ . (4.7)

We need to estimate the term 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩ from this inequality. We obtain:

2λn ⟨Ayn − Ayn−1, yn − xn+1⟩ ≤ 2λn ∥Ayn−1 − Ayn∥∗ ∥xn+1 − yn∥ ≤

≤ 2λnL ∥yn−1 − yn∥ ∥xn+1 − yn∥ ≤

≤ 2λnL (∥yn−1 − xn∥+ ∥xn − yn∥) ∥xn+1 − yn∥ ≤

≤ λnL
(
∥yn−1 − xn∥2 + ∥xn − yn∥2 + 2 ∥xn+1 − yn∥2

)
. (4.8)

Applying Lemma 4.2 to estimate the norms in the last inequality, we get

2λn ⟨Ayn − Ayn−1, yn − xn+1⟩ ≤ µλnLϕ (xn, yn−1) + µλnLϕ (yn, xn)+

+ 2µλnLϕ (xn+1, yn) .

In turn, substituting this into (4.7), we obtain

ϕ (y, xn+1) ≤ ϕ (y, xn)− (1− 2µλnL)ϕ (xn+1, yn)−
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− (1− µλnL)ϕ (yn, xn) + µλnLϕ (xn, yn−1) + 2λn ⟨Ay, y − yn⟩ ,

— that is, inequality (4.4), which is the statement of the lemma.
If the feasible set of problem (1.1) is bounded and, accordingly, the function ϕ(x, y) is bounded

on it, then one can prove a sublinear convergence rate of Algorithm 4.1 with respect to the gap
function. Namely, we have the following.

Theorem 4.1. For the sequence of averaged (in the Cesàro sense) approximations obtained by
Algorithm 4.1, of the form zN =

∑N
n=1 λnyn∑N
n=1 λn

, the estimate holds

gap (zN) ≤
supy∈C ϕ (y, x1) + µλ1Lϕ (x1, y0)

2
∑N

n=1 λn

,

under the condition that λn ∈
(
0, 1

3µL

]
.

Proof. Inequality (4.4) (the main statement of Lemma 4.5) can be written in the form:

2λn ⟨Ay, y − yn⟩ ≤ (ϕ(y, xn) + µλnLϕ(xn, yn−1))−

− (ϕ(y, xn+1) + µλn+1Lϕ(xn+1, yn))−

− (1− µL (λn+1 + 2λn))ϕ (xn+1, yn)−

− (1− µλnL)ϕ (yn, xn) . (4.9)

Summing such inequalities for n = 1, ..., N , we obtain

2
N∑

n=1

λn ⟨Ay, yn − y⟩ ≤ ϕ (y, x1) + µλ1Lϕ (x1, y0) ,

and further
⟨Ay, zN − y⟩ ≤ ϕ (y, x1) + µλ1Lϕ (x1, y0)

2
∑N

n=1 λn

, (4.10)

where zN =
∑N

n=1 λnyn∑N
n=1 λn

. This gives an estimate for the gap function, which proves the theorem:

gap (zN) ≤
supy∈C ϕ (y, x1) + µλ1Lϕ (x1, y0)

2
∑N

n=1 λn

.

Corollary 4.1. Let (xn) , (yn) be the sequences generated by Algorithm 4.1 with λn = 1
3µL

.
Then for the sequence of averages zN = 1

N

∑N
n=1 yn the inequality holds

gap (zN) ≤
µL3

2
supy∈C ϕ (y, x1) + µL1

2
ϕ (x1, y0)

N
.

The question of the convergence conditions of Algorithm 4.1 is addressed by the following
theorem.

Theorem 4.2. LetC be a nonempty closed convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, A : E → E∗ a monotone and Lipschitz operator, and S ̸= ∅. Assume
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that the normalized duality mapping J is sequentially weakly continuous and the sequence (λn)

satisfies 0 < infn λn ≤ supn λn < 1
3µL

. Then the sequences (xn) and (yn) generated by Algorithm
4.1 converge weakly to some point z ∈ S.

Proof. Substitute the element y = z′ ∈ S into inequality (1.1). Since ⟨Az′, z′ − yn⟩ ≤ 0, we
obtain

ϕ (z′, xn+1) ≤ ϕ (z′, xn)− (1− 2µλnL)ϕ (xn+1, yn)−

− (1− µλnL)ϕ (yn, xn) + µλnLϕ (xn, yn−1) . (4.11)

Set
an = ϕ (z′, xn) + µλnLϕ (xn, yn−1) ,

bn = (1− µλnL)ϕ (yn, xn) + (1− µλn+1L− 2µλnL)ϕ (xn+1, yn) .

Inequality (4.11) takes the form an+1 ≤ an − bn. From Lemma 3.2 it follows that the limit exists

lim
n→∞

(ϕ (z′, xn) + µλnLϕ (xn, yn−1))

and that
∞∑
n=1

((1− µλnL)ϕ (yn, xn) + (1− µλn+1L− 2µλnL)ϕ (xn+1, yn)) < +∞.

This implies
lim
n→∞

ϕ (yn, xn) = lim
n→∞

ϕ (xn+1, yn) = 0

and the convergence of the numerical sequences (ϕ (z′, xn)) for all z′ ∈ S. From the equality to
zero of these limits we have

lim
n→∞

∥yn − xn∥ = lim
n→∞

∥xn+1 − yn∥ = 0. (4.12)

Also, from Lemma 4.2 and (4.11) it follows that the sequences (xn) , (yn) are bounded. From the
inequalities

ϕ (z′, xn+1) ≤ ϕ (z′, xn)− ϕ (xn+1, xn) + 2λn ⟨Ayn, yn − xn+1⟩ ,

− 2λn ⟨Ayn−1, xn+1 − yn⟩ ≤ ϕ (xn+1, xn)− ϕ (yn, xn)− ϕ (xn+1, yn)

and (4.12) it follows that limn→∞ ϕ (xn+1, xn) = 0 and limn→∞ ∥xn+1 − xn∥ = 0. Since on
bounded sets the operator J is uniformly continuous, we have limn→∞ ∥Jxn − Jxn+1∥∗ = 0.

We now show that all weak cluster points of the sequence (xn) belong to the set S. Consider a
subsequence (xnk

) that converges weakly to some point z ∈ E. Clearly, z ∈ C, and (ynk
) , (xnk+1)

converge weakly to z. We show that z ∈ S. We have

⟨Aynk
, y − xnk+1⟩+

1

λnk+1

⟨Jxnk+1 − Jxnk
, y − xnk+1⟩ ≥ 0 ∀y ∈ C.
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Hence,

⟨Ay, y − ynk
⟩+ ⟨Aynk

, ynk
− xnk+1⟩+

+
1

λnk+1

⟨Jxnk+1 − Jxnk
, y − xnk+1⟩ ≥ 0 ∀y ∈ C.

Passing to the limit in this inequality, we obtain

⟨Ay, y − z⟩ ≥ 0 ∀y ∈ C,

which means that z ∈ S.
We now prove the weak convergence of the sequence (xn) to z. From this convergence and the

fact that ∥yn − xn∥ → 0, we immediately obtain the weak convergence of the sequence (yn) to z as
well. To prove by contradiction, assume that there exists a subsequence (xmk

) such that xmk
⇀ z′

weakly and z ̸= z′. Then z′ ∈ S. We have

2 ⟨Jxn, z − z′⟩ = ϕ (z′, xn)− ϕ (z, xn) + ∥z∥2 − ∥z′∥2 .

Hence, the limit limn→∞ ⟨Jxn, z − z′⟩ exists. Since the duality mapping J is sequentially weakly
continuous, we get

⟨Jz, z − z′⟩ = lim
k→∞
⟨Jxnk

, z − z′⟩ = lim
k→∞
⟨Jxmk

, z − z′⟩ = ⟨Jz′, z − z′⟩ ,

that is, ⟨Jz − Jz′, z − z′⟩ = 0. This implies z = z′.
It is worth noting that similar results can also be obtained for other algorithms of this type for

variational inequalities — for example, for the operator extrapolation method, see [87].

4.4 Adaptive Extrapolation from the Past Algorithm
Among the convergence conditions for the algorithm considered above were restrictions on the step
λn, namely

0 < inf
n
λn ≤ sup

n
λn <

1

3µL
.

Thus, to choose the step it was necessary to use the value of the Lipschitz constant of the operatorA,
which is usually difficult to compute. To remove these requirements for the proposed algorithm, we
construct its adaptive version using the approaches of [101, 102] (see also [91, 27]). Our goal is also
to obtain an adaptive step-size rule without a significant increase in the number of computations
per iteration — that is, without additional projections or operator evaluations.

We will assume that the value µ ≥ 1 from Lemma 4.2 is known, and justify the following
algorithm:

Algorithm 4.2.
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Initialization. Choose x1 = y0 ∈ E, τ ∈
(
0, 1

3µ

)
, and a number λ1 > 0. Set n = 1.

Step 1.
yn = ΠCJ

−1 (Jxn − λnAyn−1) .

Step 2.
xn+1 = ΠCJ

−1 (Jxn − λnAyn) .

If yn = xn = xn+1, then the algorithm terminates. Otherwise, proceed to Step 3.
Step 3.

λn+1 =

min
{
λn, τ

∥yn−yn−1∥
∥Ayn−Ayn−1∥∗

}
, if Ayn−1 ̸= Ayn,

λn, otherwise.

Set n := n+ 1 and return to Step 1.
Note that the sequence (λn), defined at the third step of the iterative procedure in the above

algorithm, is non-increasing and bounded below by min
{
λ1,

τ
L

}
. Hence, there exists limn→∞ λn >

0.
Let us now prove the convergence of Algorithm 4.2. We first establish the key inequality that

connects the generalized distances between the approximations computed by the algorithm and an
arbitrary point of the solution set S.

Lemma 4.6. For the sequences (xn) , (yn) generated by Algorithm 4.2, the following inequality
holds:

ϕ (z, xn+1) ≤ ϕ (z, xn)−
(
1− 2τµ

λn

λn+1

)
ϕ(xn+1, yn)−

−
(
1− τµ

λn

λn+1

)
ϕ (yn, xn) + τµ

λn

λn+1

ϕ (xn, yn−1) ,

where z ∈ S.
Proof. Let z ∈ S. As in the proof of Lemma 4.5, we arrive at the inequality

ϕ(z, xn+1) ≤ ϕ(z, xn)− ϕ(xn+1, yn)− ϕ(yn, xn)+

+ 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩+ 2λn ⟨Az, z − yn⟩ .

Since ⟨Az, z − yn⟩ ≤ 0, from this inequality it follows that

ϕ (z, xn+1) ≤ ϕ (z, xn)− ϕ (xn+1, yn)− ϕ (yn, xn)+

+ 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩ . (4.13)

For the term 2λn ⟨Ayn − Ayn−1, yn − xn+1⟩, from the step-size updating rule λn+1 in Algorithm
4.2, we obtain the estimate

2λn ⟨Ayn − Ayn−1, yn − xn+1⟩ ≤ 2λn ∥Ayn − Ayn−1∥∗ ∥yn − xn+1∥ ≤
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≤ 2τ
λn

λn+1

∥yn − yn−1∥ ∥xn+1 − yn∥ ≤

≤ 2τ
λn

λn+1

(∥yn − xn∥+ ∥xn − yn−1∥) ∥xn+1 − yn∥ ≤

≤ τ
λn

λn+1

∥yn − xn∥2 + τ
λn

λn+1

∥xn − yn−1∥2 + 2τ
λn

λn+1

∥xn+1 − yn∥2 ≤

≤ τµ
λn

λn+1

ϕ (yn, xn) + τµ
λn

λn+1

ϕ (xn, yn−1) + 2τµ
λn

λn+1

ϕ (xn+1, yn) .

After substituting this estimate into (4.13), we obtain

ϕ (z, xn+1) ≤ ϕ (z, xn)− ϕ (xn+1, yn)− ϕ (yn, xn) + τµ
λn

λn+1

ϕ (yn, xn)+

+ τµ
λn

λn+1

ϕ (xn, yn−1) + 2τµ
λn

λn+1

ϕ (xn+1, yn) ,

which completes the proof of the lemma.
Using Lemma 4.6, we now prove the convergence of Algorithm 4.2.
Theorem 4.3. LetC be a nonempty closed convex subset of a 2-uniformly convex and uniformly

smooth Banach space E, A : E → E∗ a monotone and Lipschitz operator, and S ̸= ∅. Assume
that the normalized duality mapping J is sequentially weakly continuous. Then the sequences (xn)

and (yn) generated by Algorithm 4.2 converge weakly to some point z ∈ S.
Proof. Let z′ ∈ S. Define

an = ϕ (z′, xn) + τµ
λn

λn+1

ϕ (xn, yn−1) ,

bn =

(
1− τµ

λn

λn+1

)
ϕ (yn, xn) +

(
1− τµ

λn+1

λn+2

− 2τµ
λn

λn+1

)
ϕ (xn+1, yn) .

Then, from the last lemma we obtain an+1 ≤ an − bn. Since ∃ limn→∞ λn > 0, we have

1− τµ
λn

λn+1

→ 1− τµ ∈ (0, 1),

and also
1− τµ

λn+1

λn+2

− 2τµ
λn

λn+1

→ 1− 3τµ ∈ (0, 1) as n→∞.

From Lemma 3.2 it follows that

lim
n→∞

(
ϕ (z′, xn) + τµ

λn

λn+1

ϕ (xn, yn−1)

)
exists. From the same lemma we have the boundedness

∞∑
n=1

((
1− τµ

λn

λn+1

)
ϕ (yn, xn)+

+

(
1− τµ

λn+1

λn+2

− 2τµ
λn

λn+1

)
ϕ (xn+1, yn)

)
< +∞.
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Taking into account the properties of (λn), τ , and µ, this implies

lim
n→∞

ϕ (yn, xn) = lim
n→∞

ϕ (xn+1, yn) = 0.

This also proves that the numerical sequences of the form (ϕ (z′, xn)) are convergent for any z′ ∈ S.
With these results, the proof of the theorem is completed by fully repeating the reasoning from
Theorem 4.1.

4.5 Summary of Chapter 4
In this chapter, developing the ideas from [101, 91, 102, 27] and based on the extrapolation from the
past algorithm [82], two algorithms were constructed for solving problem (1.1) in Banach spaces.
Theorems on the weak convergence of the algorithms were proved in the case where the Banach
space is 2-uniformly convex and uniformly smooth, and the operator is monotone and Lipschitz
continuous.

Similarly to [31], one can also prove weak convergence of the proposed algorithms in the case
when the operator is only pseudomonotone and sequentially weakly continuous (in the same type
of spaces).

It should be noted that for the efficiency of the algorithms in the above setting, the possibility of
fast and stable computation of the Alber generalized projection for the corresponding feasible set is
critically important — otherwise the advantage of the algorithm is lost. The results in this chapter
were established under the assumption that the Banach space is 2-uniformly convex and uniformly
smooth. That is, they do not include the widely used spaces Lp and Wm

p (2 < p < +∞). Research
in this direction is ongoing, since this restriction seems to be more technical than essential.

The results of this chapter were published in [90, 34, 117, 32, 27, 24, 26].
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Chapter 5

Software framework and applications of the
algorithms

This chapter describes an extendable software package which allows applying extragradient-type
algorithms to problems that can be modeled as variational inequalities. Additionally, the program
provides detailed statistics on the behavior of the algorithms during the solution process. Also
the chapter presents results of computational experiments, where several problems from network
economics field are solved using the algorithms algorithms described in the previous parts.

5.1 Software framework for applying and investigating
extragradient-type algorithms

As can be seen from algorithms formulations above, they have many common elements - basically,
every algorithm has one or more substeps, where it does operator calculation at some points, pro-
jections on feasible and, possibly, auxilary sets and applies step size adaptation rule (for adaptive
algorithms). The same is true about problems which are modeled as variational inequalities – the
core of the problem description is the operator calculation procedure and feasible set projection
operation.

This allowed us to implement an open source Python-based software framework with consider-
able degree of universality for both solving problems modeled as variational inequalities and con-
ducting numerical experiments with any set of algorithms from the family. Code and description
can be found on public repository 1

As the main target audience for the software are researchers, who need not only to get a solution
of some problem, but usually require possibility to tweak parameters or even logic of both algorithm
and problem, we abstracted common properties and functions of algorithm to base classes. This

1https://github.com/compmath-sdeni/vi-alg-suite
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way to plug in new or modified algorithm to the system the researcher only needs to implement
(override) logic which is different for their’s specific algorithm. The same approach is used for
describing a problem – again, researcher could derive the problem class from the base class in our
system, and reuse existing boilerplate code, focusing on specific new logic only. Simplified class
diagram for problem and algorithm classes is shown below.

Figure 5.1: Part of algorithms and problems related classes

Additionally, the system contains helper classes and functions, which simplify common routines
researchers often do during numerical experiments with algorithms and mathematical models – for
example, there are classes for plotting convergence graphs. For the x axis one could use the iteration
number or computational time. And for the y axis gap function (residue), the distance between two
sequential approximations or distance to the exact solution (if known) can be used.

As a result, with a small amount of code, a researcher can select subset of algorithms of interest,
select and set parameters for one of already implemented problems (or add own problem modelled
as variational inequality), and run all algorithms for the same problem, easily comparing their
behavior. Schematic usage with python code is shown below (class and variable names shortened,
and some arguments skipped to save space, but the code itself is copied from real usage scenario).

Another useful feature of the proposed software is the history collection mode – detailed ex-
ecution log of the algorithm can be collected and saved as csv and excel format. This way the
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Figure 5.2: Schematic framework usage flow

researcher can analyse both generated sequence and internal algorithm state changes history to get
insights and detect problematic moments. Small example of history with subset of columns are
shown below:

Figure 5.3: Part of collected algorithm execution history

Also the system allows to set a subset of algorithm and problem parameters from command
line, avoiding code editing. And it is extendable in terms of adding UI editing capabilities – at
the moment, there is a web UI for blood collection and delivery network optimization problem
described below.

5.2 Problems of Network Economics and Variational Inequali-
ties

Variational inequalities are a powerful approach for modeling a wide range of problems, including
optimization and equilibrium problems, parts of machine learning tasks, and others. In particu-
lar, most problems of network economics are naturally reduced to solving variational inequalities.
Corresponding formulations for various types of problems in network economics were obtained in
a series of works by a group of authors from UMass Amherst led by Anna Nagurney [70, 72].

Among these problems, one of the most interesting is the modeling of the supply chain of perish-
able products [75], where the critical factor is the storage time of the product, and as a consequence,
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an excess of product at the demand point entails significant disposal costs. Moreover, each link in
the network where transportation and temporary storage of such a product occur usually also has
associated product losses and corresponding disposal costs. A very similar model arises for the
important problem of optimizing the blood supply chain, which can be considered as a sequence
of stages: collection, testing, processing, and use of blood — from collection points to hospitals.
Modeling this problem for the structure of the American Red Cross (ARC) was studied in [76]. In
particular, the mathematical model was formulated as a variational inequality (1.1). Another vari-
ant of the mathematical model for the blood supply chain optimization problem can be seen in [5],
where a variational inequality is also used as part of the optimization setting of a bilevel problem.

Another important problem that also arises in the analysis of network models is the task of
ranking network nodes by importance, or computing centrality measures. One of the well-known
approaches to solving this problem for a network of web pages is called PageRank. It was proposed
in [17] — and it was this algorithm that enabled Google to enter the search engine market and cap-
ture the leadership it still holds today. At present, there are many variations of this algorithm, and
the areas of application are almost innumerable — chemistry, biology (general and neuroscience),
social networks, text analysis, recommendation systems, knowledge structuring systems, and others
[46]. As shown below, the PageRank construction problem can also be formulated as a variational
inequality. Moreover, the feasible set has a structure for which algorithms based on Bregman di-
vergence instead of Euclidean distance — in particular, those described in Chapter 3 — provide an
advantage.

5.3 Optimization of the Blood Collection and Delivery Chain

5.3.1 Problem Statement

We present a mathematical model of the optimization of the blood supply chain, as a problem of
network economics, based on [76]. The structure of the corresponding network and the diagram of
the supply stages are schematically shown in Figure 5.4.

In the diagram, the edges correspond to activities that occur within the blood supply chain, and
are associated with the corresponding model parameters, such as collection risks or operational
costs and disposal costs. The nodes represent the entities involved in the supply chain. The first
node does not have a clear physical analogue and is added to ensure consistency of the model
formulation. At the same time, it can be interpreted as a top-level organizational unit, for example,
a regional branch of the Red Cross, as in [76]. The process starts with blood collection. The
specificity of this stage (edges from the initial node to the blood collection facilities) is that it is
associated with risks and related costs. Indeed, the process itself is risky — donors generally have
no strict obligations and may cancel their appointment for many reasons. For example, there are
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Figure 5.4: Scheme of the blood supply network.

statistics showing that unfavorable weather conditions significantly reduce the amount of collected
blood. Conversely, the appearance of information about a disaster or urgent need to help victims
leads to a peak in donations.

The next stages are the testing of the collected blood for infections, the separation of components
(plasma and red blood cells), and sending the prepared blood to special storage centers. In the
scheme, the testing, processing, and storage facilities are combined into one layer to simplify the
description of the model and the diagram, without losing the key properties. In reality, these centers
are also usually located at the same site — and even if they are separate, this does not lead to
significant changes in the model, since all edges have the same set of associated parameters. In
our model, the set of parameters of the delivery stage edges coincides with the previous one, but
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physically and logically the distribution centers are almost always separated, so they are represented
as a separate layer in the diagram.

Finally, the last layer corresponds to the delivery of blood directly to the destinations, which
are usually hospitals. The edges of this layer have their own specifics within the model — they are
associated with probabilistic parameters of the blood demand in each particular hospital, and the
corresponding losses in case of blood shortage or surplus.

5.3.2 Formulation of the Mathematical Model of the Blood Supply Chain

Let nc, np, ns, nh be the number of collection nodes, combined nodes for testing, processing and
storage, distribution nodes, and final nodes (hospitals), respectively. Let the set of all edges be
denoted as {ej}, j = 1, ..., ne, where ne is the total number of edges in our blood supply chain
network. The input flow for edge ej is denoted by yj (since losses may occur on the edge, the
output flow may differ). The flows along the edges together form the vector y = (y1, ..., yne).

Each operation at every stage has a cost, also attached to the edges. Let cj(yj) denote the unit
operational cost on edge ej , which depends on the flow along this edge. Then the total operational
cost on the edge is computed as yj · cj(yj).

Let P = {pi}, i = 1, ...,m be the set of all simple paths from the dummy node 0 to each
hospital, and let m be the total number of such paths. The initial flow on path pi = {ei1, ei2, ..., eik}
is denoted as xi ≥ 0, and it coincides with the input flow of the first edge of the path, which is
always the edge between the source node and the blood collection node. Our goal is to find the
optimal vector of flows for all paths x = (x1, ..., xm). In these notations, the first requirement for
the feasible set C can be written as

xi ≥ 0, i = 1, ...,m. (5.1)

At each stage of blood processing, losses may occur — for example, a small portion of the blood
is taken for laboratory analysis and then discarded. Let aj ∈ (0, 1] be the loss coefficient for each
edge ej , where j = 1, ..., ne. We interpret it as follows: if the input flow on edge ej is yj , then the
resulting output flow will be ajyj . For simplicity, we assume that these coefficients are independent
of the flow on the edge, leaving the case of dependence for future research.

Losses during blood processing include the cost of waste disposal. These expenses can be
significant for products such as blood, so it is important to incorporate them into the model. The
amount of waste for edge ej depends only on the flow along that edge and equals (1−aj)yj . Hence,
the corresponding part of the loss function also depends on the flow — let the unit disposal cost be
denoted as wj(yj), so the total disposal cost is yj · wj(yj).

As for the path flows, the total retention on path pi can be computed as βi =
∏

ej∈pi aj , where
i = 1, ...,m. As a result, if the initial flow on path pi is xi, then the corresponding final flow along
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the path will be βixi, for each i = 1..m. For each destination node Hk, where k = 1..nh, let us
denote the total supply as sk. Clearly, we have

sk =
∑
pi∈Pk

βixi, (5.2)

where Pk is the set of all paths from the initial node to the destination node Hk. At the same time,
the actual demand dk is stochastic — we cannot exactly predict the need for donor blood at a given
hospital at a specific time in the future. However, we assume that the corresponding probability
density function Fk(t) and probability distribution Pk(z) = p(dk < z) =

∫ z

0
Fk(t) dt are known.

We are interested in minimizing the expected difference between sk and dk. Hence, one might be
tempted to use something likeE (

∑nh

k=1(sk − dk)
2) as the loss function. However, the consequences

of shortage and surplus of blood differ significantly, so in the model it makes sense to treat them
separately.

Let the shortage of blood at destination node Hk be defined as

Uk =

dk − sk, if dk > sk,

0, if dk ≤ sk,

where Uk can also be written as max{0, dk− sk}. The surplus of blood at the same node is defined
as

Vk =

sk − dk, if dk < sk,

0, if dk ≥ sk,
= max{0, sk − dk}.

Then the corresponding part of the cost function for the model can be written as
nh∑
k=1

(γukE(Uk) + γvkE(Vk)) ,

where γuk, γvk are penalty parameters (cost coefficients), and E(Uk), E(Vk) are the expected short-
age and surplus of blood, respectively.

Finally, the model must account for risks at the blood collection stage [76]. These risks are
associated only with the edges of the first layer, and we assume that they are also functions of the
flow. Let us denote the risks as ri(yi), where i = 1, ..., nc. Minimization of risks and minimization
of costs are different criteria, so in the cost function they can be weighted differently. Let θ denote
the weight for the risk component, while the cost component is assigned weight one.

Remark 5.1. Since the blood collection process consists of sequential stages, it is always pos-
sible to number the edges in such a way that any edge of a later stage has an index larger than any
edge of an earlier stage. For example, the index of a distribution edge is always larger than the index
of a collection edge. We assume such a numbering scheme throughout the following reasoning to
simplify the model formulation. As a result, the indices of the edges in any path pi ∈ P form an
increasing sequence.
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Taking into account the above remark, the flow of each edge can be calculated from the path
flows:

yj =
∑

i:ej∈pi

xiαij, (5.3)

where αij =
∏

k:ek∈pi,k<j αk is the product of all loss coefficients of the edges that precede edge ej
in path pi.

Remark 5.2. In the given formulation, we have exactly nc edges in the first layer, i.e., the edges
eij, j = 1, ..., nc correspond to the operation of blood collection from donors. This provides us
with a simple way to write the risk component of the cost function below.

5.3.3 Optimization problem and variational inequality

Now we can formulate the blood supply chain network optimization problem as the minimization
of the combined cost function

Φ(y) =
ne∑
j=1

(yj(cj(yj) + wj(yj)))+

+

nh∑
k=1

(γukE(Uk) + γvkE(Vk)) + θ
nc∑
j=1

rj(yj) (5.4)

subject to (5.1)–(5.3). Using (5.3), we can rewrite (5.4) in terms of path flows:

Φ(x) =
m∑
i=1

xi (Ci(x) +Wi(x) + θRi(x)) +

nh∑
k=1

(γukE(Uk) + γvkE(Vk)) , (5.5)

where Ci and Wi are the unit operation cost and disposal cost functions for path pi, and Ri is the
risk cost function for the same path. These functions take the form:

Ci(x) =
∑

j:ej∈pi

cj(yj),

Wi(x) =
∑

j:ej∈pi

wj(yj),

Ri(x) =
∑

j:ej∈pi,j=1..nc

rj(yj),

where yj is expressed in terms of the path flows according to (5.3). The notation is slightly different
from [76] to simplify the algorithm implementation, since the computations use the sequence of
edges in the path. The problem can be formulated as a classical variational inequality. We need to
find x∗ ∈ C: (

x− x∗,
dΦ

dx (x∗)

)
≥ 0 ∀x ∈ C, (5.6)
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where C = Rm
+ and

dΦ

dxi

=
∑

j:ej∈pi

αij

[
cj(yj) + wj(yj) + yj

(
c′j(yj) + w′

j(yj)
)]

+

+ βi (λuti(Pti(vti)− 1) + λvti(Pti(vti))) + θ (rsi(ysi) + r′si(ysi) · ysi) ,

where si and ti are the indices of the first and the last edge in path pi. Again, here yj is expressed
in terms of the path flows using equality (5.3).

5.3.4 Application of Algorithms to the Blood Supply Chain Problem

The blood supply chain optimization problem (5.5), formulated as the variational inequality (5.6),
was integrated into our software framework, described above. For this problem there is a graphical
user interface, which allows to edit network parameters, select algorithms, obtain solutions and
analyze algorithm behavior. The problem selector and editor UI (Figure 5.5) are implemented as a
web application using the Plotly Dash library – see figure below.

Figure 5.5: Editing problem parameters.

5.3.5 Computational results

Figure 5.6 shows how the computation results are presented in the web UI. Currently, the output
includes a convergence rate plot (the x-axis corresponds to the iteration number, the y-axis corre-
sponds to the distance between approximate solutions) and textual information with final results,
runtime, and run parameters.

For problems with a known solution, a display mode can be selected where the distance to
the true solution is shown instead of the distance between successive approximations, which is
very useful for testing and debugging algorithms. Another mode is available in which the x-axis
represents runtime instead of iteration number. This mode should not be taken as absolutely precise,
since execution time in multitasking operating systems depends on the overall CPU load. However,
if the problem is large enough and computations take tens of seconds or minutes rather than fractions
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Figure 5.6: Experiment results view.

of a second, this characteristic becomes sufficiently accurate to draw conclusions about algorithm
performance. In addition, the textual output includes various indicators specific to the given class of
problems — for example, supply volumes for each hospital. During computations, the system also
collects and stores the detailed step-by-step history for each algorithm (in tabular format), allowing
a full analysis of the algorithm’s state and behavior at every iteration (though such analysis becomes
very time-consuming for problems of non-trivial dimensions).

Based on the numerical experiment presented, it can be observed that after 1000 iterations, the
adaptive Tseng algorithm slightly outperforms both EFP and the Malitsky–Tam (MT) algorithm
in terms of accuracy on this test problem. At the same time, it should be noted that the runtime
for 1000 iterations of Tseng is twice as long (0.64 seconds versus 0.32 seconds for both EFP and
MT), which allows us to qualitatively conclude about relative efficiency. In fact, this behavior is
consistent with theory — in this problem, projection is very cheap (C = Rm

+ ), while computing the
operator is rather time-consuming (due to the complex differential in (5.6)). It is also worth noting
that despite the much smaller step distances (0.001 for Tseng compared to 0.002 and 0.003 for MT
and EFP), the objective function values differ relatively little (80493 versus 80499).

It should also be emphasized again that the runtime of a single run is not a stable performance
measure due to various influencing factors, such as current CPU load by background processes.
However, behavior similar to that described above was obtained in multiple repeated numerical
experiments and by averaging the results.
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5.4 The Web Page Ranking Problem — PageRank
The problem of ranking (selecting the “best” or “most important”) nodes of a network is an impor-
tant subtask for various scenarios. One of the most practically valuable formulations is ranking web
pages for search engine results — in fact, this was the task solved by the founders of Google in [81].
Today, users rarely look beyond the 10th position in search results — but this was not always the
case. Google entered the market at the time with algorithms that solved this problem much better
than competitors — and PageRank was the key component of their system. Similar approaches
remain an important part of search result ranking even now.

5.4.1 Mathematical Model

There are currently many variants of the PageRank mathematical model, but the original idea was
that a page is more important if more other pages link to it. To formalize this idea, represent the part
of the web that interests us as a directed graph. Vertices correspond to pages, edges to hyperlinks,
and the weight of each vertex is its importance, or rank, which must be computed. The obvious
metric based simply on the number of links is not suitable for an unmoderated environment such
as the web — because it is easy to create hundreds of meaningless pages linking to one advertised
page, thereby artificially inflating its importance. Conversely, one could sell hundreds of links from
a single page to different advertisers.

To prevent such scenarios, the metric accounts not only for the number but also the quality
of links. Specifically, a page transfers through each of its links a portion of its weight, inversely
proportional to the number of outgoing links from that page. Let the number of pages in the subset
of the web under consideration be N . Then, for the weight of the i-th page, we have

xi =
∑
j∈Li

xj

mj

, i = 1, ..., N,

where Li is the set of pages linking to page i. This system of relations can be written in matrix form
as

x = Ax, x = (x1, x2, ..., xN) , A = (aij) , (5.7)

where

aij =

1/mj, j ∈ Li,

0, j /∈ Li.

Thus, A is an N ×N matrix, and this problem can be seen as finding an eigenvector corresponding
to eigenvalue 1.

If there are no “dangling nodes” (vertices with no outgoing links) and no “forgotten nodes”
(vertices with no incoming links), then A is a stochastic matrix (a Markov matrix). Indeed, by con-
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struction, the sum of elements in each column is 1. For such a matrix, the corresponding eigenvector
exists and is unique. However, in real web graphs, there usually exist vertices of both types.

Moreover, starting from the idea of counting links, we obtained a Markov matrix and a problem
equivalent to computing the stationary distribution of a random walk in the graph — i.e., the limiting
probability of a user being on each page after infinitely many steps. However, real user behavior
differs somewhat — sometimes the user “teleports” in the network, i.e., instead of following a link,
directly jumps to another page of their choice. If we assume that the probability of jumping to any
page is uniform, and the probability of “teleportation” instead of following a link is α ∈ (0, 1), then
the mathematical model can be modified as follows:

x = Mx, M = αA+ (1− α)S, (5.8)

where S = (1/N). It is clear that the column-stochastic property of A also holds for M . Further-
more, even if matrix A contains zero rows (nodes with no outgoing edges) or independent blocks
(corresponding to disconnected subgraphs of the web graph), adding matrix S removes the viola-
tion of uniqueness of the solution. The properties of this model still degrade in the presence of
dangling nodes (vertices with no outgoing edges), but the formulation already allows solving real
ranking problems.

5.4.2 Formulation as a Variational Inequality

The problem (5.8) can be reformulated as a variational inequality. First, note that it is equivalent to
the following optimization problem:

find x∗ ∈ ∆N : ∥Mx∗ − x∗∥∞ = min
x∈∆N

∥Mx− x∥∞ ,

where ∆N =
{
x ∈ Rn :

∑N
i=1 xi = 1, xi ≥ 0

}
is the standard simplex, and ∥z∥∞ =

maxi=1..N |xi|. This problem can be reduced to finding a saddle point:

min
x∈∆N

max
∥y∥1≤1

(y,Mx− x) , (5.9)

where ∥x∥1 =
∑n

i=1 |xi|. The corresponding variational inequality takes the form

find x∗ ∈ ∆n, y∗ ∈ Bn
1 :((

MT − I
)
y∗, x− x∗)+ ((I −M) x∗, y − y∗) ≥ 0,

∀x ∈ ∆n, y ∈ Bn
1 , where Bn

1 = {x : ∥x∥1 ≤ 1} .

(5.10)

In this case, projection simplifies partially, since for the standard simplex under the Kullback–
Leibler distance it can be written explicitly (see (3.12)). Projection onto the unit ball is also straight-
forward. However, to fully leverage the properties of Bregman projection, the saddle-point problem
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(5.9) can be further reformulated and reduced to a bilinear minimax problem on the Cartesian prod-
uct of standard simplices [32]:

min
x∈∆N

max
y∈∆2n

(Jy,Mx− x) , (5.11)

where J is an n × 2n matrix of the form (I,−I) (with I the identity matrix). This problem is
equivalent to the following:

find x∗ ∈ ∆n, y∗ ∈ ∆2n :((
MT − I

)
Jy∗, x− x∗)+ (JT (I −M) x∗, y − y∗

)
≥ 0,

∀x ∈ ∆n, y ∈ ∆2n.

If we denote z = (x1, x2, ..., xn, y1, y2, ..., y2n) ∈ R3n, and

M̃ =

(
JT (I −M) 0

0
(
MT − I

)
J

)
,

then we obtain a variational inequality of the form (1.1):

find z∗ ∈ ∆n ×∆2n :
(
M̃z∗, z − z∗

)
≥ 0 ∀z ∈ ∆n ×∆2n. (5.12)

For such a variational inequality, the corresponding algorithms can be applied by writing out
the Bregman projection explicitly. For example, the main step of Algorithm 3.2 takes the following
form:

Initialization. Choose p0, z1 ∈ ∆n × ∆2n ⊂ R3n, τ ∈
(
0, 1

3

)
and λ1 > 0. Start with step

number m = 1.
Step 1.

pm = P∆n×∆2n

zm

(
−λmM̃pm−1

)
Step 2.

zm+1 = P∆n×∆2n

zm

(
−λmM̃pm

)
.

If pm = zm = zm+1, then the algorithm terminates. Otherwise, proceed to the next step.
Step 3. Adaptive step size adjustment:

λm+1 =


min

{
λm, τ

∥zm−zm−1∥1
∥M̃zm−M̃zm−1∥∞

}
, if M̃zm−1 ̸= M̃zm,

λm, otherwise.

Here again, p = (p1, p3, . . . , p3n) ∈ R3n, z = (p1, p3, . . . , p3n) ∈ R3n. If the Bregman diver-
gence is chosen as the Kullback–Leibler distance, then the Bregman projection P∆n×∆2n

zm can be
written explicitly:

pmi =
xm
i exp

(
−λm

(
M̃pm−1

)
i

)
∑n

j=1 x
m
j exp

(
−λm

(
M̃pm−1

)
j

) , i = 1, . . . , n,
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pmi =
ymi exp

(
−λm

(
M̃pm−1

)
i

)
∑n

j=1 y
m
j exp

(
−λm

(
M̃pm−1

)
j

) , i = 1, . . . , 2n,

xm+1
i =

xm
i exp

(
−λm

(
M̃pm

)
i

)
∑n

j=1 x
m
j exp

(
−λm

(
M̃pm

)
j

) , i = 1, . . . , n,

ym+1
i =

ymi exp
(
−λm

(
M̃pm

)
i

)
∑n

j=1 y
m
j exp

(
−λm

(
M̃pm

)
j

) , i = 1, . . . , 2n,

where z = (x1, . . . , xn, y1, . . . , y2n). Thus, when using this version of the algorithm, there is no
need to solve auxiliary subproblems at each step, as is often required in the case of direct projec-
tion onto the feasible set. On the other hand, it should be noted that efficient computation of the
exponential function on standard computer architectures is also a nontrivial task.

5.4.3 Model Construction Based on the Graph

Let us consider an example of building the model and carry out the corresponding numerical ex-
periment.

Figure 5.7: Example of a web subgraph with five pages.
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If we take the graph from Figure 5.7, the weight transfer can be written mathematically as
follows: 

x1 = x2 + x3 + x5,

x2 = 0,

x3 = 0,

x4 =
1

2
x1,

x5 =
1

2
x1 + x4,

Accordingly, the matrix (5.7) takes the form

A =



0 1 1 0 1

0 0 0 0 0

0 0 0 0 0
1
2

0 0 0 0
1
2

0 0 1 0


.

We now build the matrix M from (5.8) with parameter α = 0.85 and perform numerical exper-
iments.

5.4.4 Numerical Experiments

For the numerical solution we apply algorithms 3.1 and 3.2 in different modifications, both for the
model in the form of variational inequality (5.10).

Figure 5.8: Test example of PageRank – model (5.10).
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Here the projection onto the unit ball must be performed, and for (5.12), where one can either
perform projection onto two simplices, or use the explicit formula due to the Kullback–Leibler
divergence.

In addition to the adaptive step-size rule from Section 3, we also use an analogue of the rule
(1.10) from [113], which allows temporary increase of the step-size. First, let us compare the
adaptive Euclidean versions of algorithms 3.1 and 3.2 on the above test problem.

In this experiment, at each step projection is performed onto the feasible set, which is a com-
bination of a simplex and a unit ball (see (5.10)). As we can see, in terms of convergence all
algorithms behave well. At the same time, the algorithms with the modified step-size rule that al-
lows its increase converge significantly faster. It is also clearly visible on the figure 5.8 above, that
monotonicity is absent. This is consistent with theoretical results guaranteeing monotonicity only
for the sequence of averaged approximations.

The variant with averaging is shown in Figure 5.9 below. As we can see, for the Cesàro averages
monotonicity is violated only at the initial iterations, when the step is still too large. At the same
time, the gap value after the same number of iterations is much larger. In such situations one
can use averaging with a sliding window — for example, after n iterations take the average of
approximations [n/2], ..., n.

Figure 5.9: Test example of PageRank — model (5.10), with averaging.

The behavior of the same combination of algorithms after reformulating the problem into the
variational inequality (5.12), where the problem dimension increases but the structure of the feasible
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set is unified into the product of two probability simplices, is shown in Figure 5.10 below. The left
plot shows the behavior of algorithms with Euclidean projection, and the right plot — with the
explicit formula for variants with Kullback–Leibler divergence.

Figure 5.10: Test example of PageRank — model (5.12).

In the Euclidean versions we can see that the modified extragradient method (algorithm 3.1) and
the modified extrapolation from the past method (algorithm 3.2) behave approximately the same,
both for the rule that allows step-size increase, and for the adaptive procedure that only allows
decrease. Moreover, the theoretically predicted behavior is observed: the step-increase heuristic
accelerates convergence only at the initial stages. For the Bregman variants, with the given pa-
rameters, algorithm 3.1 (based on the extragradient method) converges faster with respect to the
iteration number. However, it should be noted that in each iteration of the extrapolation from the
past method only one operator evaluation is performed — therefore, the same convergence speed
in terms of iteration number may mean noticeably shorter runtime to reach the same accuracy for
large-scale problems (for this test problem of dimension 5 this difference is negligible).

Everywhere in the captions of convergence plots, the word “Euclidean’’ means that an auxiliary
algorithm for projection onto the feasible set is used, while KL corresponds to explicit computation
of the projection analogue. The symbol “+’’ denotes the step-size rule that allows step increase at
some iterations. By G we denote the gap function for the corresponding approximation generated
by the algorithm.

The resulting ranks for the described test example are: 0.386, 0.030, 0.030, 0.194, 0.359 (the
ranks of pages from the first to the fifth). The ranking, or importance, of the pages is shown schemat-
ically in Figure 5.11 — here the circle size is proportional to the computed page rank.
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Figure 5.11: Result of PageRank computation.

Finally, let us present the results of the algorithms on a classical real dataset — the search output
for the word “California’’ from the 2000s. This dataset contains more than 9000 nodes (web pages)
and about 16,000 edges (links). The behavior of the algorithms is shown in Figure 5.12.

As we can see, convergence of the algorithm slows down as the problem dimension increases.
In fact, the properties of the problem itself deteriorate — if we look at the values of the resulting
ranks, they are very close to each other, which reflects the structure of the graph. At the same time,
the plot shows that convergence still takes place, it just requires a larger number of iterations.

In this problem we again see that in terms of the number of iterations required to reach a given
accuracy, the algorithms behave approximately the same (although the algorithms with periodic
step-size increase perform noticeably better at the initial stage, which is important in practice). After
2000 iterations on the mentioned graph for the search results of the word California, an accuracy
of order 10−5 is achieved in terms of the gap function. And while for the small test example this
was not significant, in this large-scale problem algorithm 3.2 (in both modifications) turns out to
be clearly more efficient in runtime — about 700 seconds versus 1300 for 2000 iterations. This is
natural, since for such a graph operator computation already takes a considerable amount of time,
and using a more economical algorithm gives a real advantage.

The ranks of the top 10 pages obtained after 2000 iterations of the algorithms are also presented
in the table below.
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Figure 5.12: Search for the word California — ranking of results.

1 http://www.calgold.com
2 http://www.sancarlos-homes.cominfo.asp
3 http://spectacle.berkeley.edu
4 http://www.graddiv.ucr.edu
5 http://www.chico-homes.com/info.asp
6 http://www.webb.pvt.k12.ca.us
7 http://www.berkeley.edu
8 http://www.calfund.org
9 http://www.ca-probate.com
10 http://www.ppconline.com

5.5 Traffic Equilibrium Problem

As already mentioned in Chapter 1, one of the most important tasks in network economics is the
optimization of traffic flows. Indeed, the problem of congestion in road networks (and transport
networks of various kinds) remains relevant — and in situations where there is no systemic ap-
proach to its solution, the economic and other losses due to infrastructure inefficiency can be very
large (time wasted by network participants, negative environmental impact, etc.). Moreover, sim-
ilar models arise in other contexts — for example, the same model can be applied to analyze the
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passage of packets in computer networks such as the Internet. Therefore, the problem of finding
traffic equilibrium (the optimal distribution of traffic flows according to Wardrop’s first principle)
is one of the tasks that the developed software system can describe and solve.

5.5.1 Mathematical Model

Wardrop’s first principle, which serves as the basis for most mathematical models of traffic equi-
librium discussed in Chapter 1, can be formulated as follows:

“The travel costs on any of the routes actually used by the participants of the transport
network are equal. At the same time, if any individual participant decides to switch
to a route that is not currently in use, their travel costs will be higher than the current
ones’’ [73].

(Here, in the classical version, travel costs mean travel time, but the same model can also describe
fuel costs or other measures.)

Let us describe the mathematical model used in the software system.
We represent the transport network as a graph G(V,E), where the set of nodes V = {v1, ..., vn}

corresponds to intersections, and the set of edges E = {e1, ..., em} corresponds to road segments
between them. Among the nodes, we distinguish those that are sources of traffic (for example,
nodes corresponding to residential areas of a city) and those that are destinations (such as office
centers). The corresponding sets of nodes are denoted by S and T .

We assume that the demand is fixed and known — that is, for each pair of nodes (vi ∈ S, vj ∈ T )

the demand dij is given, representing the number of network users who need to travel from node i to
node j. For simplicity of notation and for algorithm implementation, we work with sets of node and
edge indices. That is, S and T denote sets of integers containing the indices of the corresponding
network nodes, and the demand can be represented in the form of a matrix D = {dij}.

The traffic flow through edge ei is denoted by yi. Thus, the overall flow through the network in
terms of edge flows is represented by the vector y = (y1, ..., ym).

We also assume that for each segment of the network a travel cost function is specified, which
in the general case may depend not only on the load of that segment but also on the loads of other
edges in the network (for example, this is relevant when congestion occurs at intersections). The
cost function for travel through edge ei is denoted by fi(y). Thus, we obtain the vector-function
f(y) : Rm → Rm, which determines the travel costs for each edge of the network depending on the
distribution of traffic flows.

Let P be the set of all paths in the network. Assume that M is the total number of such paths.
Each path pk ∈ P is a set of edges, i.e., pk = {jk1 , jk2 , ..., jkLk

}. For each pairw = (i, j), i ∈ S, j ∈
T , one can consider the set of possible paths Pw = {pw1 , ..., pwkw

}, where each path corresponds
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to some sequence of edges connecting the respective network nodes. Then, flows and travel costs
can be expressed in terms of paths.

Denote xi as the flow along path pi. Given the vector x = (x1, ..., xM) of flows along all paths,
edge flows can be computed straightforwardly. Indeed, if we define the membership of an edge in
a path as

qij =

1, if j ∈ pi,

0, otherwise,

then

yj =
M∑
i=1

xiqij. (5.13)

Furthermore, if path pi consists of edges i1, ..., iki , then the cost function of traveling along this
path is the sum of the costs of the corresponding edges. It is natural to require that the total flow
along all paths connecting a given pair of nodes (i, j) equals the corresponding demand. Again, if
we define the correspondence of a path to a pair of nodes as

wkij =

1, if path k connects the pair of nodes (i, j), i ∈ S, j ∈ T,

0, otherwise,

then the set of these requirements can be written as
m∑
k=1

xkwkij = dij, i ∈ S, j ∈ T. (5.14)

In addition, the flow along each path must be nonnegative:

xk ≥ 0, k = 1, ...,M. (5.15)

Relations (5.14) and (5.15) define the feasible set for the problem of finding the optimal traffic flow
in terms of paths.

Finally, using that y = (yj), j = 1, ...,m, with yj =
∑M

i=1 xiqij , Wardrop’s first principle can
be formalized in the following form of a variational inequality [23, 70]:

find x∗ ∈ RM : (f(y∗), y − y∗) ≥ 0 ∀x ∈ C,

where y and y∗ are expressed in terms of x via relation (5.13), and the set C corresponds to condi-
tions (5.15) and (5.14).

5.5.2 Numerical Experiments

Once the problem is formulated as a variational inequality, it can be solved using the algorithms
described in this work. Figure (5.13) shows the behavior of the algorithms in finding the traffic
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equilibrium on a well-known test network that demonstrates the Braess paradox [14]. The network
consists of five edges and has only three possible paths. For a problem of such small dimension, all
algorithms perform very quickly. In the test, a linear cost function was used for the network edges.
The x-axis in this case shows the distance to the exact solution, which can be found explicitly for
this problem.

Figure 5.13: Transport network — Braess’s paradox.

A more interesting experiment is solving another well-known problem, namely finding the traf-
fic equilibrium for the Sioux Falls city street model [58]. The input network contains 24 nodes and
76 edges. The edge cost functions are of the so-called BPR type (from the Bureau of Public Roads).
All parameters were taken from a public dataset of transportation networks [94]. For this problem,
the set of possible paths has a dimensionality in the tens of thousands, so the system implements a
heuristic that discards potentially infeasible paths, thereby reducing the problem dimension.

The behavior of the algorithms can be seen in Figure (5.14). Only the algorithms with the adap-
tive step-size rule that includes the possibility of step-size increase are shown, since they demon-
strated significantly higher convergence speed on this problem. The feasible set of the problem is
not a probability simplex, so only Euclidean versions of the algorithms are used. As can be seen
from the graph, the adaptive modification of the extrapolation-from-the-past algorithm performed
noticeably more effectively in terms of accuracy after 5000 iterations. It is also worth noting that
for this problem the runtime for both algorithms was approximately the same (about 25 minutes),
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since the operator evaluation is relatively inexpensive compared to the projection operation and the
auxiliary computations related to selecting potentially promising paths.

Figure 5.14: Transportation network — Sioux Falls.

All computations in this section were performed on a machine running Ubuntu Linux 20 with
an Intel Core i7-1065G7 1.3–3.9GHz processor and 16GB RAM, using Python 3.10 and the numpy
1.24.3 library.

5.6 Conclusions to Chapter 5

The algorithms considered, based on the extrapolation-from-the-past and extragradient methods,
allow efficient solving of practical problems — in particular, the optimization of a blood supply
chain, the ranking of search engine results, and the computation of transportation equilibrium. At
the same time, the proposed adaptive step-size rule avoids the complicated process of manually
selecting the step size and initial parameters. Moreover, the described step recalculation procedure
uses the operator and projection values at the same points as in the main step of the algorithm —
thus the number of computational operations per iteration hardly increases.

From the numerical experiments, it can be concluded that although the variant of the step-
size rule that allows temporary increases does not affect the theoretical estimate of the asymptotic
convergence rate, experimentally it shows a clear performance gain on specific examples.
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The convenient formulation of the mathematical model for the blood supply chain enables ef-
fective algorithmic implementation for this problem and can also be applied to other network eco-
nomics tasks, particularly in supply network optimization.

It is also worth noting that the developed software system for applying algorithms to solve vari-
ational inequalities significantly reduces the time required both to obtain solutions to problems
formulated as variational inequalities and to conduct numerical experiments and compare the be-
havior of extragradient-type algorithms. In particular, by having the complete execution history
and final results (in terms of runtime, number of iterations, error measures, and the step size at the
last iteration), the researcher can draw conclusions and make assumptions about the properties of
the algorithm and possible ways to improve it.

As a future direction of development, it would be useful to add other types of algorithms to
the software suite, including specialized methods for particular classes of problems. Researchers
should also be provided with an easier way to connect their own algorithms and problems to the
system — including specifying the programmatic interface that each problem and algorithm should
implement. Furthermore, it would be beneficial to enable adding implementations of algorithms
and problem descriptions not only in Python but also in other programming languages.

The results of this chapter were published in [33, 35].
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Concluding Remarks

This thesis presented a theoretical and practical investigation of algorithms for variational inequal-
ities and their applications to optimization problems over networks.

New and modified algorithms have been proposed, together with a software framework for
their application and corresponding computational experiments. The software includes both test
problems and network economy problems, offering the flexibility to modify parameters and easily
add new problems and algorithms. For all algorithms described in the dissertation, the corre-
sponding convergence theorems have been proven.

The following results have been obtained:

1. A new adaptive algorithm for solving variational inequalities on the set of fixed points of an
auxiliary operator in a Hilbert space has been proposed and its convergence proven.

2. An adaptive algorithm based on Bregman divergence (instead of Euclidean distance) has
been proposed and theoretically justified; this method does not require additional projections
or operator evaluations for step-size selection.

3. A software framework has been created that allows combining a problem modeled as a vari-
ational inequality with a set of algorithms of the corresponding class. It enables numerical
experiments with detailed execution logs for each algorithm, as well as a graphical compar-
ison of their behavior.

4. Using the developed software framework, numerical experiments were conducted to analyze
the behavior of the proposed adaptive algorithms for the Blood Supply Chain optimization
problem, the Traffic Equilibrium problem, and the PageRank problem. The experiments
demonstrated the applicability of the algorithms to the mentioned problems and the efficiency
of the adaptive step-size rule, particularly the advantage of the variant with step-size increase.

Implementation and applications

1. Within the software framework, a graphical interface (Web UI) has been implemented for
editing and solving the Blood Supply Chain optimization problem, with possibility of imple-
mentation for other problems within the same architecture.
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2. Selected results of this dissertation have been incorporated into the educational process within
the Applied Mathematics program at the Faculty of Computer Science and Cybernetics, Taras
Shevchenko National University of Kyiv.

3. The theoretical results obtained can be used for the development of more efficient approaches
to solving problems modeled by variational inequalities. The software framework can be
applied both to solve real problems within the implemented models and to conduct scientific
research in the field. It is published as an open-source software, allowing researchers to add
their own problems and algorithms while reusing existing functionality for computational
experiments.
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